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ABSTRACT. In this paper, we first write the equation of the restricted three-body problem
as a perturbed Duffing equation. We then adopt what was recently introduced in [2] to
derive integral equations for the primary stable and unstable solutions. These integral
equations are used to prove analytic dependency of the splitting distance of the primary
stable and unstable manifold on the mass ratios of primaries and on Jacobi constant. We
then use the homoclinic solution of the unperturbed Duffing equation to evaluate Poincare-
Melnikov integral. We conclude that, for every negative Jacobi constant of sufficiently large
magnitude, the surface of unperturbed parabolic solutions breaks to induce homoclinic
tangle for all but at most finitely many mass ratios of primaries. This result is slightly
weaker than that of [4]. Our proof, however, is much less elaborated. This paper is also
self-contained: we do not rely on McGehee’s analysis in [7] to justify the applicability of
Poincare-Melnikov method.

The planar three-body problem comprises a set of six second order equations that de-
scribes the motions of three Newtonian gravitational particles mi,ms, m3 > 0 in a two-
dimensional Euclidean space R?. In contrast to the two-body problem, which is completely
integrable, the three-body problem is very difficult to work with partly because it is a system
of relatively high phase dimension.

The restricted planar three-body problem is a problem of much lower phase dimension
that is derived from the planar three-body problem by letting m3 — 0. In limit, the
equations of the planar three-body problem are decomposed into a subset of equations of
two-body problem for m; and ms that is independent of the motions of mgs, and a subset
of non-trivial equations for the motions of mg3 obtained by a straight forward extension
from the case of m3 > 0 to m3 = 0. The subset of equations for the motions of ms is the
equations of the restricted planar three-body problem.

Following tradition [12], we call mj, mg the primary masses, and mg the infinitesimal
mass. The restricted planar three-body problem describes the motion of an infinitesimal
mass in the gravitational field induced by the primary masses mi,ms in R?. From the
solutions of the two-body problem, we know that the trajectories of the primary masses in R?
are conic curves, each specific type of which would induces a corresponding restricted planar
three-body problem. We have then, respectively, equations for the restricted circular planar
three-body problem, for which the primary masses move in circles in R?; the restricted
elliptic planar three-body problem, for which the primary masses move in ellipse; and so
on. It has been a convention in celestial mechanics to refer the restricted circular planar
three-body problem as the restricted three-body problem unless it is otherwise stated. This
restricted three-body problem admits a first integral, which is commonly referred to as the
Jacobi integral.
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Restricted three-body problem featured prominently in Poincare’s ingenious development
of his geometric analysis on ordinary differential equations. Celestial mechanics was an
academic subject of ultimate practical and theoretic importance in Poincare’s time. In
the course of his study of the restricted three-body problem, Poincare gradually came to
the realization that, regarding the mass ratio of the primaries as a small parameter of
perturbation, the invariant surface formed by the unperturbed parabolic solution of the
two-body problem in phase space is unlikely to persist under small perturbation, and the
break of this invariant surface would induce exceedingly complicated dynamic objects he
names as homoclinic tangles [9, 10, 11].

Poincare’s study went way beyond a bare realization. He introduced a computational
method aimed in verifying the existence of homoclinic tangle in Hamiltonian equations,
and he applied this method to an explicit example to illustrate that homoclinic tangles as a
dynamical phenomenon do exist. This computational method was, in essence, reformulated
to cover periodically perturbed Hamiltonian equations by Melnikov [8] at a much later time.

However, Poincare did not apply this computational scheme to prove that, for the re-
stricted three-body problem, the unperturbed invariant surface formed by parabolic so-
lutions of the two-body problem indeed breaks to form homoclinic tangles. It appeared
that there existed a list of technical hurdles in applying Poincare’s computational scheme
(commonly named as the Poincare-Melnikov method in current literature) to the restricted
three-body problem: First, the fixed point at infinity, to which the parabolic solutions of the
two-body problem approach, is a highly degenerate fixed point, the local solutions structure
of which is not easily determined. Second, with this noted degeneracy, the size of the neigh-
borhood around the fixed point, on which the local dynamics could be fully understood by
using techniques in local analysis tends to be much smaller than that of a non-degenerate
saddle, introducing an uncertainty on the validity in applying the computational scheme
Poincare introduced to the restricted three-body problem. Finally, assuming these two hur-
dles are somewhat removed, it would remain a challenging computational task to explicitly
evaluate the Poincare-Melnikov integral for the restricted three-body problem.

The first hurdle was removed, at a much later time, by a paper of McGehee on local
stable and unstable manifold around certain degenerate fixed point. McGehee proved in
[7] that, for the restricted three-body problem, the local stable and unstable manifold of
the fixed point at infinity are real analytic in phase space. This study is then followed
by a paper of Llibre and Simo [5] regarding McGehee’s result as a proper justification
for Poincare’s computation scheme to apply. They calculated the corresponding Poincare-
Melnikov integral, and affirmed that, assuming first the Jacobi constant is sufficiently large
then the ratio of the masses of the two primaries is sufficiently small, homoclinic tangle
exists in Poincare’s original setting,

In [13], Xia also regarded McGehee’s result as a proper justification for Poincare-Melnikov
method to apply in this case. He went one step further to acclaim that McGehee’s method
can also be extended to prove the analytic dependency of the splitting distance of the
stable and unstable manifold on the ratio of primary masses and on the Jacobi constant.
Xia argued, in addition, that because of the existence of singularity of binary collision, the
Melnikov function automatically possess non-tangential zero if the Jacobi constant is close
to what is allowed for binary collision. He then concluded that, excluding at most finitely
many mass ratio of primaries, homoclinic tangle exists in Poincare’s original setting.

There is also a relatively recent paper on this matter [4], in which the authors adopted an
elaborated theory, gradually developed in the last forty plus years by a list of authors (See
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the reference list of [1]) on exponentially small splitting in the study of equations of high
frequency perturbations, to study the restricted three-body problem. They concluded that
for all negative Jacobi constant of sufficiently large magnitude, and for all ratio of masses
of the primary bodies, homoclinic tangles exist.

We note that the scope of review we adopt here is very narrow: we only cited results
exclusively on the planar circular restricted three-body problem. We refer the reader to [3]
for the exciting history of inter-plays in between the studies of the N-body problem and the
development of the modern theory of dynamical systems.

In this paper, we first rewrite the equation of the restricted three-body problem literally
as a perturbed Duffing equation. We then adopt what was recently introduced in [2] to
derive integral equations for the primary stable and unstable solutions. These integral
equations are then used to prove analytic dependency of the splitting distance on the ratios
of primary masses and on Jacobi constant. We also use the homoclinic solution of the
Duffing equation to evaluate the Melnikov integral. The main conclusion is as follows.

Theorem 1. Assume the Jacobi constant J < 0 is such that |J| is sufficiently large. Then
for all but at most finitely many mass ratios of the primaries, the surface of unperturbed
parabolic solutions breaks, inducing homoclinic tangles as originally anticipated by Henry
Poincare.

This theorem is slightly weaker than that of [4]. Our proof, however, is much less elab-
orated. This paper is also self-contained: we do not rely on McGehee’s analysis in [7] to
justify the applicability of Poincare-Melnikov method.

1. DERIVATION OF EQUATIONS AROUND PARABOLIC SOLUTION

In Sect. 1.1, we derive the equations of the planar three-body problem by using the polar
form of the Jacobi coordinates through the Lagrangian formulation in classical mechanics.
We then induce the equations of the restricted three-body problem by taking my + mo =
1,m3 — 0 in Sect. 1.2. We apply McGehee’s change of coordinates to the equations of
the restricted three-body problem in Sect. 1.3. The contents of these three subsections are
mostly elementary. At the end of Sect. 1.3, a new set of coordinates is introduced to re-write
the equations of the restricted three-body problem as a perturbed Duffing equation. We then
apply a simple shift of coordinates to direct our attention to the vicinity of the homiclinic
solution of the unperturbed Duffing equation in Sect. 1.4. The equations obtained at the
end are summarized in details in Sect. 1.5.

1.1. Equations for the Three-body Problem. For the three bodies my, ms, m3 in R2,
let z1 = (x1,y1) be the vector from my to mgy and 29 = (2, y2) be the vector from the center
of masses of my and ms to mg. Denote z1 = (x1,y1) = x1 +1y1 and 2o = (z2,y2) = T2 +iys.
The variables z1, zo are the Jacobi coordinates for the three-body problem. Following the
convention in classical mechanics, we use dots on top to represent derivatives with respect
to t. One dot is for velocity and two dots are for acceleration.

Let

1 1
T = §M1|2'71|2 + §H2\22|2
be the kinetic energy where

mims _ mg(my + mg)

= B o e+ ms

)
mi + mo
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We use polar coordinates for z; and zo by letting

91 92
5 .

(1) 21 = r1e* 29 = o€

We have, for the kinetic energy,
1 . : 1 ) .2
T= ol (7‘% + r%&f) + FH2 (r% + 726, )
and for the potential energy Also let

(2) U — mima + mims n moms

12 13 23

be the potential energy where r;; are the distances from m; to m;. Let

® MmO
We have
T2 =|21| = 71;
(4) r13 =|22 + aq21| = \/r% + 212 + 2a17179 cos(f — 01);

o3 =|20 — apz1| = \/rg + ar? — 2agr17rg cos(fy — 01).

The equation of motion for thr planar three-body problem is

. : _ . 2710 1
i1 =103+ p7'0,U; 0=~ 4 !t 506,U;

T1 1

©) 2790 1
Ty = TQG% + M;laTQU; 92 = - 272 + ,111271*2892(]

T2 5

The Lagrangian for the planar three-body problem is
_ 1 .2 242 1 .2 24 2
L=T+U= M1 i +ri07) + 512 Ty + 1302 | +U
and the Lagrange equations are

d d
%ahL = OTIL; —6 L= 891L;

dt 0
d d
%%L =0, L; %aéQL = 0y, L.

Written explicitly, the equations of motion of the planar three-body problem are

) 2 i 26 1
7"127’19%4—#1187«1[]; 0, =— —|—,u11—2
T 1

. : _ . 2ol 41
Fo = 1905 + 15 10, U;s b = — o +u2172092U
2

09, U;
(6)
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where
5oU -~ _Mame  nmumsa (a1r1 4+ 7r2c08(02 — 01))  mamaas (aory — racos(f2 — 01))
Y T 2 3 - 3 )
1 13 723
mims (Tz + a1 COS(QQ — (91)) moms (TQ — QT COS(QQ — (91))
a’/‘QU = - 3 - 3 )
13 723
mimszorire sin(92 — (91) momaoriry Sin(ez — 01)
O0p,U = — 3 + 3 ;
13 T23
mimgariresin(fe — 61)  mamsagrire sin(fy — 01)
O0p, U = 3 — = .
13 723

1.2. Equations for the Restricted Three-body Problem. To obtain the equations for
the restricted three-body problem, we let

mg3=0, mi;+mo=1.
The equations for r1, 61, in this case, become
2716,
1

b =

i} 5 1
T = 7‘191 - 5
51

and this set of equations allows a specific solution
rn=1 6, =t.

We adopt this specific solution to write the equations for r9, 6 as

; : - 27905
(7) o =103 + f; Oy = — - +g
where
. mq (TQ + mo COS(GQ — t)) mo (’1“2 —mq COS(92 — t)) )
f - 7“3 - T‘3 )
13 23
mimgsin(fy —t) [ 1 1Y
9= 3 T3
r2 13 Ta3
and
T3 = \/75 +m3 + 2maorgcos(fy — t);  To3 = \/7“% +m? — 2myry cos(fz — t).

With equation (7), we study the motions of a particle of mass zero in the gravitational field
induced by two finite masses making circular motion in the two-dimensional physical space.

Lemma 1.1. We have, for all solution of equation (7), the Jacobi integral

1/, : 1 _ _
J = 5 (r% +73(0g — 1)2) — 57"% — Mgy — Maryy

where J is an integral constant, commonly referred to as the Jacobi constant.

Proof. Verification by direct calculation. We leave it to the reader as an exercise. O
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1.3. Equations in McGehee’s Coordinates. The phase variables for equation (7) are

(19,79, 02,02). We introduce new phase variables (u,v,0,w) and a new time 7, following
McGehee, by letting

: 1
8 u=ryt, v= u % , 0=60—t, w= u=3/%0 ;o dr = —u’2dt.
(8) 2 2 2 2 7

Equations for u,v,0,w in 7 are

d
w_ \/ﬁvu;
dr
do
— =V2 <w — u*3/2> :
dr
9) dw

1
= ﬁvw + V2uG;

dv_l 9 9
i =75 +V2uw? — V2 +V2F

where
F =1—mj (1 +maucos) Rj3 —ma (1 —myucosf) Ryy;
G =mimasin g (R1_33 - R2_33)

in which

Ri3 :\/1 + m%zﬂ + 2moucosf; Rz = \/1 + m%zﬂ — 2myu cos 0.

We further introduce new variables X,Y by letting

1
10 X=w, Y=——vw.
(10) 7

The equations for , X,Y in 7 are

i@ =2 (X - u_3/2> ;

dr
X

(11) — =Y +V2uG;
dr
dy Y
— =X - X?— XF+V2u=0G.
dr X

Here we dropped the equation for u despite a clear occurrence of u on the right hand of the
equations for 0, X,Y. We, however, can solve u for 8, X,Y by using the Jacobi integral

1 1
w2 J = §u3/2v2 + §u3/2w2 —w — m1u3/2R1_31 — m2u3/2R2_31.

In this paper, we only consider the case of J < 0 and we also assume |J| >> 1. We now
replace u with a new variable U by letting

(12) U =|Ju'2X"1,

and in reverse,

u=|J|2U*X2
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We rewrite the equation (11) for the restricted three-body problem as

AN (X —|JPU3X %),
dr
dx
(13) =Y+ V2|J| AU X2 Gy
T
Ay

=X - X3 — XF +V2|J|2U?XY G
=

where
F=1—mq (1+ma|J|2U*X%cos0) Ry3 — mo (1 — my|J|2U? X% cos §) Ry3;
G =mymsysinf (Rf;’ — R;;’)

and

Riz =\/1+m3|J[7UAX 4 + 2ma|J|~2U2 X cos 6;

Ras = /1 -+ m2|J[-4UAX 1 — 2| J|~2U2X? cos .
We also note that U as a function of X, Y, is implicitly defined by the Jacobi integral
1
U=1-|J30%? - §|J|_3U3X4 +my|J|3URX? R + ma| J| PURX? R,
1.4. Equations Around Unperturbed Parabolic Solution. In what follows, we denote
|J|~! as e and my as p to have
(14) I =5 ma=p; mi=1-p

We rewrite equation (13) as

2 -i(x- afr)

dr EETiEE

(15) CiTX =Y +V2:2U%X2G;
T
dy

=X X3 — XF +V22UXYG.
=

We also have
F=1-(1-p)(1+pUX?cos) Ri3 —p (1—(1—p)e*U?X?cost) Ry
G =p(1 —p)sind (Ry3 — Ry3)

where

Riz =\/1 + p2ciUX* 4 2pe2U2 X2 cos 0);
Roz =v/1+ (1 — p)2c4U% X4 — 2(1 — p)e2U2X2 cos f
and U, as a function of X,Y, 0, is determined by

1 ,
(16) U=1-U3%Y? - 553U3X4 + (1 - p)3UBX? R + pPUP X2 R,

Let (X (7),Y(7),0(7)) be the solution of of equation (15) satisfying the initial condition
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The solution (X (7),Y(7),60(7)) is initiated on the X-axis. In what follows, we also regard
0o as a fized parameter. We change 6 to 6 + 6y to rewrite equation (15) as

do 1
L _Vax-—a )
dr f( 53U930X3>’

dX
(17) i V2e2Ug X?Go,;
- =X — X% — XFy, +V2e*Uj, XY Gy,

where Fy,, Gy, are obtained by changing 6 in F, G to 6 + 6y, and Uy, is obtained by solving
U from the Jacobi integral in which 6 is changed to 6 + 6. We then study the solution of
equation (17) satisfies the initial condition

(18) (X(0),Y7(0),6(0)) = (Xo,0,0).

Regarding ¢ as a parameter of perturbation, the set of equations of (15) for X,Y is a
perturbed Duffing equation. Let

2v/2 _ 22 (7T —€7)

a(r) = prap— b(7) (e + e )2

The saddle fixed point (X,Y) = (0, 0) of the unperturbed Duffing equation takes (a(7),b(7))
as a homoclinic solution. Observe that, by letting € = 0 in Jacobi integral, we obtain U = 1.
The equation for 6, however, is singular at ¢ = 0. We substitute U = 1, X = a(7) into the
equation for 6 to obtain

By a direct integration, we obtain (1) = 6(0) + (1) where

1
48¢3

3

¥(r) = dtan”le” —m (637 - 6_37) 1623 (eT - €_T) .

We can also rewrite (1) as

— 1 T —T 1 T —37 3 T —T
(1) = 2tan 15(6 —e )—@(63 —e 3)—@(6 —e 7).

Let
0t ={(a(),b(r)): T€0, +o0)}

be the positive part of the homoclinic solution (a(r),b(7)) in (z,y)-plane and D/ be a
small neighborhood of £ U (0,0). We also use I to denote a small segment of the X-axis
centered at a(0) = /2 and let X, € I to study the solution (X (7),Y(7),0()) of equation
(17) satisfies the initial condition (X (0),Y(0),6(0)) = (Xo,0,0).

Finally, we let

(19) r=X —al(r), =Y —b(r), ©=0—1y(1)
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to rewrite equation (17) in (z,y,0) as

o 5 (0 23 + 3ax? + 3a’x + (Ugo,w* 1) (z +a)? .
dr 53U5’0’w(x +a)3a’ ’
(20) dz
= =y + \/§€2U920’¢(x + a)QGgoﬂp;
d
d—i =(1 - 3a®)z — 2° — 3ax® — (x + a)Fpy 4 + \/552U9207¢(:1: +a)(y+ )Gy,

where Fy, ,, G, are obtained by changing 6 in F, G to © + v + 6y, and Uy, is obtained
by solving U from a new version of the Jacobi integral in which 6 is changed to © + ¢ + 6.
We also need to substitute X,Y by using « 4+ a,y+ b in all three to write them as functions
in z,y and ©. We study the solution (z(7), y(7), ©(7)) of equation (20) satisfying the initial
condition

(2(0),4(0), ©(0)) = (Xo — a(0),0,0).

1.5. A brief summary of equations. In what follows, we denote

F=1=(1=p)(1+pU*X" cosb) Ryg' = p (1= (1= p)’UX* cosb) Ry’

(21) . _ _
G =p(1 —p)sinb (R133 - R233)
where
22) Ris =\/1 + p2ciU X% + 2p=2U2 X2 cos 0;

Ros :\/1 + (1 — p)2c2UA XA — 2(1 — p)e2U2X2 cos 0;

and U, as a function of X, Y, 0, is defined by the Jacobi integral
1
(23) U=1-U%? - 553U3X4 + (1 - p)3UBX? Ry + pPUP X2 Ry

We write the equations of motion of the restricted three-body problem in variables
(z,y,0) around the homoclinic loop ¢ = {(a(7),b(7)) : T € R} as

iG] V28 dzx dy

(24) dr 53U630 w(x +a)3a®’  dr y+ dr

(1—3a*)z+Q

where

S =23 + 3az? + 3a’x + (Ug’o,w -1) (= + a)® + 53Ugovw$(x + a)®a;
(25) P :\@52U920’¢(x + a)QGgmw;

Q=—2"—3a2® — (v + a)Fyyp + \/§€2U920’¢(a: +a)(y + b)Gay -
In the above,

(i) Ug,,y is defined by the Jacobi integral (23) in which welet X =z +a,Y =y+b,0 =
0o+ ¢+ 0;

(i) Fo,,p,Go,,p are obtained by letting X =z +a,Y =y +a,0 = © + 0y + ¢, and by
using Uy, 4 for U in F, G;
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(iii) we have, for a,b and v,
242 2v/2(e™ " —e”
V2 b(r) = 2o o) : )
(e +e)
1 1 3
_ -1 T —T 3T —37 T —T
¢(T)—2tan 5(6 — € )—@(6 — € >—@(€ — € )

In the rest of this paper, we study the solution (z(7),y(7),©(7)) of equation (24) satisfying
the initial condition

(27) (2(0),4(0), ©(0)) = (Xo — a(0),0,0).

a(T) S —
(26) e +e

2. INTEGRAL EQUATIONS FOR PRIMARY STABLE SOLUTIONS

Let g¢ be a small positive number. In this section, we assume

1
(p,e) € Dye = [—60, 3 + 60] x (0,¢0).

This is to say that we impose no restriction on the masses of the primary bodies but
assume the Jacobi constant J < 0 is such that |J| is large. We regard € as the parameter
for perturbation.

Definition 2.1. We say that a solution (z(7),y(7),0(7)), T € [0,+00) of equation (24)
satisfying (27), that is, (x(0),y(0),0(0)) = (Xo — a(0),0,0), is a primary stable solution if
(i) (z(1),y(1)) € DS for all T € [0,+00); and (ii) (z(7),y(r)) = (0,0) as T — +o0.

In this section, we prove

Proposition 2.1. There exists an g > 0 so that for any given (6o, p,€) € Do, p where
Dgy.pe = R X (—¢€0,e0 +1/2) x (0,¢0),

equations (24) admits a unique primary stable solution. In addition, x(0) of this solution
as a function of 0o, p,e are real analytic on De, ..

In Sect. 2.1, we apply a recent theory on perturbed Duffing equations ([2]) to derive
integral equations for primary stable solutions. We then get into a rather detailed study
of the functions of perturbation treating the restricted three-body problem as a perturbed
Duffing equation in Sect. 2.2. In Sect. 2.3, we prove Proposition 2.1 through an iteration
scheme. Certain computational proofs are postponed to Sect. 2.4.

2.1. Canonical Coordinates for Perturbed Duffing Equations. We follow a recent
design of [2] to derive integral equations for primaries stable solutions. These integral
equations are the main technical vehicle upon which we rely to move our study forward. In
what follows, we let

3(e?T — e T +47)

(28) ) = A,
and
(29)  H(r) = —— (k) +a(r);  Hr) = —— [0'(r)h(r) + 20(r)] -

a(r) a(7)
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We note that h(r), H (1), H(7) are uniformly bounded functions for all real 7, h(7) and
H(1) are odd, but H(7) is even in 7. In addition, h(7) is such that

2b

30 h—=h-3=0.
(30) :
Following the design of [2], we let M, W be such that
1 -
(31) M:a(b%—by); Wz(Hx—Hy).
We have, in reverse,
(32) v = LW —aHM); y=2 (b’W - aﬁM)
a ’ a )

New variables M, W are designed to transform the equations of the first variations of the
unperturbed Duffing equation, that is,

dx dy 9
oy, Yoa-3
Dy W s
to
A _ b))
dr a(T) dr  a(r)
Lemma 2.1. Equation (24) in M,W,© are transformed to
o s
dr _63U(§0’w(x +a)3ad’
dM b 1
(33) M- (VP Q)
dr a a
d b -
aw =—W+HP — HQ
dr a

where on the right hand side, S, P,Q are as in (25), in which we need to further change
from xz,y to M, W by using (32).

Proof. The equation on O is the same as before. For M we have
dM b 1
—_— = ——M+ - (b’x' + bz — by — by’)
dr a a
b 1
= —aM +- (V(y+ P)+ bz —by—b(1—3a%)z+Q))
b 1.,
= ——M+-(V'P-0Q)
a a

where for the last equality we used b’ = (a — a®) = (1 — 3a?)b.
Now for W, we have

% = Cl [b’h+2b]>,m— <i [bh~|—a]>,y+ CL [b’h+2b]> ' — <i [bh+a]> Y

b 1 1 1

= W [b"h+ VR + 20|z — - [V'h+bh +b]y+ . [b'h+2b] (y + P)
1

— [bh 4 a) (1 — 3a®)z + Q).
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To continue, we use h' = %bh + 3 to obtain

d b 1 2b 1 2b
e —W + = [b”thb’ <h+3) +2b’] i [b’h+b<h+3) +b] y
dr a a a a a
1., 1., 1 9 1
+ [bh+2b]y+g [V'h+2b] P — a[bh+a](1—3a )x—a[bh—i-a]Q
_ by +HP — HQ.
a
Here, we used
V=a-a* b =(1-3a*b b =d>—_a
for the last equality. O

Lemma 2.2. The primary stable solutions satisfying Y (0) = 0,0(0) = 0 is a solution of
the integral equations

o(r) = /0 Vs

e3U3 ,(x +a)dad
1 [t
(34) M(t)=-— o / (VP +0bQ) dr;
T 1 ~
W(r) :a/ —(HP — HQ)dr.
o a
Proof. With a fixed 6y, we are interested in solutions of equation (33) satisfying

0(0) =0, M(0) = —(Xo —a(0)), W(0)=0.

Consequently, the solution we are seeking satisfies the integral equations

o(r) = /0 [ E

e3U; (x4 a)3a’

M(7) :2 (—\/i(xo —a(0)) + /0 (VP +bQ) d7> ;

T 1 -
W (r) :a/ —(HP — HQ)dr.
o a
For a primary stable solution, we have lim,_, . a(7)M(7) = 0, which implies
+o0o
V2(Xo — a(0)) = / (V'P +bQ) dr.
0
Substitute to the integral equation for M (7), we obtain

+o0
M(t) = f% / (VP +bQ) dr.
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2.2. Functions of perturbations for small . All conclusions on P, ), S for the restricted
three-body problem presented in this subsection are obtained by straight forward uses of
the binomial series expansion

(35) l1+x)*=1+azx+ Z Conz"
n=2

where

%a(a—l)---(a—(n—l))

provided that |z| < 1. We note that, by the assumption that ¢y is sufficiently small, the
condition |z| < 1 is automatically fulfilled in all occasions this expansion is used throughout.
We stay away from collision singularity in this paper.

Before getting into the details of P, @, .S, we introduce yet one more change of coordinates
by re-scaling. Let

Ca,n =

1
36 M=————M W=—-—W.
(36) 63\fa e3\/ea

We certainly need to further rewrite everything as functions of M, W and ©.

In what follows, we let
(37) (M,W,0) € Dy :=[-1,1] x [-1,1] xR
and we work exclusively on Dy for (M, W, ©). The domain for parameters (p,¢) remains to
be D, . = (—eo,e0 + 1/2) x (0, €p).
Notation: In what follows, K is used to represent a generic constant independent of
0o, p, €, the exact values of which are allowed to vary from line to line. We also use O(1)

to represent a generic function that is real analytic in M, W, ©, p,e on Dy x D,. with a
uniformly bounded C'-norm on D, x D,..

Proposition 2.2. We have, for primary stable solutions,

o(r) = Fo _f\f/ _Si®Y) dr+f\f/ 74SXY@)d

eiX 4 1)3a? X +1)3a3
M(7) = Fig := \[ a® (e'0vEeX? + 3e7X?) dr
(38) g a* (VP(X,Y,0) +bQ(X,Y,0)) dr;

T

W(r) = Fw :==ve / Ha?(e"/eX? + 3¢"X?)dr
0

+ e / ®(HP(X,Y,0) — HQ(X,Y,0))dr
0
where $1(X,Y) is a polynomial in X,Y of uniformly bounded coefficient. It is independent
of ©. For S =S(X,Y,0), P=P(X,Y,0), Q = Q(X,Y,0), we have S = e2,/e0(1); and

P _ ﬂp( P)(EVEX + 1) sin2(0 + 4 + 6p) + £2a20(1);

Q=- ip(l — )(E3VEX +1)3(3VEY + ba™!) sin 2(0 + o + 6p) + aO(1)

(39)
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where

1 1/, .
(40) X = — (bW — aHM); Y_E<bW—aHM).

A remark on the order of perturbation: We note that, when a solution moves into the
vicinity of the saddle fixed point (X,Y) = (0,0), the order of singularity of the function on
the right hand side of the equation for © is ~ e 3a73(7) as 7 — oo (See (34)). To balance
this singularity, the perturbation functions in equations for (X,Y’) must have a high enough
order of dependency on a(7). This requirement on perturbation functions are stricter than
what was required in McGehee’s paper [7] for the stable and unstable manifold to be real
analytic. Fortunately, this extra requirement is met by the restricted three-body problem.

Proposition 2.2 and its proof are a little tedious because (i) we need to maintain, in
precise detail, the functions of P, @, S as they went through not so short of a list of change
of variables introduced thus far; (ii) we need to keep the track of two orders instead of one
for all terms involved: the first is the order in ¢, and the second is the order in a(7); (iii)
we also need to distinguish, to certain degree, the part of P, @, S that is © dependent from
the part that is not. Nevertheless, the proof of this proposition is conceptually as simple as
can be: it is a task of expanding a few given functions by using the binomial series.

We also note that the right hand side of each of the three integral equations in Proposition
2.2 has two integrals, the first of which is independent of ©®. We emphasize that the order
of the integral functions in a is always higher for the second integral than that of the first
integral. In particular, it is four degrees higher for the equation in ©. As we will see
momentarily, the factor a*b’ and ab in the second integral for M, and the factor a® in the
second integral for W is the bare minimum for the singularity of ® as 7 — oo to reach a
desirable balance.

We postpone the proof of Proposition 2.2 to Sect. 2.4 so not to let a purely computational
proof to interrupt our flow of presentation.

2.3. Analytical dependency on 6y, p,c. We denote V = (M(7), W(7),O(7)) and let

(41) VI[= sup [M(7)|+ sup [W(r)[+ sup d*(7)|O(7)].
T7€[0,400) T7€[0,4-00) T7€[0,400)
Let F be such that
(42) FV) = (Fo(V), Fu(V), Fw(V)).

where Fg, Fu, Fw are as in (38). We define V,, = (M,,(7), W,,(7), ©,,(7)) inductively by
letting

(43) Vni1(1) = F(Va(T))
and we initiate this iteration by letting ©¢(7) = 0. The initial functions My (1), Wo(7) are
obtained by setting © =0, e = 0 in P, Q in the integrals for M, W in (38). We have
3v2 oo
M (7) :\pra - p)‘/f/ a*(t + b*a™ ") sin2(6 + ))dr;
(44) v
3v2 T3 -1 :
Wo(r) = — Tp(l —p)We | a (H —ba H) sin2(6p + v)dr.
0

Lemma 2.3. We have, for alln > 1,
Vot (7) = Va(7)l < KVe [[Val7) = Var (7).
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Proof. We start with the ® component. We have

@}|Ons1(r) ~ Ou(r)| < V2vEa(7) /0 51 o) S1(Xn1, Yn-1)

VX, 119 (@VeXo 1 +1)5a | 4T
Vaved) [

i aS(Xn7Yn7®n> o aS(anlaynfh@nfl)
(e3VeXn +1)3 (e3VeXp1 + 1)

-
K\/ECLS(T)/ a 3dr - < sup |X, —X,_1|+ sup |Y, — Yn_1|)
0 )

7€[0,+00) T€[0,+00

dr

IN

—i—K\@a?’(T)/ a_2d7-< sup a3]®n—®n_1]>
TE )

0 (0,400
S K\/gHVn - Vn—l”-

Here, it is critically important that we separate the terms depending on © from the ones
that do not. Our estimate is hinged on the factor a* in front of S(X,Y, ©).
We turn to |M,+1 — M,|. We have

Muir(7) ~ Mu(r) = V2 /m (OVE(RS —X3_) 4 37(X2 — X2_,)) dr

+oo
b’ YP, —Pp_1)dr — X / —Qu_1)dr

a2 -
where

P, =P(X,,Y,,0,), Q,=QX,,Y,,0,).
We now estimate |P, — P,,—1| and |Q,, — Q,—1|. Note that our main concern here is the
factor a—2 that goes to infinite as 7 — 0o. In order to balance this blow up factor, we need a

factor a? from b'a*|P, —P,,_1| and ba?|Q,, — Q,_1]| to balance the outside factor a~2. Recall

that
(45) P(X,Y,0) = — 3\2/5,)(1 —p) [(E*X + 1)*sin(0 + ¢ + 6p) + 2a*0(1)] .

We have, for |P,, — Pp,_1],

g
o =Pt = [ PVt (1= Vi) = (1) + (1) + (71D

where 1
(1) = /0 P (sVy + (1 — $)Vp—1)(M,, — M,,—1)ds
(1) = /01 O (Vo + (1= 8) V1) (W, — W_1)ds
(IIT) = /0 L 96B(sVn + (1 — 5V 1)(On — On_1)ds.
We have

1
()] < / |OMP(sVy, + (1 — $)Vp—1)|ds - sup M, — M,,_4]
0 T7€[0,4-00)

< Ke?. sup |M,, — M, 1.
T7€[0,4-00)
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In parallel,

(IT)] < Ke*- sup [W, —W, 4.
T€[0,4-00)

Estimate for (III) is a little different, and it is the place the singularity for © is balanced
by the high order of a in P. We have

(| = /0 L OoB(sVn + (1 — 5V 1)(On — O 1)ds

1
< / ‘a*?’f)@P(SVn +(1- S)Vn_l)‘ ds- sup a®|©, —0,_1|
0 T€[0,+00)

< Ka®- sup a%©, -0, 4]

T€[0,+00)
We conclude that
(46) ‘]P)n_]pn—1| S KCLiSHVn_Vn—lH-
We also conclude in parallel lines that for |Q,, — Q,_1],
(47) Qn = Q] < Ka 2| Vo = Vo .

We again emphasize that these estimations are hinged on the fact that all © dependent
terms on the right hand side are in order of at least a® (see equation for M in (38)). We
now conclude that

1 oo
Mss 1] <KVE (35 [ (Wl + fal)ar ) IV, = Vi

SK\ﬁHVn - Vn—l”-

Estimate on |W,, 11 — W, | are similar but only easier. O

Proof of Proposition 2.1: The sequence V,, = (M, (7), W,,(7),0,(7)) as constructed in
the above is a sequence of real analytic functions of 6g, p,e on Dy, ,.. By Lemma 2.3, this
real analytical sequence is a normal family, offering a unique limit that is also real analytic
on Dy, . O

Splitting Distance and Transversal Homoclinic Intersection: Thus far, our study has been
exclusively on the primary stable solutions in Dj. Let D, be a small neighborhood around
the negative part ¢~ of (a(7),b(7)). We can also define primary unstable solutions as
solutions that stay in D, for all 7 € (—o0,0]. Changing 400 to —oo all the way, the study
for primary stable solutions can be repeated verbatim for the primary unstable solutions.

For a fixed pair (p,e) € D, := (—e0,e0+1/2) % (0,&¢), the Jacobi integral with J = —&~1
defines a three-dimensional invariant surface in the original four-dimensional phase space
for the restricted three-body problem of primaries masses ms = p,m; = 1 — p. For a given
0o € R, we denote the primary stable solution as

Vs(Tv 907075) = (MS(T7 907p7€)7 Ws(Ta 007/)78)7 98(7-7 007/)78)); TE [O? +OO)
and the primary unstable solution as
Vu(7-7 907p7 E) = (MU(T7 007/)7 E)? Wu(Tv 907/)75)7 @u(Ta 0071078)); T € (_0070]

Primary stable solutions from all §; € R form an immersed two-dimensional manifold, which
we denote as W¥, in the three-dimensional surface defined by the Jacobi integral. Likewise,
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the primary unstable solutions form an immersed two dimensional manifold, which we
denote as WU,

Definition 2.2. Let
1 S u
D(6.p.<) = (M°(0) ~ M*(0)).

We define D(0y, p, €) as the splitting distance of the stable manifold W* and the unstable
manifold W". Note that we divided a copy of p for D to avoid D =0 for all 6y at p = 0.

If Oy € R is such that D(6y, p,e) = 0, then the corresponding primary stable and primary
unstable solution fit together to form a homoclinic solution for the perturbed equation. If
for this value of 6y, we have in addition that 9p,Do (6o, p,€) # 0, then W* and W* intersect
transversally over this specific homoclinic solution. Consequently, to prove the existence of
a transversal homoclinic intersection of W* and W, it suffices for us to prove that there
exists a 0y so that

(48) D(Oo, p,e) =0, 09, D(6o, p,€) # 0.

2.4. Proof of Proposition 2.2. We start by using O(1) to represent a generic real analytic
function in X, Y, 0, p, ¢ for (p,e) € D, = (—¢o, % +e0) X (0,e0) and (X,Y) € DZ', 0 eRso
that the C''-norm of this function is bounded by a uniform constant.

Lemma 2.4. We expand F' and G to obtain
F :gp(l — ) X1+ cos26) + ESXA(X2 + Y2)O(1)
(49) G =—3p(1 — p)e*X?sinf cos O + gp(l —p)(1 —=2p)et X*sin3 6
+eSXYX? +YHO(1)
Proof. We start with

- Rz =1+ pe?U?X? cos 0 + %p254U4X4 sin? 0 4 U X°0(1)
o0 Roz =1 — (1 — p)e’U?X? cos 0 + %(1 — p)2etUutxtsin® 0 4 CUX%0(1).
It then follows that
. R =1 —3p*U?X? cos§ — gp264U4X4 sin® 0 4+ SU%X%0(1)
o Ry =1+43(1— p)e®U? X% cos ) — ;(1 — p)2etUutXx*sin? 0 + SUCXC0(1).

For F' we have
F=1-(1-p)(1+ petU%X? cos 9) R —p (1-(1- p)e2U?X? cos 9) Ry}

=1—(1—p) (1 + pU?X?cos0) (1 — 3p’U*X* cos§ — gp264U4X4 sin? ) + SUSX50(1)

—-p(1-(1- p)e2U? X2 cos 0) (1 +3(1 — p)e?U? X% cos ) — g(l — p)2etUutx*sin® 9) .
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We have
F=1-((1-p)+p1- p)e2U?X? cos 9) (1— 3pe2U? X? cos 0)
— (1 =p) + p(1 = p)e®U? X% cos b 3 2elUtxtsin® 0
p)+p(l—p 5P
—(p— (1= p)pe*U*X?cos 0) (1+3(1— p)e2U? X2 cos 9)
—(p— (1= p)pe*U*X?cosb) <—2(1 — p)2 Ut X sin? 9> + U X°%0(1)
:%p(l — p)etUXA(1 + cos? 0) + U X00(1).

For G, we have

G =(1—p)psinb (—3€2U2X2 cos 0 + g(l —2p)etUt X4 sin? 9> + U X°%0(1).
We now work on U through Jacobi integral. We have from (50),
(52) Ry =1 — p?U? X% cos 0 + U X*0O(1)
Ry =1+ (1 — p)?U%X? cos 0 + U X*0(1)
and
U —=1—30U3y2_ %53U3X4 + (1 - p)UPX2R} + pedUP X2 Ry}
=1-3U%Y? - %53U3X4 + (1 = p)3UX2%(1 — peU% X% cos§ + U X10(1))
+ pS3UBX2(1 + (1 — p)e?U? X% cos 6 + U X10(1))

=1-U%Y? - %53U3X4 +8U3X2 +UTXC0(1).

Substituting into F' and G, we obtain what are claimed in this lemma.

Next we write F,G,U in z,y,© to have

Lemma 2.5. We have

Fyo %p(l —p)et (@ +a) (1 + cos?(© + by + v))
+ %z 4+ a) ((x +a)* + (y + 0)*)O(1)
Goyp = — gp(l —p)e(z 4 a)?sin2(0 + Oy + )
2 p(1 = )1~ 20)e*(w + a) sin(© + o + )
+e%(z +a)'((z+a)* + (y+1)*)O(1)
Ugop =1 — °(y* + 2by) — 353(954 + 4230 + 62%a® + 4za) + 3 (2% + 2ax)
+e8((a +a)t + (x4 a)’(y + b)? + (y + b)HO(L).



THE RESTRICTED THREE-BODY PROBLEM AS A PERTURBED DUFFING EQUATION 19
Proof. Only the claim on Uy, 4 needs to be further justified. We have
Ugop =1 — 3U°Y? — %63U3X4 + (1= p)efUSX?Ryy + pe*UX? R,
=1 —&3y? - %53X4 + X2+ 85X+ X2Y2 +YHo)
1= By b)? — %53(95 +a)* + 3z + a)?
+e%((z +a)* + (w+a)*(y +0)* + (y + 5))O(1)
Using b? — a? + %a‘* = 0, we obtain
Ugop =1 — 3(y* + 2by) — %ag(ﬁ +42a + 622a* + 4za) + 3 (2% 4 2ax)
+ %@+ a)! + (@ + a)*(y +b)° + (y + 5)HO(L).

Lemma 2.6. We have, on Dy x D, for M,W,0,p, ¢,
o :;p(l )t (BPVEX + 1)1 + cos2(© + B + 1)) + £5a50(1);
Goop = — 3p(1 — p)e?a®(e3\/eX + 1) sin(O + b + 1) cos(© + g + )
+ 2001 = p)(1 = 2p)e"at (SVEX + 1) sind(© + 6y + ) + 001
Upop =1 — 2a®(€"Y? + 2ba 1 e3\/EY + £7X%) + %60 ().

(54)

Proof. All formula are obtained by straight forward substitution using the conclusion of
Lemma 2.5. U

We now move to S, P, Q.
Lemma 2.7. We have
S =a*c3/e [S1(X,Y) + e2V/ea'0(1)] 5
(55) P =a*'P(X,Y, 0);
Q =a*'Q(X,Y, 0) — a3c1%/eX? — 3a37X2,
where $1(X,Y),P(X,Y,0),Q(X,Y,©) are as in Proposition 2.2.
Proof. We start with
Ug’mw —1= —3c%a?("Y? + 2ba 13\ /Y + £"X?) 4 54 0(1).
We have
S =a® 4 3ax® + 3a°x + (Uj ,, — 1) (x + a)® + °UY ya(z + a)’a®;
=a3e1%/eX3 4 363 "X2 + 3a3e3/eX
+ (=3%a?(e"Y? + 2ba e V/EY + £7X?) + %0 0(1)) (ae®VEX + a)?
+e3(1 — 3e3a®(e"Y? + 2ba1e3\/EY 4 £7X?) + %a10(1))ac? VeX (a3 VEX 4 a)a’
=a’e? /e [BX 4+ e7X? + 3% /eX? — 3e?\/ea® (e'Y? + 2ba 1VEY + &'X?) (%X + 1)°]
+ £%"0(1).
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Here we maintained a precise formula for the part of S that is up to order a® to emphasize
on the fact that all terms dependent of © is of order at least a”.

The formula for P and @ as claimed are easier. We note that the lowest order for terms
in P and @ that is dependent of 6 is a*. We have for P and Q,

P :\/552U9207¢(1: + a)2G907¢;
:\@EQUgoﬂpaQ(ESﬁX +1)2[=3p(1 — p)2a®(e3/eX + 1)%sinf cos b

+ gp(l — )1 —2p)etat(3VEX + 1) sin? 0 + 5a°0(1)]

=— 3\2fp( — p)etat(e3veEX +1)*sin2(0 + 1p + 6y) + £*a®0(1);

Q=—2"—3a2® — (v + a)Fy,p + \/§€2U9207¢($ +a)(y + )Gy g
P30 — (e + a)(gp(l )t (BPVEX + 141 + cos® ) + 5a50(1))

— Mp(l — p)etat(e3v/eEX + 1)3(3VEY + ba™1) sin2(0 + 1 + 6p) + 5a°0(1)

- _ ﬂp( p)54a4(€3\/gx + 1)3(53\@Y + ba~ 1) sin 20+ +00) + e4a®0(1)

a®e10/eX3 — 3a37X2.

Proof of Proposition 2.2: Follows directly from Lemma 2.6 and (34). O

3. EXISTENCE OF TRANSVERSAL HOMOCLINIC INTERSECTIONS

In Section 2, we regarded ¢ as the parameter of perturbation but imposed no restriction
on p. This view point served us well in our construction of primary stable and unstable
solutions. However, splitting distance is not real analytic at € = 0 so we can not expand it
as a power series in € at € = 0 to approximate D(fy, p, ). In this section, we assume

O<p<<ex«l
to regard p as the parameter of perturbation. We prove

Proposition 3.1. There exists a positive €1 << &eg, where g¢ is as in Proposition 2.1,
so that for every fized ¢ € (0,e1), there exist a p(e) > 0 sufficiently small, so that, for
all p € (0,p(e)), the primary stable and unstable manifold admit transversal homoclinic
intersections.

The contents of this section is as follows. In Sect. 3.1 we derive a correspondence of the
Poincare-Melnikov integral Dg(6p) for the restricted three-body problem. In Sect. 3.2, we
expand Dy(fy) into a Fourier series in . In Sect. 3.3, we evaluate all coefficients of this
Fourier expansion. Proposition 3.1 is proved at the end.
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3.1. Splitting Distance and its First Approximation. We expand D(6y, p,c) as a
power series in p at p = 0 to write

(6o, p, €) = Do (6o, &) + D1 (0o, €)p + Do (b, &) p* + - - - .

Proposition 3.2. (Poincare-Melnikov Integral) We have, for the restricted three-body prob-
lem regarding p as the parameter of perturbation,

Dy(0y) = _2;(2@ / +Oo(b’a? + ab?) sin(fy + ) (1 — Ry®) dr

1 +oo - -
+F\/€ /Oo ab[52a2 cos(6p +¢)(2+ Ry 3) +(1-R; 3)}d7'

where

Ry = /1 — 2242 cos(1p + bp) + ea?.

Proof. We take the integral equations (38) for the primary stable solutions as a starting
point and replace M, W by using

(56) M=p'M, W=p'W,

to count in the re-scaling factor p~! for the splitting distance . We rewrite M, W back as
M, W respectively to obtain

_ [ V25 |
o)1= |, e
+o00
1 1 -

At this point, we need to calculate again P, (@, S, but this time we only need to track the
order in p because the splitting distance is real analytic in p at p = 0. We expand P and @
into power series in p. To obtain Dg(#), we drop all terms of order p? and higher. We stat
with

Ris :\/1 + p2etU* X4 + 2pe2U2 X2 cos b;
=1+ pU?X? cos 0 + O(p*)
Roz =/1+ (1 — p)2e4U4X4* — 2(1 — p)e2U%X2 cos

_ 4U4X4 2U2X2 0
—R <1 + +R”f o ) +0(p)
where
R=+/1+U4X* — 2e2U2X2 cos .
We have

Ry3 =1 —3p2U%X? cos 0 + O(p?)

4U4X4 _ 2U2X2 0
Ry =R (1 43P ]/;; cos > L0,
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This is to imply
F =p(1—R3) + p’U%X?cosf(2+ R73) + O(p?)
G =psinf (1 — R_3) + 0(p?)

We now work on U as defined by the Jacobi Integral. First we let U; = U1 (X,Y,0,¢) be
such that

1
Uy =1-¢&U3 <Y2—|—2X4—X2> :

We have
Ui(a(7),b(1),0,e) =1
because
b(r)? + ga(r)* —a(r)’ = 0.
It also follows, by the Jacobi integral, that
U="U+0(p)

Next we calculate S, P and (). First, recall that
S = 23 + 3az? + 3a’z + (Ug’mw — 1) (z+a)®+ 63U§’07¢x(x + a)®a3

The re-scaling of variables (56) introduces a common factor p to all terms in S. For P, Q,
we have from (3.1),

P =v2e%a%psinf (1- Rf3) + O0(p%);
Q= —a(p(l — R}) + pe*a® cos 0(2 + Ry ®)) + V2e%abpsin 0 (1 — Ry®) + O(p?)

where

Ry = V14 etat — 2242 cos .
We now turn to the equation for M in (57), dropping all O(p) terms, to obtain

+oo
M*(0) = — a?((ﬁﬁ/o (b'a2 + ab2) sin 6 (1 — R_3) dr
+ (12(0153\/5 /0+oo ab((1 — R3) 4+ £2a%cos 6(2 + R73))dr + O(p).

The formula for Dy as claimed in this proposition then directly follow. O

3.2. Fourier Expansion of Dy(fy). We write Dy(0y) as

Dolth) - —25@(1) b om i)
where
+oo
I) = / —3a°/2) sin(fp + ) (1 — Ry®) dr
(I1) = / ble%a® cos(fp +1)(2+ Ry3). + (1 — Ry®)|dr
and

= /1 +e*a* — 2e2a2 cos(fy + V).
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We write Ry as

2e2a? cos(fy + 1) 1/2
_ (12 (1 —
R ( +ea ) (1_'_54(14)

and use binomial expansion (35) to obtain

— 1 > (_1)710_3/2 62”a2” . . n
3 _ il i(6o+y) i(Bo+1)
R” = (1 + elal)32 T nz_:l (1+ elalyn+3r2 <e te )

We divide into odd and even cases for n to obtain

R_3 B 1 00 20 32, 2k54ka4k . ) )
1 - (1 +€4a4)3/2 + Z (1 +54a4)2k+3/2 Z 2k k—m COS m( o +'¢>

m=0

2C_3/0 91416+ 2a4k+2 k
B Z 1/+ edqt)2h+3/2 Z Cokt1,k—m cos(2m + 1) (0g + )

m=0

Switch the order of the sums, we have

R_3 . 1 > 20 3/2, 2kE c
L7 (I telat)32 + Z (1 + elq)2k+3/2 2k,k

oo

4k;a4k

20_ 3/2, 2k6 Fa
T Z Z (1 + €4a4)2]‘7+3/2 C2k,k—m COs 2m(00 + 1/})
m=1k=m
L & 2059 o416 2ath T2
B Z Z 1/+ glat) 2k+3/2 Coky1k—m cos(2m + 1)(6p + v).

m=0 k=m

3.2.1. Fourier Ezpansion for (I). We have
sin(fo + ¢) (1 — R®)

(1+etat)¥2 Z 1 & 205 pcath |
= < (1 + €4a4)3/2 o Z (1 + €4a4)2k+3/2 CQk,k an(ﬁo + 1/})

k=1

C_ etkq
B Z > 1 fgiﬁ aira/a Cokk—m [sn(2m + 1) (60 + ) — sin(2m — 1) (6 + )]

mlkm

4k+2 4k:+2

€
+ Z Z 3/2—1—2];;4 arrsa Okt k—m [Sin(2m + 2)(60 + ¥) — sin2m(fo + )]

m=0 k=m

We then have

+o0 > +oo o 7
(I) = sin 90/ 7O cospdr + Z sin 2m00/ Z fr(n,)k cos(2m)dr
k

- m=1 =m-—1

“+00 o0
+ Z sin(2m + 1)«90/ (Z gg)k) cos(2m + 1)ydr

m=1 o0 k=m

23
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D (20— 303/2) ((1 +etadpP2 -1 i C_3/9,25(2Cop 1 — C2k,k—1)54ka4k> '

(1 +E4CL4)3/2 — (1 +€4a4)2k+3/2

4k+2a4k+2

C_ €
I _ 3 5 3/2,2k+1
f k. (2CL — 3@ /2) ( (1 + €4a4)2k+3/2

D (24— 3d°/2) <C3/2,2k(02k,km - CQk,kml))€4ka4k> '

(Cokt1,k—m—1 — C2k+1,k—m)> ;

Jmpe = (1 + e4q*)2k+3/2

Note that all non-trigonometric part of these function are even functions in 7. It then
follows that (I) is a summation of integrals in the form of

+oo . +o00 )
In,m,B — 5471/ a4n+3€zm¢d7.7 In,m,t’) — 6471/ a4n+5ezm¢d7_
—o0

—00

We emphasize that, for the integral function that defines I, ,,,, the power in a is odd. This
odd power obviously come from ab? 4+ a?b in front of all functions of integration.

3.2.2. Fourier expansion for (II). For (II), we have
1 — R34 e%a% cos(6p + 1) (2 + Ry ®)
1 -3 1
= 1— (1 +€4a4)3/2 + <(1 —1—54@4)5/2 + <2+ (1—|—£4a4)3/2>) gTa COS(90 —|—¢)

C_3/2,2K1 2C 32,2k Ak Ak i
+Z < 1+ etat) 2k+1/2 (1+ 54a4)2k+3/2> eva Z Cok jg—m cos 2m(bp + 1)

m=0
s k
Cs/a2 2C_3/2.0k+1 Ak+2  Ak+2
= <(1 +elat)2+3/2 (14 e4a4)2k+5/2> = m;) Cokt1,k—m €08(2m + 1) (6o + 1)
We have
1 — R +e%a® cos(fp + ¥)(2 + R7®)
_ gy n i Cosppon—1 20399k ik ik
N (14 e4at)3/2 (14 cta®)2+1/2 (1 4 eta4)2k+3/2 era Lagk

k=1

-3 1
+ <(1+€4CL4)5/2+ <2+(1+€4a4)3/2>>6 a COS(90+¢)

o0
C_3/2,2k 2C 322611
— Z < 1+ €4a4 2k+3/2 (1 + €4a4)2k+5/2> €4k+2a4k+202k+1,k COS(90 + @Z))
(e.)
C_3/22k-1C2% k—m  2C_3/29kCok k—m\ a1 4k
+ Z Z ( (1 + ela®)2hH1/2 (1 4 glqh)2k+3/2 )8 a* | cos2m(6y + )
m=1 Lk=m
oo (o)
C3/22kC2%+1k-m  2C_3/22k41C2%+1k—m \ apio abro
- [ ( (1 + cta®) 232~ (1 4 edqd)2k+5/2 > e a cos(2m + 1)(6o + 1)
m=1 Lk=m
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It then follows that

(IT) =sin 6 / f(H) sinydr + Z sin 2mfg [Z / f,iii) sin medT]
- m=1 k=m "’ ~x

(58) ~ ~
+ 3 sin(2m + 1), [Z / gt sin(2m + 1)wdT]
m=1 k=m " ~>®°
where
-3 1
(In _ T s 2 2
f =ab ((1 +a4a4)5/2 + (2 + (1 +€4a4)3/2)) €a
- C_3/2,2k 2C_3/2.2k41 Ah42 Ak42
(59) N kZ:l ab <(1 +elgh)2h+3/2 (14 €4a4)2k+5/2> e AT Ookr
Un _ C_3/22k-1Cok k-m  2C_3/29kCok k—m\ 4 4k
Jem =—a (1 + cha)2+1/2 (14 chat)2h+3/2 e*a
an _ .y C_3/22kCo%k+1k-m  2C_3/22k41C2%+1k—m \ apio abro
Ikm = (1 + edad)2h3/2 7 (1 1 chqd)2h+5/2 @

From this expansion for (II), it follow that (II) is a summation of integrals in the form of

+00 ) +o00 )
Tnm,1 = 54”/ a*mtlpe™V g Jnm3 = 54"+2/ a*"F3pet™ .
— 0o

—00

Conclusion: Thus far, the task of evaluating Dy(6y) has basically been reduced to evalu-
ating

+o0 ) +o0 )
Lims = 54"/ a3y gy Inms = 54”/ a*" oY gy
—0o0

—0o0

and

+o0 ) +oo )
Tnm,1 = 54"/ "t pet™Y g7 Jnm3 = 64’”2/ a*™3pe™Y qr.
—0oQ

—0o0

3.3. On L, m 1, Inm3 and Jym 1, Jnm3- Recall that

B 2v/2 ' B 2v/2 (e — er)
CL(T) _67— 4 6_7—7 b(T) - (€T + €_T)2 )

—9t -1 1 T —T 1 37 —37 3 T —T
1/1(7')— an 5(6 — € >—@(€ — >—@(€ — € )

3.3.1. General Reduction. Let y(z) : R — R be such that

(60) y(z) = (V22 + 43 + 2)1/3 — (/22 + 43 — 2)1/3,
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Proposition 3.3. We have

_imz
e 243

2 Foo
Inma (-5 23t [

d .
o (W(z) — 202 ¥2(y(z) + 2i)2nimi2 09

imz

hums =1 V3ot [ ¢ d
= — — z
o 3 - G 2 T
+oo — e
_ +1 An+2 4 y(z)e 2
Jn,m,l _(_1)m (2\/5) " € " /_oo (y _ 2Z')2n—m+2(y + 2i)2n+m+2 dz
400 (2)6_72Zi3z
J’ —(—1 m—+1 2\/9 4n—+2 4n+2/ Yy d )
nm,3 =(—1) ( \[) € oo (y = 20)2n—mA3(y 4 24)2n+m+3 z

Proof. First we work on

+oo )
In,m,S = E4n/ a4n+561mwd7_.
—0o0

Step 1. From 7 to x: We let x = €™ to obtain

1 mi

in +o0 (2\/5)4n+562mitan’1 17”25_ 6—48;3((x3—:r:73)+9(x—a;’1))
nmpb — € /0 $($+$_1)4n+5

dx.

Step 2. From x to y: Next we let

y:x—wfl.

We have
dy=1+z"dx = (z+z 1)z lde
We also have
Y=+t -2=(@+a ) 4 (z+aH)i=y*+4
and
= (-2 D@+ +1) =y +3).
This is to imply

§ o~y +12)

; -1
+o0 e2mz tan

I — 4n 2/9 4n+5/
n,m,5 £ ( \f) - (y2+4)2n+2

oo (eitan_l g)Qm o~ 13y (WP +12)
_ an 4n+5
= "(2v2) /_OO (y2 + 4)2n+2

dy

dy

too 1Y —1y\2m —Dhy(y?+12)
costan™ " 5 +¢sintan™ "~ 5 € 48¢
64n(2\[2)4n+5/ ( 2 2)

- o (yQ 4 4)2n+2

dy

To continue, we have

In,m,S — 64n(2\/§)4n+5/

—0o0

90 (2 4 i) P et VA1
(42 + 4)2+)+m)
e y(y®+12)

an(_1)m(2/2)4n+5 e i
= £ (_ ) ( ) /oo (y_2Z')2(n+1)—m(y+2Z')2(n+1)+m

dy

dy.
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Step 3. From y to z: Finally, we let z be such that
(62) 22 = y® + 12y.
We have,
dz = 3(y? + 4)dy,
and in reverse we let
(63) y(2) = (V22 + 43 4+ 2)1/3 — (/22 4+ 43 — 2)1/3,
We note that as a change of real variable to real variable, the maps y(z) : R — R is 1-1 and
onto. It then follows that we can write I, ., 5 as

2 Foo _ imz
Inms = (—1)m(2\f2)4”+564”/ f(z)e 23dz

3 e
where
1
64 = .
(64) f(2) (y(2) — 20)2n—m+3(y(z) + 2)2n+m3
The other three are obtained by using the same sequence of change of variables. O

3.3.2. Upper Bound Estimation. We treat z as a complex variable and y(z) as a complex
function. Recall that y(z) is such that

2z =% +12y.
Sublemma 3.1. We have (i) the only complex solution for y(z) +2i =0 is z = —8i and

the only complex solution for y(z) — 2i = 0 is z = 8i; (ii) the function Y (z) := (y(z) + 2i)?
is analytic at z = —8i, and h'(—8i) = %i.

Proof. For (i), we write y(z) + 2¢ = 0 explicitly as

(V2 + 8+ (V2 + 8 -2)3 12 =0
Let X = (V22 + 43 + 2)Y/3, we have

4
X—§+2i:0, X2 42X -4=0, X=—i+tV3.

This is to have
22443 4 2= (—i+V3)P = +i -9 F3V3+3V3 = -8i.

It then follows that z = 8i. Similarly, z = —8i is the only solution of the equation y(z)+2i =
0. Equation y(z) — 2i = 0 is solved the same way.
For item (ii) we start from

dy(z) _ 1
dz  3(y— 20)(y + 20)
to obtain
d(y(z) + 2i)? B 2
dz -~ 3(y(z) — 2i)
We have, at z = —8i,
d(y(z) + 2i)? B 11’
dz 2=—8i .
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Sublemma 3.1 implies that that the integral functions for Iy, , 5, Jnm,3 take z = —8i as
poles of order n + k 4+ 1 if m = 2k — 1. For m = 2k, z = —8i is no longer a pole, but
a branch point for the integral functions due to the appearance of a copy of (z + 82‘)*1/ 2,
This dependency on m is switched for I, y, 3, Jnm1: 2 = —8i is a pole if m is even, but
for odd m, z = —8i is no longer a pole, but a branch point. In the case of poles, the
corresponding integrals can be evaluated in precise terms by use of the residue theorem.
In the case of branch singularity, it would be less direct if we insist on precise evaluation.
Our task here, fortunately, is easier because, instead of precise evaluation, it suffices for us
to identify a dominating term, which we need to evaluate in precise terms, and an upper
bound estimation for the rest.

Lemma 3.1. We have

1

m 3
€3E3> ; |In7m75| < Kn€n2<

m m
_1 noned (1 1
e 33 ) 5 |Jyma| S K"e"T2 [ e 53 ) .

£2

‘In,m,3| < Kn5n<

™ ™
m\w‘ = m\w‘ =

| < K" (

Proof. In what follows, we let L be a piece-wise smooth curve in the complex z-plane and
let

1 imz

2
L — dn+5 4 -
Lima = (-5 (2V2)"1% n/L (9(2) — 202y (z) ¢ 2ayzem® 0

Let
Le={z=t+i(-8+¢%: te(—o0,+00)}.

We first estimate I, ., 3. By Cauchy integral theorem,

I’I’L7m73 = _ITIL/;TL,?)‘
We have
_im(t+i(=8+e3)
Lomal = | sV el 2 i
s L (Yt +i(=8+e3)) = 20)2n=m+2(y(t + (=8 + %)) + 2¢)2nFm+2

m(—84e3 2(9,/9)4n+54n
< e (248:g : 3( \f) c

dt.
- I e e e R

It follows from Sublemma 3.1(ii)

|y(t + Z(—8 + 53)) _ 2i|2n—m+2 > K—Qn—m+2(|t| + 1)n—m/2+1
ly(t + i(—8 + £3)) 4 24[27Tm+2 > [gntmA2(|y| 4 Byntm/241

We have, in conclusion,

1 1\
< —e€ 3¢ .
[ m3| < K"e™ [ —e s
£2

All other integrals are estimated the same way. O
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3.3.3. Lower Bound Estimation. In this paragraph, we first evaluate I1 1 5. By definition,

o 9 0 4 400 e 2223
(65) Lys=— 5(2\@) € /OO (y(2) — 2i)4(y(2) +2i)6d2

We let w = z + 8¢ to have

2mi(2v/2)° 4, _ 1 d? wde” 24:3
L1 = ————F—=¢e 3 . . . .
” 3 dw? \ (y(w — 8i) — 2i)*(y(w — 8i) + 24)6

_ _”2;16\/5 (;e—> (1+0().

Compare to the upper bound estimation of Lemma 3.1, it follows that I; 1 5 dominates, in
magnitude, all I, i, 3, Inm.5, Jn,m,15 Jn,m,3- Here we have two different cases: The first is the
case of m > 2. In this case, increasing m by one would induce a copy of exponentially small

w=0

1
factor ~ €243 to be multiplied to the upper bound estimation. The second is the case of
m = 1. In this case, the difference in magnitude of these integrals are not caused by the
exponentially small factors, but by the order of the poles at z = —8i.

Proof of Proposition 3.1: The Fourier expansion of Dy(fp) is a sine series so that we
have Dy(0) = 0. We also have

1 1 1
109, Do (0)| > K 1115 > K1 <€2e 353> (1 + O(Eé)) .

What is claimed in Proposition 3.1 follows directly from this estimation and the fact that
D(Bo, p, €) is real analytic at p = 0. O

Proof of Theorem 1: Directly follows from Proposition 3.1 and 2.1. g
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