
Theory of rank one maps: (I)

(I) Settings

– Let M = I × [−1,1] where I is either an

interval or a circle, ∆0 = (a1, a2)× (0, b1); Let

Ta,b : M → M, (a, b) ∈ ∆0 be a two-parameter

family of 2D maps.

– Let us assume that Ta,b assumes the general

form

Ta,b :

(

x
y

)

7→
(

F(x, y, a) + b u(x, y, a, b)
b v(x, y, a, b)

)

.

(1)

We also assume that

(C1) For any given (a, b) ∈ ∆0, Ta,b is a dif-

feomorphism from M to its image; and

as functions in (x, y, a), the C3-norms of

F(x, y, a), u(x, y, a, b) and v(x, y, a, b) are uni-

formly bounded.



(C2) Let fa := F(x,0, a). {fa}, a ∈ (a1, a2) is an

admissible family of 1D maps.

(C3) Let fa∗, a
∗ ∈ (a1, a2) be a Misiurewicz map

(fa∗ ∈ M), and C(fa∗) be the critical set of

fa∗. Then for x̂ ∈ C(fa∗),
∂

∂y
F(x, y, a)

∣

∣

∣

∣

∣

(x̂,0,a∗)
6= 0.

Definition Let Ta,b : M → M be as above. Ta,b
is an admissible family of rank one maps if it

satisfies (C1)-(C3).

– In one sentence, Ta,b is an admissible family

of rank one maps if it is a non-degenerate 2D

unfolding of an admissible 1D family.

• (C1) imposes the usual 2D regularity,



• (C3) requires in particular that the unfolding

is not singular in the direction of y.

• Ta,b,L in lecture 1

θ1 = a+ θ + L sin 2πθ + r

r1 = br + bL sin 2πθ

is an example of an admissible family of rank

one maps if L is sufficiently large.

• Another example is the Hénon family

(x, y) → (1− ax2 + y, bx)

around a∗ = 2, and the accompanied maps

with small perturbations (Hénon like maps).

– That periodic sinks are observable in both

the parameter and the phase spaces follows

again from the fact that the periodic sinks of

1D maps are persistent under small perturba-

tions.



(II) Geometric structure of the attractive

basin

– Objective of the theory of rank maps: to

justify the observability of Scenario (b) in pa-

rameter space. That is,

to prove the existence of a parameter set

∆ of positive measure, for which the at-

tractor of Ta,b, (a, b) ∈ ∆ admits no periodic

sinks.

From this point on, this scenario will be re-

ferred to as rank one chaos.

– To prove the observability of rank one chaos

in the parameter space for an admissible family,

we imitate the 1D theory, and as a starting

point we try to draw a corresponding version

of Jakobson’s theorem for Ta,b.



An immediate hurdle for us in repeating the

claims for 1D maps is how to identify the set

of critical points for a 2D map Ta,b, over which

we wish to impose a rule of the likes of (G1)

and (G2). As it turns out,

to this question there is no straight and

easy answer as in the case of 1D maps.

– To find an answer we need to take a closer

look at how Ta,b acts on M .

• For T = Ta,b let R0 := I × [−Kb,Kb] where

K > 0 be such that T(R0) ⊂ R0. Denote Rn =

Tn(R0).

{Rn} is a decreasing sequence of neighborhoods

of the attractor

Λ := ∩∞
n=0Rn

.



• Let δ be a small positive number such that

d(fn(x̂), C) >> δ for all x̂ ∈ C and n > 0, where

f = fa∗ and C is the set of critical points for f .

Define

C(0) = {(x, y) ∈ R0 : |x−x̂| < δ for some x̂ ∈ C}.
C(0) is a collection of vertical strips of width

2δ.

– The picture of R1 = T(R0) is rather simple.

• T maps the connected components of R0 \
C(0) to vertically compressed and horizontally

stretched horizontal strips, and the compo-

nents of C(0) become small quadratic turns

connecting these strips.

• Under one more iteration of T , new turns are

created from the intersections of R1 and C(0),
and the images of the old turns are kept away

from C(0).



• Keep iterating forward in time. As far as the

images of all the quadratic turns are prevented

from coming back to C(0), we can maintain

a relatively simple and clean picture of sharp

turns connected by horizontal strips for Rn.���� ��

��
��

• Since T is obtained by perturbing a Misi-

urewicz map, this simple picture of Rn would

last at least up to n = N0 = O(logδ).



• We now study the structure of C(0) ∩ Rn.

As long as the images of the turns are kept

away from coming back to C(0), Rn ∩ C(0) is

a collection of thin, horizontal strips crossing

C(0), and the intersection of Rn+1 with each

of the strips of Rn ∩ C(0) is again a collection

of thinner strips.

��	
 �	
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• However, the horizontal size of the images of

the turns does grow and will eventually inter-

sect C(0).

The best we could hope for in terms of getting

a nested structure of horizontal strips for Rn ∩
C(0) is to make the tips of the turns on the

boundary of Rn stay out of C(0).

• Such geometric pictures kept forever would

give the correspondences of the 1D Misiurewicz

maps in 2D.



(III) Statement of the Main Theorem:

– To obtain the correspondences of the good

maps of 1D theory, we have to allow the tips of

the turns to come back to C(0). Consequently

the nested structure of horizontal strips

could not last forever.

– We will, however, impose a rule of slow re-

turn similar to (G1), and shrink the length

of the horizontal strips gradually to maintain

a nested structure with dwindling horizontal

scale.

– The theorem below is a formulation of a

correspondence of 1D theorem for Ta,b based

on these ideas.

Notation: (a) For z0 ∈ R0, let zi = T i(z0).



(b) If w0 is a tangent vector at z0, let wi =

DT i(z0)w0.

(c) A curve in R0 is called a C2(b)-curve if the

slopes of its tangent vectors are O(b) and its

curvature is everywhere O(b).

Theorem Let Ta,b, (a, b) ∈ (a1, a2)× (0, b1) be

an admissible family of rank one maps. Then

for every b > 0 sufficiently small, there is a

positive measure set ∆b ⊂ (a1, a2) such that

the following holds for Ta,b, a ∈ ∆b. In what

follows, α, δ, c > 0 and 0 < ρ < 1 are positive

constants, and b << α, δ, ρ, e−c.

(1) Critical regions and critical set. There

is a Cantor set C ⊂ Λ called the critical set

given by C = ∩∞
k=0C(k) where the C(k) is a

decreasing sequence of neighborhoods of C
called critical regions.



Geometrically:

(i) C(0) = {(x, y) ∈ R0 : d(x, C) < δ} where

C is the set of critical points of fa∗ ∈ M.

(ii) C(k) has a finite number of components

called Q(k) each one of which is diffeo-

morphic to a rectangle. The boundary of

Q(k) is made up of two C2(b) segments of

∂Rk (Rk = T k(R0)) connected by two ver-

tical lines: the horizontal boundaries are

≈ min (2δ, ρk) in length, and the Hausdorff

distance between them is O(b
k
2).

(iii) C(k) is related to C(k−1) as follows:

Q(k−1)∩Rk has at most finitely many com-

ponents, each of which lies between two

C2(b) subsegments of ∂Rk that stretch across

Q(k−1) as shown in the figure below. Each

component of Q(k−1)∩Rk contains exactly

one component of C(k).



���� ��������

Dynamically: On each horizontal bound-

ary γ of Q(k) there is a unique point z lo-

cated within O(b
k
4) of the midpoint of γ

with the property that if τ is the unit tan-

gent vector to γ at z, then DTn(z)τ de-

creases in length exponentially as n tends

to ∞.

(2) Properties of critical orbits. For z ∈ R0,

let dC(z) denote the following notion of

“distance to the critical set”: If z 6∈ C(0),
let dC(z) = δ; if z ∈ C(0) \ C, let k be the

largest number with z ∈ C(k), and define

dC(z) to be the horizontal distance between



z and the midpoint of the component of

C(k) containing z. Then for all z0 ∈ C:

(i) dC(zj) ≥ min{δ, e−αj} for all j > 0;

(ii) ‖DT j(z0)(
0
1)‖ ≥ K−1ecj for all j > 0.

– This theorem, though very long to lay out,

is a direct parallel of our previous 1D theorem.

• Theorem 1(2)(i) corresponds to (G1) and

Theorem 1(2)(ii) to (G2).

• Theorem 1(1) is a detailed identification of

the set of critical points, which is now an infi-

nite set. This theorem ([WY1]), together with

a generalization to higher dimensions ([WY2]),

forms the core of what we will refer to as the

theory of rank one chaos.

• Proof of Theorem 1 is like the statement

itself. It is always to figure a way to repeat

the 1D proof.



In appearance, things are much more compli-

cated,

In essence, as we have seen in the above state-

ment, we are repeating our 1D proof.

Keep these two things in mind, and with a

thorough understanding of the 1D theory is the

key in understanding the theory we are present-

ing.

(IV) Technical Preparations

(A) Linear algebra

– Let M be a 2×2 matrix. Assuming that M is

not a scalar multiple of an orthogonal matrix,

we say that a unit vector e defines the most

contracted direction of M if ‖Mu‖ ≥ ‖Me‖
for all unit vectors u.



– For a sequence of matrices M1,M2, · · · , we

use M(i) to denote the matrix product Mi · · ·M2M1

and ei to denote the most contracted direction

of M(i) when it makes sense.

Hypotheses The Mi are 2× 2 matrices; they

satisfy |det(Mi)| ≤ b and ‖Mi‖ ≤ K0 where

K0 and b are fixed numbers with K0 > 1 and

b << 1.

Lemma 1 There exists K depending only on

K0 such that if ‖M(i)‖ ≥ κi and ‖M(i−1)‖ ≥
κi−1 for some κ >>

√
b, then ei and ei−1 are

well-defined, and

‖ ei × ei−1 ‖≤ (
Kb

κ2
)i−1.

Corollary 1 If for 1 ≤ i ≤ n, ‖M(i)‖ ≥ κi for

some κ >>
√
b, then:



(a) ‖ en − e1 ‖< Kb
κ2

;

(b) ‖M(i)en‖ ≤ (Kb
κ2

)i for 1 ≤ i ≤ n.

Proof: (a) follows immediately from Lemma

1. For (b), since ‖en − ei‖ ≤ (Kb
κ2

)i, we have

‖M(i)en‖ ≤ ‖M(i)(en − ei)‖ + ‖M(i)ei‖ < Ki
0 ·

(Kb
κ2

)i + ( bκ)
i. �

– Next we consider for each i a 3-parameter

family of matrices Mi(s1, s2, s3). For the pur-

pose of the next corollary we make the addi-

tional assumptions that

(a) for 0 < j ≤ 3, ‖∂jMi(s1, s2, s3)‖ ≤ Ki
0

and

(b) |∂j det(Mi(s1, s2, s3))| < Ki
0b where

∂j represents any one of the partial deriva-

tives of order j with respect to s1, s2 or s3.



Let θi(s1, s2, s3) denote the angle ei(s1, s2, s3)

makes with the positive x-axis, assuming it

makes sense.

Corollary 2 Suppose that for some κ >>
√
b,

‖M(i)(s1, s2, s3)‖ ≥ κi for every (s1, s2, s3) and

for every 1 ≤ i ≤ n. Then for j = 1,2,3,

|∂jθ1| ≤ Kκ−(1+j), and for i ≤ n,

|∂j(θi − θi−1)| < (
Kb

κ(2+j)
)i−1, (2)

‖∂jM(i)en‖ < (
Kb

κ(2+j)
)i. (3)

– Our next lemma is a perturbation result. Let

Mi,M
′
i be two sequences of matrices, let w be

a vector, and let θi and θ′i denote the angles

M(i)w and M ′(i)w make with the positive x-axis

respectively.



Lemma 2 Let κ, λ be such that Kb
κ2

< λ <

K−12
0 κ8. If for 1 ≤ i ≤ n, ‖Mi − M ′

i‖ ≤ λi and

‖M(i)w‖ ≥ κi, then

(a) ‖M ′(n)w‖ ≥ 1
2κ

n;

(b) |θn − θ′n| < λ
n
4.

Hypothesis for (B) and (C) below T : A →
A is an embedding of the form

T(x, y) = (t1(x, y), bt2(x, y))

where the C2-norms of t1 and t2 are ≤ K0, and

K0 > 1 and b << 1 are fixed numbers.

Stable curves

Lemma 3 Let κ, λ be as in Lemma 2 and z0 ∈
A be such that for i = 1, · · · , n, ‖DT i(z0)‖ ≥ κi.

Then there is a C1 curve γn passing through

z0 such that



(a) for all z ∈ γn, d(T iz0, T
iz) ≤ (Kb

κ2
)i for all

i ≤ n;

(b) γn can be extended to a curve of length

∼ λ or until it meets ∂A.

– We call γn a stable curve of order n. It will

follow from this lemma that if ‖DT i(z0)‖ ≥ κi

for all i > 0, then there is a stable curve γ∞
passing through z0 obtained as a limit of the

γn’s.

(C) Curvature estimates

– Let γ0 : [0,1] → A be a C2 curve, and let

γi(s) = T i(γ0(s)). We denote the curvature of

γi at γi(s) by ki(s).

Lemma 4 Let κ > b
1
3. We assume that for

every s, k0(s) ≤ 1 and

‖DT j(γn−j(s))γ
′
n−j(s)‖ ≥ κj‖γ′n−j(s)‖



for every j < n. Then

kn(s) ≤ Kb

κ3
.

(D) One-dimensional dynamics

Let f ∈ M and let Cδ := {x ∈ S1 : d(x,C) < δ}.

Lemma 5 There exist ĉ0, ĉ1 > 0 such that the

following hold for all sufficiently small δ > 0:

Let x ∈ S1 be such that x, fx, · · · , fn−1x 6∈ Cδ,

any n. Then

(i) |(fn)′x| ≥ ĉ0δe
ĉ1n;

(ii) if, in addition, fnx ∈ Cδ, then |(fn)′x| ≥
ĉ0e

ĉ1n.

Corollary 3 Let c0 < ĉ0 and c1 < ĉ1. Then

for all sufficiently small δ, there exists ε = ε(δ)



such that for all g with ‖g − f‖C2 < ε, (i) and

(ii) above hold for g with c0 and c1 in the places

of ĉ0 and ĉ1.

This is (P1).

Lemma 6 (Derivative recovery) There ex-

ists K such that for g satisfying the conditions

above, if |x− x̂| = e−µ < δ for some x̂ ∈ C, then

(i) K−1µ ≤ p(x) ≤ Kµ ;

(ii) K−1(x − x̂)2|(gi−1)′(gx̂)| < |gix − gix̂| <

K(x− x̂)2|(gi−1)′(gx̂)|;

(iii) |(gp)′x| ≥ K−1λ
p
2 where p = p(x).

This is (P2)

(E) Dynamics outside of C(0)



From this point on

Ta,b(x, y) = (Fa(x, y) + bua,b(x, y), bva,b(x, y)).

– Assume that b
1
4 << δ and let

C(0) = {(x, y) ∈ R0 : |x−x̂| < δ for some x̂ ∈ C}.

– Let s(u) denote the slope of a vector u. For

z 6∈ C(0), if |s(u)| < b
δ4
, then |s(DT(z)u)| =

O(bδ).

– If κ0 := min ‖DT(z)u‖ where the minimum is

taken over all z 6∈ C(0) and unit vectors u with

|s(u)| < b
δ4
, then κ0 > K−1δ.

– Let K(δ) := K
κ30

, so that K(δ)b is the upper

bound for kn in Lemma 4. We call a vector u a

b-horizontal vector if |s(u)| < K(δ)b. A curve

γ is called a C2(b)-curve if



(i) its tangent vectors are b-horizontal, and

(ii) its curvature is ≤ K(δ)b at every point.

Lemma 7 (a) For z 6∈ C(0), if u is b-horizontal,

then so is DT(z)u.

(b) If γ is a C2(b)-curve outside of C(0), then

T(γ) is again a C2(b)-curve.

– Our next lemma describes the dynamics of

b-horizontal vectors outside of C(0).

Lemma 8 There exist constants c0, c1 > 0

independent of δ such that the following holds

for T = Ta,b for all (a, b) sufficiently near (a∗,0).
Let z ∈ R0 be such that z, Tz, · · · , Tn−1z 6∈ C(0),
and let u be a b-horizontal vector. Then

(i) ‖DTn(z)u‖ ≥ c0δe
c1n;



(ii) if, in addition, Tnz ∈ C(0), then ‖DTn(z)u‖ ≥
c0e

c1n.

(F) Critical points inside C(0)

– Let em denote the field of most contracted

directions of DTm and let qm be the slope of

em. When working with a curve γ parameter-

ized by arc length, we write qm(s) = qm(γ(s)).

– We begin with some easy observations about

e1.

Lemma 9 For all (a, b) sufficiently near (a∗,0),
e1 is defined everywhere on R0, and there exists

K > 0 such that

(a) |q1| > K−1δ outside of C(0), and q1 has

opposite signs on adjacent components of R0\
C(0);



(b)

|dq1
ds

| > K−1

on every C2(b)-curve γ in C(0).

– Let γ be a C2(b)-curve in C(0). We say that

z0 is a critical point of order m on γ if

(a) ‖DT i(z0)‖ ≥ 1 for i = 1,2, · · · ,m;

(b) at z0, em coincides with the tangent vector

to γ.

– It follows from Lemma 9 that on every C2(b)-

curve that stretches across a component of

C(0), there is a unique critical point of order 1.

The next two lemmas are used in the “updat-

ing” of existing critical points and the creation

of new ones.



Lemma 10 Let γ be a C2(b)-curve in C(0)
where γ(0) = z is a critical point of order m.

We assume that

(a) ‖DT i(z)‖ ≥ 1 for i = 1,2, · · · ,3m;

(b) γ(s) is defined for s ∈ [−(Kb)
m
2 , (Kb)

m
2 ].

Then there exists a unique critical point ẑ of

order 3m on γ, and |ẑ − z| < (Kb)m.

Lemma 11 For ε > 0, let γ and γ̂ be two

disjoint C2(b)-curves in C(0) defined for s ∈
[−4K1

√
ε,4K1

√
ε] where K1 is the constant K

in Lemma 9(b). We assume

(a) γ(0) is a critical point of order m;

(b) the x-coordinates of γ(0) and γ̂(0) coin-

cide, and | γ(0)− γ̂(0) |< ε.



Then there exists a critical point of order m̂ at

γ̂(ŝ) with |ŝ| < 4K1
√
ε and m̂ = min{m,K log 1

ε}.

(G) Tracking DTn: a splitting algorithm

– Let z0 ∈ R0, and let w0 be a unit vector at z0
that is b-horizontal. We write zn = Tnz0 and

wn = DTn(z0)w0. In the case where zi 6∈ C(0)
for all i, the resemblance to 1-d is made clear

in Lemmas 5 and 8.

– Consider next an orbit z0, z1, · · · that visits

C(0) exactly once, say at time t > 0. Assume:

(a) there exists ` > 0 such that ‖DT i(zt)(
0
1)‖ ≥

1 for all i < `, so that in particular e`, the most

contracted direction of DT `, is defined at zt,

and

(b) θ(wt, e`), the angle between wt and e`, is

≥ b
`
2.



Then DT i(z0) can be analyzed as follows.

• We split wt into wt = ŵt + Ê where ŵt is

parallel to the vector
(

0
1

)

and Ê is parallel to

e`. For i ≤ t and i ≥ t + `, let w∗
i = wi. For i

with t < i < t+ `, let w∗
i = DT i−t(zt)ŵt.

• We claim that all the w∗
i are b-horizontal vec-

tors, so that {‖w∗
i+1‖/‖w∗

i ‖}i=0,1,2,··· resemble

a sequence of 1-d derivatives. In particular,

‖w∗
t+1‖/‖w∗

t ‖ ∼ θ(wt, e`) simulates a drop in the

derivative when an orbit comes near a critical

point in 1-dimension.

– To justify the statement about the slope of

the w∗
i , we note that DT(zt)(

0
1) is b-horizontal,

so that in view of lemma 7 we need only to

consider w∗
t+`. We have

‖DT `(Ê)‖ ≤ b`
‖ŵt‖

θ(wt, e`)
≤ b

`
2‖ŵt‖ ≤ b

`
2‖DT `(zt)ŵt‖,



the first and third inequalities following from

(a) and the second from (b). Since the slope

of DT `(zt)ŵt is smaller than Kb
2δ , it follows that

w∗
t+` = DT `(zt)ŵt+DT `(zt)Ê remains b-horizontal.

– The discussion above motivates the following

splitting algorithm. Consider {zi}∞i=0, and let

t1 < · · · < tj < · · · be the times when zi ∈ C(0).
We let w0 be a b-horizontal unit vector, and

assume as before that e`i makes sense at zi for

i = tj. Define w∗
i as follows:

1. For 0 ≤ i ≤ t1, let w∗
i = DT i(z0)w0.

2. At i = tj, we split w∗
i into

w∗
i = ŵi + Êi

where ŵi is parallel to (01) and Êi is parallel to

e`i.



3. For i > t1, let

w∗
i = DT(zi−1)ŵi−1 +

∑

j: tj+`tj=i

DT
`tj(ztj)Êtj

(4)

and let ŵi = w∗
i if i 6= tj for any j.

This algorithm does not give anything mean-

ingful in general. It does, however, in the sce-

nario of the next lemma.

Lemma Let zi, wi and w∗
i be as above. As-

sume

(a) for each i = tj, θ(w∗
i , e`i) ≥ b

`i
2 ;

(b) the time intervals Ij := [tj, tj + `tj] are

strictly nested, i.e. for j 6= j′, either Ij ∩ Ij′ =
∅, Ij ⊂ Ij′, or Ij′ ⊂ Ij, and tj + `tj 6= tj′ + `tj′.

Then wi = w∗
i for i 6∈ ∪jIj, and the w∗

i ’s are all

b-horizontal vectors. The sequence {|w∗
i ‖} has

the property that ‖w∗
i+1‖/‖w∗

i ‖ ∼ θ(w∗
i , e`i) for

i = tj, and ‖w∗
i+1‖ ≈ ‖DT(zi)w

∗
i ‖ for i 6= tj.


