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1 Basic Concepts
We now consider stochastic processes with index set A = [0, 00). Thus, the process
X :[0,00) xQ2— 8
can be considered as a random function of time via its sample paths or realizations
t — Xt(w), for each w € Q.

Here S is a metric space with metric d.

1.1 Notions of equivalence of stochastic processes

As before, for m > 1,0 <t < -+ < ty,, B € B(S™), the Borel o-algebra, call
[ty (B) = P{(Xy,, ..., X4,,) € B}

the finite dimensional distributions of X.

We also have a variety of notions of equivalence for two stochastic processes, X and Y.
Definition 1.1. 1. Y is a version of X if X and Y have the same finite dimensional distributions.

2. Y is a modification of X if for all t > 0, (X¢,Y;) is an S x S-random variable and

P{Y, = X,} =1.

8. Y is indistinguishable from X if
P{w;Yi(w) # Xi(w) for somet >0} =0.

Recall that the Daniell-Kolmogorov extension theorem guarantees that the finite dimensional distribu-
tions uniquely determine a probability measure on S0,

Exercise 1.2. If A € o{Xy;t > 0}, then there exists a countable set C' C [0,00) so that A € o{X;;t € C}.

Thus, many sets of interest, e.g., {x;supg< <7 f(zs) > 0} or {x: fOT f(zs) ds < 0o} are not measurable
subsets of S0°°) Thus, we will need to find methods to find versions of a stochastic process so that these
sets are measurable.

Exercise 1.3. If X and Y are indistinguishable, then X is a modification of Y. If X is a modification of
Y, then X and Y have the same finite dimensional distributions.
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1.2 Sample path properties
Definition 1.4. We call X
1. measurable if X is B[0,00) x F-measurable,

2. (almost surely) continuous, (left continuous, right continuous) if for (almost) all w € Q the sample path
is continuous, (left continuous, right continuous).

Focusing on the regularity of sample paths, we have

Lemma 1.5. Let z:[0,00) — S and suppose

T = Slixg_ s exists for all t > 0,

and
x;— = lim x4 exists for all t > 0.

s—t—

Then there exists a countable set C' such that for all t € [0,00)\C,
Tt— = Tt = T4

Proof. Set
1
Cn ={t € [0, 00); max{d(wi—, x¢), d(i—, xe4 ), d(@e, Tey )} > ﬁ}

If C,, N[0, m] is infinite, then by the Bolzano-Weierstrass theorem, it must have a limit point ¢ € [0, m]. In
this case, either x;_ or x;4 would fail to exist. Now, write

c=J J.nlo,m]),
m=1n=1
the countable union of finite sets, and, hence, countable. O

Lemma 1.6. Let D be a dense subset of [0,00) and let x : D — S. If for each t > 0,

rf = lim x,
s—t+,s€D

exists, then x+ is right continuous. If for each t > 0,

r, = lim  x,
s—t—,s€D

exists, then x~ s left continuous.
Proof. Fix tg > 0. Given € > 0, there exists § > 0 so that
d(zf,xs) < € whenever s € D N (to, to + 0).
Consequently, for all s € (tg,to + 0)
Foal) = +

dlx; ,xT) = lim d(x),x,) <e.
( to> s u—s+,u€D ( to? u>_

and x is right continuous.
The left continuity is proved similarly. O
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Exercise 1.7. If both limits exist in the previous lemma for all t, then x; =z for all t > 0.

Definition 1.8. Let Cg[0,00) denote the space of continuous S-valued functions on [0,00). Let Dg[0, 00)
denote the space of right continuous S-valued functions having left limits on [0, 00).

Even though we will not need to use the metric and topological issue associated with the spaces Cs[0, 00)
and Dg|0, 00), we proved a brief overview of the issues.

If we endow the space Cg[0,00) with the supremum metric poo(x,y) = SUPg<s<oo d(Ts,ys), then the
metric will not in general be separable. In analogy with the use of seminorms in a Frechet to define a metric,
we set, for each ¢t > 0,

Pt (SL’, y) = sup d(xmax{s,t}v ymax{s,t})-

Then, pr satisfies the symmetric and triangle inequality properties of a metric. However, if z and y
agree on [0,T], but x4 # ys for some s > T, then x # y but p:(x,y) = 0. However, if p:(x,y) = 0 for all ¢,

then z = y. Consider a bounded metric d(z¢,y0) = max{d(wo,yo), 1} and set p;(z,y) = supg<;<; d(Ts,ys),
then we can create a metric on Cg[0, 00) which is separable by giving increasingly small importance to large
values of ¢t. For example, we can use

Pa,y) = / e pi(a,y) dt.
0

Then, (Cs[0,00), p) is separable whenever (5, d) is separable and complete whenever (.5, d) is complete.

For the space Dg[0,c0), then unless the jumps match up ezactly then the distance from z to y might be
large. To match up the jumps, we introduce a continuous strictly increasing function v : [0,00) — [, 00) that
is one to one and onto and define

p;}’ (xv y) = sup d(xmax{s,t}a ymax{'y(s),t})~
and o'}
pcr,y) = inf{max{ess sup;| logvﬂ,/ e tol (x,y) dt}}.
v 0
As before, (Dg[0,00), p) is separable whenever (.5, d) is separable and complete whenever (5, d) is complete.

Exercise 1.9. Cg[0,00) with the ps metric is not separable. Hint: Find an uncountable collection of
real-valued continuous functions so that the distance between each of them is 1.

With a stochastic process X with sample paths in Dg[0, c0), we have the following moment condition
that guarantee that X has a Cg[0,00) version.

Proposition 1.10. If (S,d) be a separable metric space and set di(x,y) = min{d(z,y),1}. Let X be a
process with sample paths in Dg[0,00). Suppose for each T > 0, there exist « > 1, § > 0, and C > 0 such
that

Eldi (X, X,)P] <Ct—s)*0<s<t<T. (1.1)

Then almost all sample paths of X belong to Cg[0, o).
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Proof. Let T be a positive integer.

Claim.
oNT

Z di (X, X)) < 1}\1;11}?; Z d1 (Xpo-~, X(j—1y2-~)".
0<t<T k=1

First note that by Lemma 1.5, the left side is the sum of a countable number of terms. In addition, note
that for each n > 1, {t € [0,T];d1(X, X¢—) > 1/n} is a finite set. Thus, for N sufficiently large, these points
are isolated by the 2= partition of [0, T]. Thus, in the limit, these jumps are captured. Consequently,

oNT
> di(Xe, X)) Iay (x, x5 1) < lim inf D di(Xpa-n, X(mnye-)°. (1.2)
=1

0<t<T

Note that the left side of expression (1.2) increases as n increases. Thus, let n — oo to establish the
claim.

By Fatou’s lemma, and the moment inequality (1.1),

2nT
B[ Y di(X, X, )] < linfgicgfzE[dl(Xm—mX(k71)2—n)ﬁ]
0<t<T k=1
2"T
< liminf)  C27"
k=1

= liminf CT2"(1=®) =,

n—oo

Thus, for each T, with probability 1, X has no discontinuities on the interval [0,7] and consequently
almost all sample paths of X belong to Cg[0, 00). O

1.3 Properties of filtrations

Definition 1.11. A collection of sub-o-algebras {F;t > 0} of the o-algebra F is called a filtration if s <t
implies that Fs C F;.

For a given stochastic process X, write FiX for the filtration o{Xs;0 < s < t}. Call {F{X;t > 0} is called
the natural filtration associated to the process X.

The filtration {F3;¢ > 0} in continuous time may have some additional structure

Definition 1.12. 1. {F;t > 0} is right continuous if for each t > 0,

ft:ft-i-:ﬂft-&-e-

>0

2. {Fy;t > 0} is complete if (2, F, P) is complete and Fy contains all events having probability zero.

Combining the process X and the filtration {F3;¢ > 0}, we have, as before:
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Definition 1.13. X is adapted if X; is Fi-measurable. In addition, a process X is {F;}-progressive if, for

every t > 0,
Xljo.x0 is B[0,t] x Fy-measurable.

Exercise 1.14. 1. The filtration {Fi4;t > 0} is right continuous.

2. If X is {F}-progressive, then X is {F;}-adapted and measurable. Hint. Approzimate X on [0,t] x Q
by X3 (w) = Xumin{t,(ns]+1)/n)} (@)

3. If X is {Fi}-adapted and right continuous, then is {F,}-progressive.

4. Let X be {F;}-progressive and let f : S — R be bounded and measurable. Show that f o X is {F;}-
progressive and Ay = fg f(Xs) ds is {Fi}-adapted.

1.4 Stopping times

A stopping time, 7, and the corresponding stopped o-algebra F, are defined for continuous time processes
in a manner analogous to the discrete time case.

Definition 1.15. A non-negative (possibly infinite) random variable is an {F;}-stopping time if for every
t>0,
{’7’ S t} S ft.

The stopped o-algebra
Fr={AeF,An{r <t} e F, forallt>0}.

Many of the same properties hold with the same proof as for discrete time processes.
Proposition 1.16. 1. The supremum of a countable number of stopping times is a stopping time.
2. The minimum of a finite number of stopping times is a stopping time.
3. Fr is a o-algebra
4. For a second stopping time o, min{r, o} is F.-measurable.
5 Ifo <, then F, C F;
The following proposition holds in discrete time. However the proof in continuous is more involved.

Proposition 1.17. Let X be an Fi-progressive process and T a finite stopping time. Then X, is F;
measurable.

Proof. Pick I" € B(S). We must show that {X, € B} € F,. Consequently, for each ¢t > 0, we must show
that.
{X; e B}n{r <t} eF.
We shall accomplish this using a compositions of maps. Note that by the previous proposition, min{r, ¢} is
Fi-measurable. Thus
w = (min{r(w),t},w)

is a measurable mapping from (2, F3) to ([0,t] x Q, B([0,t]) x F¢).
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Next, because X is an Fy-progressive process,
(s,w) = Xs(w)

is a measurable mapping from ([0, ¢] x , B([0,¢]) x F3) to (S, B(S5)).
Thus, the composition
W = Xmin{T(w),t} (W)

is a measurable mapping from (Q, 7;) to (S, B(S)) and {Xwin(r,} €T} € Fi.
Finally, {X, € B} N {7 <t} = {Xpnin{ryy € B} N {7 < t}. Because both of these events are elements of
the o-algebra F;, then so is their intersection. O

Some additional properties are connected to the continuity of time.
Lemma 1.18. A [0, oo]-valued random wvariable T is an Fii-stopping time if and only if {t < 7} € F; for
every t > 0.
Proof. (necessity)
h 1
rety=Utr<t-Yercr,

n=1
(sufficiency) For n > m,
1
{7‘ <t+ ;} S ft+1/m-

Therefore,

oo 1 oo
{Tgt}: ﬂ{7'<t+g}€ ﬂft+1/mc.7-'t+.

n=1 m=1

Corollary 1.19. For an Fy4-stopping time T,

{r=t} e F.
Proof. {r =t} ={r <t}\{r <t} € F. O
Proposition 1.20. Let {r,;n > 1}. If F; is right continuous, then inf, 7,,liminf, . 7,, and

limsup 7,
n—oo

are Fi-stopping times.

Proof. Use the lemma above and note that

{i%an <t} = ﬁ {mn <t}

n=1

Now use

liminf 7,, = sup inf 7,, and limsup 7,, = inf sup 7,.
n—00 m n=m n—o0 M n>m
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Proposition 1.21. FEvery F;-stopping time is the nonincreasing limit of bounded stopping times.

Proof. Take the stopping times 7, = min{r,n} forn =1,2,.... O
Definition 1.22. Call a stopping time discrete if its range is almost surely countable.

Proposition 1.23. FEvery F;-stopping time is the nonincreasing limit of discrete stopping times.

Proof. For n = 1,2,..., choose the nested collection of sequences 0 = tf < ¢} < --- with limy_, t} = oo,
and lim,, oo supy(t7,, —t3) = 0. For an F;, -stopping time 7, define

i _{ i <7<t}
n = .
oo if 7= o0.

Then clearly 7, is discrete and 7 = lim,,_. 75,. To see that 7, is a stopping time, set vy, (t) = max{t};t} <
t}. Then
{m <t} ={m <m®)} ={r <)} € Fy, ) C Fe.

Exercise 1.24. Let {1,;n > 1} be a sequence of Fy-stopping times and let T = lim,, o0 Ty
1. If {Tn;n > 1} is nondecreasing, then T is an Fi-stopping time.
2. If {n;n > 1} is nonincreasing, then T is an Fyy-stopping time.
Definition 1.25. For a stochastic process X and a finite stopping time T Define the stopped process
X{ = Xuin{r,ty

and the shifted process
QTXt == X—,—+t.

Proposition 1.26. Let X be an Fi-progressive process and let T be a finite stopping time. Define the
collection of o-algebras
Gt = fmin{‘f‘,t} and Hy = Friy.

Then
1. {Gy;t > 0} is a filtration and X7 is both G;-progressive and Fy-progressive.
2. {Hy;t > 0} is a filtration and 0™ X is Hy-progressive.

Proof. For the first statement, because {min{7,t};t > 0} is an increasing set of stopping times, {G;;t > 0}
is a filtration. Because G; C F¢, then if X7 is G;-progressive, then it is automatically F;-progressive. With
this in mind, choose I' € B(S) and t > 0. We show that

{(5,) € [0,1] X Xpningr(wy.e} (@) € T} € B[0, ] % Gy.

Now, define
Cst = {CN([0,t] x {min{r,t} > s}); C € B0, ] x Fs}.
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Claim: Cs,t - B([O,t]) X gt.

Clearly, Cs; is a o-algebra. Thus, it suffices to choose C of the form B x A where B € B([0,t]) and
A € F; noting that the collection of such B x A generates B[0,t] x Fs.
AN {min{r,t} > s} € G;. Thus, for B € B|0, ],

(B x A)N([0,t] x {min{r,t} > s}) = B x (AN {min{r, ¢} > s}) € B[0,t] x G;.

Thus, B x A € Cy 4.
Now, write
{(s,w) €[0,1] x Q; Ximinfr(w),s}(w) € T'}
={(s,w) €[0,t] X Q; Xninfr(w),s}(w) € I'min{7(w),t} < s <t} U{(s,w); Xs(w) €T, s < min{r,1}}.
To see that the first term is in B0, ¢] x G, write it as
{(s,w);min{r(w), ¢} <s <t} N ([0,¢] X {Xninr.s) (@) €T})

and note that

, ~ 1 k k+1
; t <s<t — < t _
(Gwpmintrio)p < s <= (UG < A5 < minfr,y < £y,
Similarly, the second term equals
U U Jel,s< }ﬁ{(s w); Egmln{T(w),t}}

and use the claim.

For the second statement, first note that by the same argument as before, {H;;t > 0} is a filtration. By
the first part, the mapping

(S, w) - Xmin{r(w)—i—t,s}

from ([0, o0] x €2, B[0, 00] x Fr1+) to (S, B(S)) is measurable. We also have the measurable mapping
(u,w) = (T7(w) + u,w)
from ([0,¢] x Q, B[0,t] x Fr4¢) to ([0,00] x ©, B[0, 0] x Friy). The mapping
(u,w) = Xrpu(w)

is the composition of these two mappings, so it is measurable. Consequently, 87 X is H;-progressive. O

1.5 Examples of stopping times
Definition 1.27. Let x : [0,00) — S and let s > 0.

1. The first entrance time into A after time s is defined by

Te(4, s) = inf{t > s;x, € A}.
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2. The first contact time into A after time s is defined by
Te(A,s) = inf{t > s; cl{xy; s <u <t} NA#£0}.
Here cl(B) is the closure of the set B.

The first exit from B after time s is the first entrance to B¢. If s = 0, then it is suppressed in the
notation.

Proposition 1.28. Suppose that X is a right continuous Fi-adapted process and that o is an Fi-stopping
time.

1. If A is closed and X has left limits at each t > 0 or if A is compact then 7.(A, o) is an Fy-stopping
time.

2. If A is open then 7.(A,0) is an Fiy-stopping time.
Proof. If A is open, we have by the right continuuity of X,
{1e(A,0) <t} = U {X; e Ayn{o<s}eFR
s€QNI0,t]

proving 2.
Under the conditions of part 1,
(A, 0) = lim 7.(AY" o)

n—oo

where A€ = {z;d(z, A) < €}. Thus

(re(A,0) <t} = ({o < s} N {X; € A} U ﬁ (r(AV™ 0) < t} € Fy

n=1

proving 1. O
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2 Lévy Processes

We begin our study of continuous time stochastic process with the continuous time analog of random walks.

Definition 2.1. An R%-valued process X is call a Lévy process or a process with stationary independent
increments if

1. (stationary increments) The distribution of Xiys — X+ does not depend on t.

2. (independent increments) Let 0 = tg < t; < -+ < t,. Then the random variables
(X, = X¢, 55 =1,...,n}
are independent.

3. (stochastic continuity)
Xt—X0—>P0 ast — 0.

Exercise 2.2. 1. Any linear combination of independent Lévy processes is a Lévy process.
2. If X has finite mean, Xo =0 and p = EX;, then EX; = ut.
3. If, in addition, X has finite variance and o® = Var(X1), then Var(X;) = o?t.

Definition 2.3. A Poisson process N with parameter X is a Lévy process with Ng = 0 and

P{N;=n}= ():;) e M.

Exercise 2.4. Show that the definition of a Poisson process satisfies the compatibility condition in the
Daniell-Kolmogorov extension theorem.

Definition 2.5. Let {Yy,k > 1} be independent and identically distributed R*-valued random variables and
let N be a Poisson process, then

Ny
X = E Yy
k=1
is called a compound Poisson process.

Exercise 2.6. Show that a compound Poisson process is a Lévy process.

Exercise 2.7. Let Yy take on the values +1 each with probability 1/2 and let X be the associated compound
Poisson process. Assume that N has parameter \. Then

P{X;=m}=eMI,,(\)

where I, is the modified Bessel function of order m. Hint. The modified Bessel functions of integer order
I, () have generating function exp(z(z + 271)/2).
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If Y}, is not integer valued, then we use the characteristic function ¢ for X,
bufw) = BN = BE[EN|N,)
= Y B0 PUN, = n)
n=0

oo
— Z z u Y1 )‘t) e)\t

n!
= exp(Mt(py(u) —1)) = exp(/\t/(ei(“’y> —1) v(dy))
where v and ¢y are, respectively, the distribution and the characteristic function for the Y.

Exercise 2.8. For a Lévy process X let vs and ¢s(u) denote, respectively, the distribution and the charac-
teristic function for the Xs. Then, ¢psit = ds¢r and consequently veyy = Vs * V.

Use the dominated convergence theorem to show that the stochastic continuity of a Lévy process implies
that ¢, is right continuous and so, by the functional relationship in the exercise above,

¢s(u) = exp sih(u),
for some 1.
Definition 2.9. The function v is called the characteristic exponent for the Lévy process.

Definition 2.10. A one dimensional Brownian motion B with parameters p and o? is a Lévy process with

By =0 and )
(xz — pt)

If =0 and 0® = 1, the B is called a standard Brownian motion.
For d-dimensional Brownian motion B, we require j € R and a symmetric, positive semi-definite matriz
3., Then, B is a Lévy process and if By = 0, then

P{B; € A} =

r—pt) TSz — ut)) di.

\/W/ < 2t

Exercise 2.11. 1. Show that Brownian motion as defined above satisfies the consistency condition in the
extension theorem.

2. Find the characteristic exponent for Brownian motion.

Exercise 2.12. Let B be a d-dimensional Brownian motion. Show that there exists an invertible matriz C' |
a vector p, and a d-dimensional process B, = (Btl, ey Btd) in which the component are independent standard
Brownian motions so that By = CBt + pt.

As a consequence, we sometimes call B a Brownian motion if B, = CB, for some d x d-matriz C.

Exercise 2.13. Let B be a standard Brownian motion. Then the following are also standard Brownian
motions.
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1. -B,
2. {Byy1, — Biy;t > 0} fortg > 0.
3. {aBy)q2;t > 0} fora > 0.
Proposition 2.14. Let B be a standard Brownian motion. Then,

P{sup B; = +0o0, iItlf By =—o0} =1.
¢

Proof. Set B* = sup{By;t € QN [0,00)}. Then, for any a € Q*, B* and aB* have the same distribution.
Consequently, B* is concentrated on the set {0,00}. Set p* = P{B* = 0}. Then

*

P{B; <0,sup{By1; — B1;t € Q"} < 00}

P{B; < 0}P{sup{By4+ — B1;t € QT} < o0}

IN A

1
P{B; < 0}P{sup{Bi;t € Q"} < o0} = ip*

Thus, p* = 0 and P{sup, B; = +o0} = 1. Because —B is a standard Brownian motion, P{inf; B; = —co} =
1. Because the intersection of a pair of probability 1 events has probability 1, the proposition follows. O

Take Xg = 0. Then, we can write
Xy = (Xt - X(n—l)t/n) + (X(n—l)t/n - X(n—l)t/n) + 4+ (Xf/n - XO)

Thus, for any n, X; can be written as the sum of n independent identically distributed random variables.
This motivates the following:

Definition 2.15. A random variable Y is said to have an infinitely divisible distribution if for every n, there
exists n independent identically distributed random variables, Yi ..., Y, n such that

Y:Yl,n+"'+Yn,n~

The Lévy-Khintchine formula gives the characteristic function for any infinitely divisible distribution on

exp (1) = exp <i<ﬂ, u) — %(u,Eu) + / <ei<uvy> _q o My > y(dy)).

IREATE

Rd

)

For this formula, there is some flexibility in the last function x(y) = y/(1 + |y|?). We need x to be anti-
symmetric, bounded and have derivative 1 at the origin. We can choose [ to be any d-dimensional vector
and ¥ to be any symmetric non-negative definite d X d-matrix. The measure v, called the Lévy measure can
be any Radon measure satisfying

1. {0} =0, and

2
2. [ % v(dy) < oo.
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Now, clearly exp(¢(u)/n) is the characteristic function of a random variable. The sum of n such inde-
pendent random varibles has characteristic function exp ¢ (u). Thus, we have the converse that any infinitely
divisible distribution can be realized by X; for some Lévy process X.

It 1+‘Z\l?|,|z v(dy) < oo, then we can write

exp () = exp(i(Bu) — 5 (0,0 + [0~ 1) vldy)).

where

5 Y
= d
b=+ [ 2 vtan)
This is the characteric function of a random variable that is the independent sum of a normal random
variable and a compound Poisson process evaluated at time 1.
If A = v(R4\{0}) < oo, and if CCT = ¥, then the process

Ny
Xy =pt+CBi+ Y Y, — pt
n=1
the X is a Lévy process with characteristic exponent ¢ where B, = (Btl, ceey Btd) with components that are

independent standard Brownian motions, N is a Poisson process with parameter A and {Y,;n > 1} is an
independent sequence of random variables with common distrobution v/\.
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F

3 Martingales

The definition of martingale in continuous time is exactly the analog of the discete time definition.

Definition 3.1. A real valued process X with E|X¢| < oo for allt > 0 and adapted to a filtration {F;t > 0}
is an JFi-martingale if

E[X|Fs] = Xs  forallt > s,

an Fi-submartingale if
E[X:|Fs] > Xy forallt > s,

and an Fi-;gale if the inequality above is reversed.

Remark 3.2. Many previous facts about discrete martingales continue to hold for continuous time martin-
gales.

1. X is an F; martingale if and only if for every s < t, E[Xy; Al = E[Xs; A, for all A € F.

2. Suppose X is an Fi-martingale, ¢ is convexr and E|¢p(X:)| < oo for allt > 1. Then ¢ o X is an
Fi-submartingale.

3. Suppose X is an Fi-submartingale, ¢ is convex and non-decreasing, E|p(Xy)| < oo for allt > 0. Then
¢ o X s an Fi-submartingale.

Exercise 3.3. An adapted stochastic process M is a martingale if and only if
EM, = EM,
for every bounded stopping time T.
Example 3.4. Let X be a Lévy process, Xog = 0.
1. If X has finite mean, u = EXy. Then X; — ut is a martingale.
2. If X has mean zero and finite variance, > = Var(X1). Then X? — ot is a martingale.
3. Let X have characteristic exponent v). Then exp(iuX; — tip(u)) is a complez-valued martingale.

Exercise 3.5. Compute the martingales above for the Poisson process and one-dimensional Brownian mo-
tion.

The optional sampling theorem continues to hold. In this context, let {r¢;¢ > 0} be an increasing
collection of stopping times and set
Y, =X, and G =F,.

Assume that each 7, satsifies the sampling integrability conditions for X. If X is an F;-submartingale, then
Y is a Gi-submartingale.

We have similar statements in the discrete time case with 0 = 70 < 73 < --- and Y¥,, = X, . One
important special case of this is the choice of 7,, = t,, where {t,,;n > 1} is a set of non-random times.
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Proposition 3.6. Let 7 and o be two Fy-stopping times taking values in a finite set F = {t1 < -+ <t }.
If X is an Fi-submartingale, then
E[XT|]:U] Z Xmin{‘r,o'}~

Proof. We show that for every A € F,,
E[X:; Al > E[Xmin{r0); Al
Write A = J;~,(AN{o =t;}). to see that it is sufficient to show that for each 4,
E[X; An{o =t}] > E[Xuin{rop; AN{o = ti}] > E[Xuin{re); AN {o = t:}].
Because AN {o =t;} € Fy,, the inequality above holds provided that

E[X7|ftl] > XIl’lil’l{T,ti}'

Claim. E[Xmin{r,tk+1}|]:tk} > Xmin{‘r,tk}-

E[Xmin{'r,thrl}'ftk] = E[Xmin{r,tk+1}j{r>tk}|-7:tk] + E[Xmin{ﬁtwrl}[{‘fﬁtk}|‘7:tk]
= E[th+1 |ftk}‘[{7'>tk} + Xmin{T,tk}I{TStk}
thI{‘r>tk} + Xmin{T,tk}I{Tgtk} = Xmin{‘r,tk}

Y]

Thus, E[X,|F:,] = E[Xmin{r,t,}|Ft:] = Xmingrt,,_,}- Use this for the frist step and the tower property
of o-algebras in the induction step to complete the proof. O

Example 3.7. Let N be a Poisson process with parameter \. Let 1, = inf{t > 0; Ny = n}.

1. Fiz a time t, then min{r,,t}is bounded, so by the optional sampling theorem,
0 = ENmin{r, 1} — AEmin{7,,t}.

Now, use the monotone convergence theorem on each of these terms and the fact that 7, < co almost

surely to obtain
0 = EN,, — AET, and, therefore, ET, = %

2. Consider .
exp(iulNy — At(e™ — 1)),

the exponential martingale for the Poisson process. Then
1 = Elexp(iuN,, — Ap(e™ —1)],
and thus ‘ ‘
e " = Elexp(—At, ("™ —1)].

Set
v+ A

v=Me™ —1) oru=—ilog( 3 )
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yielding
A

n
A+ 11)
This is the n-th power of the Laplace transform of an exponential random wvariable and, hence, the
Laplace transform of a T'(n,\) random variable.

Ee—’UT — (

Exercise 3.8. Using N and 7, as in the example above. Show that 1,41 — T, is an exponential random
variable independent of .7:7].:{ t see that {Tp41 — Th;m > 1} is an independent and identically distributed
sequence of exponential random variables.

Exercise 3.9. Note that {N; < n} = {1, > t}. Use this to obtain the density of a I'(n, \) random variable.

3.1 Regularity of Sample Paths
Lemma 3.10. Let X be a submartingale, t > 0 and F a finite subset of [0,t]. Then for each x > 0,

1
P{max X, >z} < ~EX;",
T

seF
and

1
P{min X, < —z} < =(EX; — EX,).
{min X, < —z} < ~(EX, 0)

Proof. The first statement follows immediately from the corresponding result for discrete time submartin-
gales. For the second statement, define

7 =min{u € F'; X,, < —x}.
By the proposition above, E[X¢|F;] > Xpingr - In addition, if 7 < oo, then min7,¢} = 7.

EXy < EXmin{'rA,t} = E[Xmin{r,t}; {T < OO}] + E[Xmin{'r,t}; {T = OO}]
E[X, ;{1 < 0o}] + E[Xy; {7 = 0}] < —zP{7 < oo} + EX;".

IN

Now simplify. O

Corollary 3.11. Let X be a submartingale, t > 0 and C' a countable subset of [0,t]. Then for each x > 0,
1
P{max X, >z} < ~EX;",
seC T

and 1
P{min X, < —z} < =(EX; — EX,).
g X < —op < S (BXS — BXo)

Proof. Choose finite subests F; C Fy C --- so that C = U2 F),. Then, for 0 < & < z,
1
P{max X, >z} < lim P{max X, > 7} < ~FEX;".
seC n— oo SEF, x

Now, let T — x. O
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Corollary 3.12. Let D be a countable dense subset of [0,00). Then

P{ sup Xs;<oo}=P{ inf X,>-o0}=1L
s€DN[0,t] s€DN[0,t]
We can now make similar analogies to the discrete time case for upcrossings. For a stochastic process X,
define U(a, b, F') to be the number of upcrossings of the interval (a,b) by X restricted to a finite set F. For

C' countable, as before, write C' = U2, F), and define Then U(a, b, F},) is a monotone increasing sequence.
Call its limit U(a, b, C).

Exercise 3.13. Show that the definition above is independent of the choice of the finite sets F,.

Theorem 3.14 (Doob’s upcrossing inequality). Let X be a submartingale and let t > 0. For a countable
subset C C [0,1],

E(X; —a)t
EU(a,b,C) < EX—a)"
b—a
Proof. Choose F,, as above, then by the discrete time version of the uncrossing inequality
E(X;—a)"
EU(a,b, Fy) < X =0T
b—a
Now, use the monotone convergence theorem. O

Corollary 3.15. Let D be a countable dense subset of [0,00). Then
P{U(a,b,DN0,t]) < oo} = 1.
Remark 3.16. Set

Qo = { sup Xi<oo}n{ inf X;>—-oo}nN {U(a,b,DN[0,n]) < co}
nrjl s€DN[0,n] s€bn[o.n] a<be€D

Then, P(p) = 1.

Exercise 3.17. For w € Q,

Xfw)=_Jim_ X,w)

exists for all t > 0.

X = fim, Xl

exists for all t > 0. Furthermore, XT(w) € Dg[0,00) and X;" (w) = X, (w).
Set X, (w) = 0 for all w ¢ Q.

Proposition 3.18. Let X be a submartingale and define X+ as above. Then T' = {t > 0; P{X;" # X;" } >
0} is countable. P{X; = X;"} =1 fort ¢ T and

5 | Xi(w) iftel
Hielw) ‘{ Xf(w) if1gT

defines a modification of X almost all of whose sample paths have right and left limits at all t > 0 and are
right continuous at all t ¢ T.
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Proof. Consider the space L () of real-valued random variables on Q and define the metric

p(§1,§2) = Elmin{[&; — &of, 1}].
We can consider the stochastic process X as a map
[0,00) = (L=(52), )
Now X has right and left hand limits in this metric and so by the lemma I is countable.

Choose a real number a, then ¢,(z) = max{x,a} is an increasing convex function and so ¢,(X;) is a
submartingale. Consequently,

aSQSa(Xs)SE[QZ)a(Xt”ff]a 0<s<t.
Because {E[¢q(X;)|FX];0 < s <t} is uniformly integrable, and
|6a(Xs)| < lal + | Elga(Xe) |

we see that {¢q(Xs);0 < s < t} is also uniformly integrable. Therefore, almost sure convergence implies
convergence in L' and

0 < Ga(Xe) < lim  Elgo(X)I 7] = Eloa(X0)I 7).

For s ¢ I', X = X} asand

E[Blpa(XIFY] = ¢a(Xs)] < lim _ Blga(XT) — ¢a(Xu)] = 0.

u—s—,u€D

Thus, the non-negative random variable E[¢, (X} )|FX] — ¢4(X) has zero expectation and is consequently
0 almost surely.
Using again that X} = X a.s. and that X~ is FX-measurable,

$a(Xs) = Blpa(X)FX] = ¢a(X)  almost surely.
Thus, for almost all w, if Xs(w) > a, then X (w) = X} (w). Because this holds for all a € R,
P{X,=Xf}=1 foralls¢T

i.e., X is right continuous for s ¢ I' and X is a modification of X

To see that X has both left and right limits for all ¢ > 0, replace D with DUT in the construction of £

and call this new set Qr C Qg. For w € Qr, and t > 0,
+ _ . + _ .
Xt (W) - sligl—O— XS (W) o SﬂtJ}gIéDUF XS (w)
Thus,
+ — Tim X
X () = Jim %(w)

and X has right limits for every ¢.

Repeat the procedure with X~ to show the existence of left limits. O
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Remark 3.19. In most of the situations that we will encounter, I' = () and if the process is defined, as in
the case of Lévy processes, by its finite dimensional distributions, then we can take the version with sample
paths in Dgl0, 00).

Exercise 3.20. The convergence under the metric p is equivalent to convergence in probability.
Corollary 3.21. Let Z € L', then for any filtration {Fs;t > 0}, and for all t >0,
E[Z|F) =" E[Z|Fy] ass—t+.

Proof. Let Xy = E[Z|Fi+]. Then X is a martingale. By the proposition above, X has right limits a.s. at
each ¢ > 0. X is uniformly integrable. Consequenty,

X — Xyt as. and in L' as s — ¢ + .

Note that X4 is Fiy-measurable. Take A € Fi i, then for s > t, F;i C F, and E[X,; Al = E[Z; Al
Consequently,
E[X; Al = lir?JrE[XS;A] = E[Z; A].

ThuS7 Xt+:E[Z|./Tt+]. O]

Theorem 3.22 (Doob’s regularity theorem). If X is a F;-submartingale, then the process X is also a
Fi-submartingale. Moreover, XT is a modification of X if and only if the map

t— Xt+
is right continuous from [0,00) to L*(), that is for every t > 0,
Tim B[, - X,[] = 0.
Proof. O

Theorem 3.23 (Optional sampling formula). Let X be a right continuous Fi-submartingale and let T and
o be Fi-stopping tmes. Then for each t > 0,

E[Xmin{‘r,t}|]:<7} > Xmin{U,T,t}~
If, in addition, T satisfies the sampling integrability conditions for X, then
E[XT|-7:G'] > Xmin{o’n'}'

Proof. We have the theorem in the case that 7 and o are discrete stopping times. Now, let {0y, 7,;n > 1}
be a sequence of nonincreasing discrete stopping times that, converge, respectively to 7 and o.
As before for a, set ¢,(x) = max{z,a} and note that¢,(X;) is a submartingale. Then,

E[(ba(Xmin{Tn,t})lfon] > ¢a(Xmin{an,Tn,t}~

Use the fact that 7, C F,, and the tower property to conclude that

E[Qsa(Xmin{Tn,t})‘Fa] > E[(ba(Xmin{an,Tn,t}‘Fo]-
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Note that

a< ¢a(X111in{Tn,t}) < E[(z)a(Xt)‘f‘rn} and a S d)a(Xmin{Un,Tn,t}) < E[d’a(Xt)‘fmin{an,Tn}]'

Consequently, as before, {¢q(Xmin{r,,c1);n > 1} and {¢o(Xmin{o,,r,¢})} are uniformly integrable. Now
let n — oo and use the right continuity of X to obtain

E[¢a(Xmin{‘r,t})|]:U] > E[¢G(Xmin{0,7,t}‘]:0]~ = ¢a(Xmin{a,T,t})
Now let, a — —oo. The second part follows are in the discrete time case. O

We have similar theorems to the discrete time case on convergence as t — oc.

Theorem 3.24. (Submartingale convergence theorem) Let X be a right continuous submartingale. If
sup EX;" < oo,
t
then
lim X; = X
t—oo
exists almost surely with E|X | < co.

Theorem 3.25. Let X be a right continuous Fy-submartingale. Then X is uniformly integrable if and only
if there exists a random variable X, such that

X, =L X

Furthermore, when this holds
X — X a.s.

Corollary 3.26. A nonnegative supermartingale converges almost surely.

Proposition 3.27. Let X be a right continuous non-negative Fi-;gale. Let 7.(0) be the first contact time
with 0. Then, with probability 1, X; = 0 for all t > 7.(0).

Proof. Forn =1,2,..., let 7, = 7.([0,n™1)), the first entrance time into [0,n~!). Then 7,, is an F; -stopping
time and 7.(0) = lim,, o0 7. If 7, < 00, X, < n~!. Consequently, for every ¢t > 0,

E[Xt|]:7'”+] < Xmin{t,rn}
and hence

1

EIXo|Fr <ty < o
and, taking n — oo, we have upon taking expected values that
EXtl{r0)<n] <0

Now, use the non-negativity and right continuity of X. O
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3.2 Sample Path Regularity and Lévy Processes

From Doob’s regularilty theorem, we have that any Lévy process with finite mean has a version in Dya |0, 00).
For Brownian motion, we have the following.

Proposition 3.28. Brownian motion has a version in Cga[0,00).

Proof. By = CB, + put where C'is a d x d matrix, p is a d-dimensional vector and B is a vector consisting of
d independent standard Brownian motions. Thus, if standard Brownian motion has a continuous version, so
does B Thus, let B be standard Brownian motion on R. Then B, is a normal random variable, mean zero,
variance ¢t. Thus, EB{ = 3t or

E[|B; — B]*] = 3(t — 5)2.

Because B has a version in Dga[0, 00), we can apply the moment theorem on continuous versions with C' = 3,
B =4and a=2. O

Example 3.29. Let B be a continuous version of standard Brownian motion. Recall that for this process
P{sup, B; = oo,inf; By = —o0} = 1. In particular, because B is continuous, for each a € R, the stopping
time 1, = inf{t > 0; B; = a} is finite with probability 1.

1. Choose a,b > 0 and define T = inf{t > 0; By ¢ (—a,b)} = min{7r_,,7}. Because each point in R is
recurrent a.s., T is almost surely finite. Thus, by the optional sampling theorem,

0 = EBpin{r,n}y = bP{Br =b,7 <n} —aP{B; = a,7 <n} + E[B,;{T > n}l.
Now, let n — oo. For the third term, use the bounded convergence theorem to obtain
0=bP{B, =b} —aP{B, =a}

or

a
Er =P{B, =b} = .
T=P{ Y= a
Now, use the martingale B —t to obtain
0= EB}uir.ny — Emin{r,n}.

For the first term use the bounded convergence theorem and for the second use the monotone convergence

theorem as n — oo to see that
a + a2 =ab
b+a b+a '

For the second term use the monotone convergence theorem as n — oo to see that

EB? =¥?

ET = ab.

2. Set Xy = By + ut. For x > 0, define the stopping times
T, = inf{t > 0; X; = z}

Now
exp(uX; — at) = exp(uB; — (o — up)t)
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is a martingale provided that
L o
a—up = put,
that 1is,
utr = —p /2 + 2a.
Note that if « > 0, u— < 0 < ug. Thus the martingale exp(uy Xy — at) is bounded on [0,7,]. The
optional sampling theorem applies and
1 = Elexp(u+ X;, — at,)] = e“t*Ele™ .

Consequently,
Ele™ ] = exp(—z(v/pi* + 2o — ).
Take o — 0, then exp(—aty,) — I;, <oy Therefore,

1 uw>0
e2hr 1 <0

P{m; < oo}:{

In addition, the Laplace transform can be inverted to see that T, has density

2
() = i expl -,
Exercise 3.30. Let B be standard Brownian motion, a > 0, and 7 = inf{t > 0; |B¢| = a}.
1. Elexp(—art)] = sech(av2a).
2. Et? = 5a*/3. Hint: Prove that B} — 6tB? + 3t? is a martingale.

Proposition 3.31. Let X be a right continuous Lévy process. Then for each s > 0, the process X; =
Xoyt — X is a Lévy process with the same finite dimensional distribution as X that is independent of .77;):_

Proof. For each ¢ > 0, ,7-"8)5_ C fs)j_e, Xottte — Xste is a Lévy process independent, of fs)i. Let A € fgfr
Choose a right continuous modification of X, times 0 =ty < t; < --- < t,,, and bounded continuous functions

i

E[H fj(Xs+tj - X5+tj—1>; A] = ELI%IJFE[H f(Xs+tj+e - X5+tj—1+6); A]
j=1 j=1
= ELI%IJFE[H f(X5+tj+5 - X3+tj—1+5)]P(A)
j=1
n
= EE)I(?+E[H f(th - th—l)]P(A)

<
Il
—

= E[H f(th - th71)]P(A)
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Proposition 3.32. Let X be a right continuous Lévy process and T an almost surely finite stopping time.
Then the process Xs = Xg1r — X7 15 a Lévy process with respect to the filtration {fTXH; s > 0} having the
same finite dimensional distributions as Xs — Xo and is independent of .7-"7)2.

Proof. Consider times 0 = ¢y < t; < -+ < t,, bounded continuous functions fi, fa,..., fn, and A € ]—“T)i_.
For the case that 7 is a discrete stopping time with range {sg;k > 1}, we have
E[H fj(XT+tj - XTJth—l); A] = ZE[H fj(XTthj - X7+tj—1); AN {T = sk}]
j=1 k=1 j=1
= ZE[H fj(XSkJth - X5k+tj—1); AN {T = Sk}]
k=1 j=1
= ZE[H fj(th - *)(75]'71”13(*’4m {T = Sk})
k=1 7j=1
= E[H fj(th _XtJ 1>]P(A)
j=1

Note that AN {T = s} € Fs,+ and thus the third line follows from the second by the previous proposition.

For the general case, let {7,,;m > 1} be a decreasing sequence of stopping times with limit 7. Pick
A€ F, C F;, . Now, apply the identity above to the 7,,, use right continuity and the bounded convergence
theorem to obtain the result. O

Corollary 3.33 (Blumenthal 0-1 law). For a Lévy process X, with Xo = 0 every event in f(fi has probability
0 or 1.

Proof. Fix A € F¢, then, in addition, A € o{X;;t > 0} = 0{X;— X¢;t > 0}. Then F¢\ and o{X; — Xo;t >
0} are independent o-algebras and thus P(4) = P(AN A) = P(A)P(A) and so P(A) =0 or 1. O

In particular, if 7 is an F;* -stopping time then

P{r=0}=0or 1.

Example 3.34. 1. Suppose that f(t) > 0 for allt > 0. Then

: By
limsup —~ = c¢ a.s.

t—0+ f(t)

for some ¢ € [0,00]. If f(t) = \/t, the B;/f(t) is a standard normal and so the limit above cannot be
finite. Consequently, ¢ = oo. If f(t) =t a > 1/2, then B./f(t) is normal, mean 0, variance t'=2
and so the limit above cannot be positive. Consequently, ¢ = 0.

2. Let 7 = inf{t > 0; B, > 0}. Then P{r <t} > P{B; >0} =1/2. Thus,
= = 1 <
P{r =0} tli>H01+ P{r <t} #0,

thus it must be 1.
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Theorem 3.35 (Reflection principle). Let a € R and let B be a continuous standard Brownian motion.
Define the stopping time 1, = inf{t > 0; B; > a}. The process

B . Bt ift<Ta,
7 20— By ift > T,

is a continuous standard Brownian motion.

Proof. 7, < oo with probability 1. Therefore, X; = B, ++ — a and —X are standard Brownian motions
independent of B™. Consequently (B, X) and (B, —X) have the same distribution. Define the continuous

map
¢ CR[07 OO) X C]R[O, OO) - C]R[O, OO)

by
(b, )t = bl (r, <ty + (Try 1t — a) (7,50}

Then ¢(B™, X) = B and ¢(B™,—X) = B. O

Exercise 3.36. State and prove a similar theorem for symmetric Lévy processes and general finite stopping
times.

Corollary 3.37. Define
B} = sup{By;s < t}.

Then, for all a,z >0 and t > 0,
P{Bf >a,B;<a—z}=P{B; >a+x}.
Proof.

P{B;‘za,BtSa—x}:P{Bt*Za,Btga—x}:P{B;‘za,Btza—&—x}:P{Btza—&—x}.

Use the corollary in the case a > 0 and x = 0 to obtain.
P{r, <t} = P{B; >a}=P{B; >a,B;<a}+ P{B; >a,B; > a}

1 oo
— 2P{B,>a} = \/ﬁ/ o2 g

Exercise 3.38. 1. Show that 1, has density

2. Show that (B}, 7,) has joint density

2(2a — )
f(Bf,Ta)(x?t) - \/W eXp(— Qt

), a>0,z<a.

3. Show that {74;a > 0} is a Lévy process that does not have a finite stopping time.
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3.3 Maximal Inequalities

Proposition 3.39 (Doob’s submartingale maximal inequality). Let X be a right continuous submartingale.

1. Then for each x >0 and t > 0,

1
P{sup X, >z} < -EX,,
0<s<t X

and 1
P{ inf X;<—-a}< —(EX;r — EXy).
T

0<s<t

2. If X is non-negative. Then for a > 1 an dt >0,

Bl sup X% < ( a 1) EX?.

0<s<t

Proof. The first statement follows form the corresponding result for a countable collection of times in [0, ¢]
and right continuity.

For the second statement. set 7 = inf{t > 0; Xy > z}. Then 7 is an F;,-stopping time. The right
continuity of X implies that X, > = whenever 7 < co. Consequently,

{sup Xy >z} C{r<t}cC{sup X;>cz}
0<s<t 0<s<t

Moreover, these events have equal probability for all but countably many = > 0 and hence
xP{r <t} < E[X;;{r <t}] < E[Xy {7 < t}].

By the optional sampling theorem,
EXmin{‘r,t} < EX;.

Now the balance of the proof follows the same line as in the discrete time case. O

Proposition 3.40. Let B be a continuous version of standard Brownian motion and define

~ _ tBl/t th>0
Bf‘{ 0 ift=0

Then B is also a continuous version of standard Brownian motion.

Proof. An easily calculation shows that B has stationary independent increments, that BHS —Byis normally
distributed with mean 0 and variance s and that B is continouus on (0, c0).
To establish continuity at 0, first note that is equivalent to showing that

This subsequential limit along the integers is 0 by the strong law of large numbers. The following claim
proves the theorem.
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Claim.
lim maxn<i<n1 |Br = Bnl =0 a.s.
n—oo n
Let € > 0. Then
1
— - < - _EB?
P{ngq?;(-s-l |B; — Bp| > ne} P{Orgtagxl |Bi| > ne} < (ne)2EBl

Thus,

3Pl i, 1B = Bl > neh = 3 g = <

Thus, by the first Borel-Cantelli lemma,

B, — B,
P{ max M

>eio}=0
n<t<n+1 n

and the claim holds. O

We will need the following integration result for the next theorem.

Exercise 3.41. Let ® be the cumulative distribution function for the standard normal. Then, for a > 0

1
O(—a)=1—P(a) > W

Hint. Use exp(—22/2) > (1 — 327%) exp(—22/2) and find the antiderivative.

1
exp(—§a2)a_1(1 —a™?).

3.4 Localization

To extend our results to a broader class of processes, we introduce the concept of localization.

Definition 3.42. Let Y be a Fi-adapted Dg|0, 00)-process,

1. A stopping time T reduces Y if
YTI{T>0}

is uniformly integrable.

2.'Y s called a local martingale if there exists a increasing sequence of stopping times {T,;n > 1},
limy, o 7 = 00 so that 7, reduces Y and Y™ is a martingale. We shall call the sequence above a
reducing sequence for Y.

Exercise 3.43. 1. If T reduces Y and o < T, then o reduces Y.
2. Local martingales form a vector space of processes.
3. Take 7, = n to see that martingales are local martingales.

4. Let o, = inf{t > 0:|Y;| > n}, then min{o,, 7.} is a reducing sequence for'Y .
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This next proposition gives us our first glimpse into the stochastic calculus.

Proposition 3.44. Suppose that Y is a right continuous Fi-local martingale, and that V is a real-valued
Fi-adapted, bounded continuous process having locally bounded variation. Then

t
Mtztht—/stvs
0

ts an Fi-local martingale.

Remark 3.45. This uses the fact that we will later learn that integrals of martingales are martingales.
Then, M can be found from an integration by parts formula

t t
/vsdvszvm—ono—/ Y, dv,.
0 0

Exercise 3.46 (summation by parts). Let {ar;k > 0} and {bg; k > 0} be two real valued sequences, then

n—1 n—1
Z ai(br41 — br) = anbp — ambm — Z bet1(ap1 — ag).
k=m k=m

Proof. (of the proposition) Let {7,;n > 1} be a localizing sequence for Yso that 7, is less than the contact
time with the set (—n,n)°.

Write |V|; for the variation of V on the interval [0, ¢]. Because V is continuous, o, the first contact time
of |V| into [n,00) is a stopping time. Because |V| is continuous, o,, — 00 as n — oo.

Write v,, = min{o,,, 7, }, we show that M7 is a martingale, i. e,

min{t+s,vn }
E VYo — Yoy — Yo dVim|F| = 0. 3.1
t+s*t+s S s u u

min{t,vn }

Let t =up < uy < -+ < Uy, =t+ s be a partition of the interval [¢,¢ + s]. Then, by the tower property,
and the fact that V is adapted and thatY’,  is a martingale, we see that

m—1
Z Var (Yo = Yol F] =Y EVarEI(Yr, = Yar) | FulF] =0
k=0
Use the summation by parts formula to obtain that
B[V Y, =YV — Z Yo, (Vi = Va7l =0, (3:2)

The sum in the conditional expectation converges almost surely to the Riemann-Stieltjes integral

t+s
/ Y AV,
t
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To complete the proof, we must show that the process is uniformly integrable. However,
m—1

n—1
SOV =V < Y[V = Vi < max{n, VR (Va, lees — [V ]) < max{n, Yy dn
k=0

Uk Uk+1 Uk41
k=0

which is integrable.
Thus, the Riemann sums converge in L' and we have both that (3.1) holds and that M., is uniformly
integrable. O

3.5 Law of the Iterated Logarithm

Theorem 3.47. (law of the iterated logarithm for Brownian motion) Let B be a standard Brownian motion.
Then,

P limsupL =1,=1
t—0+ +/2tloglog(1/t)
Proof. (McKean) Write h(t) = /2t loglog(1/t).
Part 1. B
P {limsup —= < 1} =1
{H#%w—

Consider the exponential martingale Z; () = exp(aB; — 3a2t). Then by Doob’s submartingale maximal
inequality,

1
P{ sup (B, — —as) >} = P{ sup Z,(a) > e*} < e “PEZ,(a) = e P,
0<s<t 2 0<s<t

Fix the 6 and § in (0, 1) and apply the inequality above to the sequences
1
t, =0", a, =0""(14+06)h(0"), B, = Qh(G").

Then,

1 1
anfn = 50‘"(1 +8)h(0™)? = (14 6)loglog ™ = (1 4 &)(log n + loglog 5)

Consequently, for v = (1og(1/9))(1+6)’

1
P{ sup (Bs— zans) > Bn} < yn~(149),
0<s<tn 2

Because § > 0, these probabilities have a finite sum over n. Thus, by the first Borel-Cantelli lemma

1
P{ sup (Bs— —ans) > By i.0.} =0.
0<s<ty, 2

Thus, we have, for w in an event having probability 1, there exists N(w) so that

1
sup (Bs— ians) > Gy
0<s<ty,
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for all n > N(w). For such n, consider ¢ in the interval (6”1 0"]. Then
1 1 1
Bi(w) < sup By(w) < B+ =and™ = Z(2+ 8)R(6™) < Z07V2(2 + §)A(1).
0<s<on 2 2 2
Consequently,

. Bt(w) 1 1,0
1 < —0~Y2(2 4+ 6).
P e <2t TR

Now, use the fact infy s5¢(0,1) %071/2(2 +0) = 1 to obtain

. By(w)
1
or. h(t)

<1

Part 2.

) By
Pl — >1%=1.
{t“iﬁip h(t) = }

Choose 0 € (0,1) and define the independent events
Ay, = {Bgn — Bgns1 > h(0")V1 - 6}.

Noting that Bgn — Bgn+1 is a normal random variable with mean 0 and variance 6" (1 — 6), we have

P(A,) =1—(0"/2h(0")) >

exp <§9"h<0">2> 0"/2h(6")7 (1 - 67h(6")72).

27

Because 1
50‘"h(0”)2 = logn + loglog(#™1),

we have that

> P(Ay) =0

by comparison to Y, (ny/Iog n)~!. Now, use the second Borel-Cantelli lemma to conclude that for infinitely
many 7

Bgn — Bgn+1 > h(gn)\/ 1-— 9}

Use the first part of the theorem, applied to —B to obtain that
Bgni1 > —2h(0"F) > —4V0h(0™)
for all sufficiently large n > 1/log#,. Thus, for infinitely many n,
By > (VI=6-4V0) h(6™).

This proves that, with probability 1,

limsupﬂ >+1 —0—4Vo
t—0 h(t)

for all 6 € (0,1). Now, part 2 follows by noting that supge(o,1) v1 —0 — 40 =1. O
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Corollary 3.48. Let B be a standard Brownian motion. Then,

By
Pllimsup —— =
{ t—»oop v 2tloglogt

Proof. Use the fact that By, is a Brownian motion.

-1

32
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4 Markov Processes

4.1 Definitions and Transition Functions

Definition 4.1. A stochastic process X with values in a metric space S is called a Markov process provided
that

P{Xo1s € BIF} = P{X1s € B|X;} (4.1)

for every s,t > 0 and B € B(S).
If {F;t > 0} is a filtration and F;X C Fi, then we call X a Markov process with respect to the filtration
{Fi;t > 0} if the (4.1) holds with F;X replaced by F;.

The probability measure « given by «(B) = P{Xy € B} is called the initial distribution of X.

Exercise 4.2. 1. If X is Markov process with respect to the filtration {Fy;t > 0} then it is a Markov
process.

2. Use the standard machine to show that the definition above is equivalent to
Blf(Xsre) '] = BIf (Xop0)| Xo).
for all bounded measurable f.

Definition 4.3. A function
p:[0,00) x S x B(S) — [0,1]

is a called time homogeneous transition function if,
1. for every (t,z) € [0,00) X S, p(t,x,-) is a probability,
2. for every x € S, p(0,z,-) = 0,
3. for every B € B(S), p(-,-, B) is measurable, and

4. (Chapman-Kolmogorov equation) for every s,t >0, x € S, and B € B(S),

p(t+ 5,2, B) = /S p(s,9, BYp(t, 7, dy).

The transition function P is a transition function for a time-homogeneous Markov process X, if, for
every s,t >0 and B € B(S),

P{Xt+s S B|ft)(] :p(S,Xt,B).

Exercise 4.4. Show, using the standard machine, the the identity above is equivalent to

E[ Xt+s|]: / f 8 Xt,dy)

for every s,t > 0 and bounded measurable f.
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To see how the Chapman-Kolmgorov equation arises, note that for all s,t,u > 0 and B € B(S),
p(t+ s, Xu, B) = P{Xu111s € BIF)} = E[P{Xustys € BIFo HFi]

- EW&XHHMV§F3/M&%Bmme@»
S

Exercise 4.5. Let X be a Lévy process with v;(B) = P{X; € B}. Then the transition function
p(t,iU, B) = Vt(B - I)
In this case, the Chapman-Kolmogorov equations state that veiy = vg * 4.

The transition function and the initial distribution determine the finite dimensional distributions of X
by
P{Xy € By, Xy, € B1,..., Xy, € Bp}

= / / / p(tn *tn—laxn—lan)p(tn—l *tn—271'n—27dxn—1)"'p(tlax(),dxl)a(de)'
By J By Bp_1

Exercise 4.6. Show that the consistency condition in the Daniell-Kolmogorov are satisfied via the Chapman-
Kolmogorov equation.

This gives us a unique measure on (S[O’OO)7 B(S[O’Oo)). Denote probabilities with respect to this measure
P, and P, for P;5,.

Rarely are we able to write this transition function explicitly. In two well known cases, Brownian motion
and the Poisson process we can.

Example 4.7. For Brownian motion,

1 (y —=)?
P(t,:E,B):\/ﬁ BeXp —T dt, t207$€R,B€(R)

For the Poisson process with parameter X,

Pt 2, {y}) = E;tzym;wt,

The kernels P(s,-,-) are naturally associated with the operator on the bounded measurable functions.

t>0,y>x>0,z,y € N.

Definition 4.8. The transition operator for the transition function P is defined by

T)f(e) = [ fpls.ady) = B
Consequently,
T()(X0) = [ Fple. Xiody) = B (X 17Y)
Exercise 4.9. The family of operators {T'(t);t > 0} satisfies
L) = f
2. T(s+10)f = T(s)T(t)/

for all bounded measurable f.
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4.2 Operator Semigroups

Definition 4.10. A one-paramter family {T'(t);t > 0} of bounded linear operators on a Banach space
(L,|| - ||) is call a semigroup if

1. T(O)f = f
2. T(s+)f = T(s)T(t)f

for all f € L. This semigroup is called strongly continuous if

lim T(t)f = f.

t—0+
for all f € L. This semigroup is called a contraction semigroup if
T @) = sup{[[T@) | [IF]] = 1} < 1.

Exercise 4.11. Let A be a bounded linear operator and define, for t > 0, the linear operator
=1
— 4k Ak _
exptA = Z k!t A% exp0=1.
k=0

Then, exptA is a strongly continuous semigroup and ||exptA|| < expt||A]l.

Proposition 4.12. Let T be a strongly continuous contraction semigroup. Then, for each f € L, the
mapping
t—T()f

is a continuous function from [0,00) into L.

Proof. For t >0 and h > 0,
Tt +h)f =T =TT () = HI<NTON NT(R)f = FIl < NT(R)f = £l
For 0 < h < t,
Tt =h)f = T@OfIl =T —h)(T(h)f = HI < 1TE =W T(R)f = fII < IT(R)f = flI-
Now, let h — 0. 0

4.2.1 The Generator
Definition 4.13. Let A be a linear operator with domain D(A), a subspace of L and range R(A).
1. The graph of A is given by
G(A)={(f,Af): feD(A)} C L x L.

2. L x L is a Banach space under the norm ||(f,g)|| = ||f|| + |lg||. A is a closed operator if its graph is
a closed subspace of L x L.

Note that if D(A) = L, then A is closed.
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3. Call A an extension of A if D(A) C D(A) and Af = Af for all f € D(A).
Definition 4.14. The (infinitesimal) generator of a semigroup T is the linear operator G defined by
o1
Gf = lim (T(0)f - ).
The domain of G is the subspace of all f € L for which the limit above ezists.

Exercise 4.15. 1. Let L be the bounded real-valued functions on N. For the Poisson process with param-
eter \, show that the generator is

Gf(z) = A(f(z+1) - f(z))
and that D(G) = L.
2. Assume that A is a bounded operator. The semigroup exptA has generator A. D(A) = L.

We will be examining continuous functions « : [a,b] — L. Their Riemann integrals will be defined via
Riemann sums and limits. Thus, we will have analogous definitions for Riemann integrable and for the
improper Riemann integrals f:o u(s) ds and an analogous statement for the fundamental theorem

g / = u(a).

Exercise 4.16. 1. Ifw: [a,b] — L is continuous and ||u|| is Riemann integrable, then u is integrable and

||/ ds||</ u(s)]] ds.

2. Let B be a closed linear operator on L and assume that u : [a,b] — L is continuous, that u(s) € D(B)
for all s € [a,b], and that both u and Bu are Riemann integrable. Then

b b
/ u(s) ds € D(B) and B/ ) ds —/ Bu(s) ds.

8. If u is continuously differentiable, then

bd
/a p u(t) dt = u(b) — u(a).
The example of the semigroup exptA motivates the following identities.

Proposition 4.17. Let T be a strongly continuous semigroup on L with generator G.

1. If fe L andt >0, then

/0 T(s)f ds € D(G) and Tt)f—f= G/ s)f ds. (4.2)
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2. If f e D(G) and t > 0, then T'(t)f € D(G) and

%T(t)f =GT@®)f=Tt)Gf. (4.3)
3. If f e D(G) and t > 0, then
T f - f :/0 GT(s)f ds :/0 T(s)Gf ds. (4.4)

Proof. 1. Observe that (T'(h) — I)/h is closed for all h > 0. Thus,

t t t+h h
%(T(h)—])/o T(s)f dSZ%/O (T(s + h)f — T(s)f) dSZ%/t T(s)f ds—%/o T(s)f ds.

Now, let h — 0 to obtain (4.2).

2. Write Gy, = (T'(h) — I)/h. Then, for all h >0

LT+ h)f = T()f) = GhT(1)f = T(1)Gf
Consequently, T'(t)f € D(G) and

d+
L) f =GT@t)f =T({t)GS.

To check the left derivative, use the identity
1
— (Tt =f=TOf) ~TOGf =Tt~ h)(Gn—G)f + (Tt —h) = T(1))G,
valid for h € (0, t].

3. This is a consequence of part 2 in this proposition and part 3 in the lemma above.

Exercise 4.18. Interpret the theorem above for the semigroup
T(s)f(x) = flz+s)
for measurable functions f : R — R.

Corollary 4.19. If G is the generator of a a strongly continuous contraction semigroup T on L, then G is
closed and D(G) is dense in L.

Proof. Because, for every f € L,

D(GQ) is dense in L.
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To see that G is closed, choose {f,;n > 1} so that
fn—f and Gf, —>g asn— oo.

Then, by (4.3),
¢
Tt)fn—fn= / T(s)Gf, ds for each t > 0.
0

Thus, by letting n — oo, we obtain

T f—f= /OtT(s)g ds for each t > 0.

Now, divide by ¢ and let t — 0 to conclude that

f€D(G) and Gf=g.

4.2.2 The Resolvent

We now give some necessary conditions for an operator to be the generator of a strongly continuous semi-
group. The Hille-Yosida will show that this conditions are sufficient.

Definition 4.20. For a strongly continuous contraction semigroup T, define the resolvent,

R(\)g = /000 e T (s)g ds.

Exercise 4.21. If X is a time homogenuous Markov process with semigroup T and Ty is an independent
exponential random variable with parameter X\, then

/\R()‘)g = Eg(XTA )

Proposition 4.22. Let T be a strongly continuous contraction semigroup with generator G, then for all
A >0, (M — G)~ ! is a bounded linear operator on L and

R(Ng=(\-G)'yg
forallge L.
Proof. Fix A > 0 and choose g € L. Then

[eS) e 1
[IR(M)gll =/0 e || (s)g| ds < 5 lgll-

Also, for any h > 0,

0o eM 0o e h
—(T(h)—I)R(\)g = %/0 e (T (s+h)g—T(s)g) dt = - L /0 e T (s)g ds— TA e T (s)g ds.
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Let h — 0 to see that R(A)g € D(G) and GR(\)g = AR(\)g — g, or
(Al = G)R(N)g = g.
Thus, R()) is a right inverse for AT — G and R(A] — G) = L.
If g € D(G), then use the fact that G is closed to see that

R(M\)Gg = /000 e MT(s)Gyg ds = /0OO G(e T (s))g ds = G/OOO e MT(s)g ds = GR(\)g

or

RA)M - G)g =g.
Thus, (Al — G) is one-to-one and its left inverse is R(\) O
Definition 4.23. p(G) = {\; (A — G) has a bounded inverse} is called the resolvent set.
Thus, if G is the generator of a strongly continuous contraction semigroup, then its resolvent set p(G)

contains (0, 00).

Remark 4.24. Let 75 be an exponential random variable with parameter \, then as X — oo, T\ converges
in distribution to the degenerate random varibale that takes on the value 0 with probability 1. This motivates
the following.

Proposition 4.25. Let {R(\); A > 0} be the resolvent for a strongly continuous contraction semigroup with
generator G, then

lim AR(VS = f.
Proof. Note that for each f € D(G),
AR — [ = ROVGS and that [[GyAf]| < \H|GF]l

Thus, the formula holds for the dense set f € D(G). Now, use the fact that [|AR(A) — I|| <2 forall A >0
and approximate. O

Exercise 4.26. 1. (resolvent identity) Let \,u > 0, then

2. If X € p(G) and |\ — pu| < ||R(N)||7!, then
R(p) =Y (A= p)"RO)".
n=0
Consequently, p(G) is open.
3. If G is the generator of a semigroup then

|IAf = Gfl| = Allf|| for every f € D(G), and A > 0.
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4.3 The Hille-Yosida Theorem

The Hille-Yosida theorem gives a characterization for generators. We begin with a definition.

4.3.1 Dissipative Operators
Definition 4.27. A linear operator A on L is dissipative if
[IANf = Afl| = MIfI| for every f € D(A), and X > 0. (4.5)
Remark 4.28. If A is dissipative, then divide (4.5) by X\ to obtain that ||f — Af/A|| > ||f]] or
[|lf —cA>||fI| forall ¢>0.
Exercise 4.29. 1. If A is dissipative, then \I — A is one-to-one.
2. If A is dissipative and (AN — A)~! ewists, then ||[(A] — A)~1|| < A7L.

Lemma 4.30. Let A be a dissipative linear operator on L and let X\ > 0. Then A is closed if and only if
RN — A) is closed.

Proof. Suppose that A is closed. If {f,;n > 0} C D(A), and (A — A) f,, — h, then
and {fn;n > 0} is a Cauchy sequence. Thus, there exists f € L such that f,, — f and hence
Afn — Af — h.

Because A is closed, f € D(A) and
h=(\—A)f.

This shows that R(AI — A) is closed.
Suppose R(AI — A) is closed. If {f,;n > 0} C D(A), fn, — f and Af, — g. Consequently,

(M — A)fn — A —g.
Because R(A — A) is closed,
A —g= (A — A)fy for some f, € D(A).

Because A is dissipative,

AL = A)(fr = fo)ll = N[ fa — foll,
and f, — fo. Hence, f = fo € D(A) and Af = g. This shows that A is closed. O

Lemma 4.31. Let A be a dissipative closed linear operator on L. Set p*(A) = p(A)N(0,00). If pT(A) # 0,
then pT(A) = (0, 0)
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Proof. The condition is equivalent to the statement that p™(A) is both open and closed in (0, 00). We have
shown that p(A) is open.
Suppose that {\,;n > 1} C pT(A) with A\, — A > 0. Given g € L, define, for each n,

gn = (M — A) (AT — A)7g.
Because A is dissipative

_ _ (A=Al
19 = gll = [[((M = A) = A\ = A) A = A) gl = [[(A = M) (A = A)Hgl| < Ml
Thus, g, — g. Consequently, R(AI — A) is dense in L. We have shown that this range is closed, thus
R(M — A) = L. Because A\I — A is one-to-one and |[(A] — A)~Y|| < A71, we have that A € p*(A). Thus,
pT(A) is closed. O

4.3.2 Yosida Approximation

The generator of a strongly continuous contraction semigroup is sometimes an unbounded operator. The
Yosida approzimation gives us a method of approximating generators using bounded operators. Later, we
will give a probabilistics interpretation to this approximation.

Definition 4.32. Let G be a dissipative closed linear operator on L, and suppose that D(G) is dense in L
and that (0,00) C p(G). Then the Yosida approximation of G is

Gry=AG\-G)"', A>o.
Proposition 4.33. The Yosida approximation has the following properties:

1. For each A > 0, Gy is a bounded linear operator on L and {T\(t) = exp(tG,);t > 0} generates a
strongly continuous contraction semigroup on L.

2. G\G, = GLG) for all A\, >0

3. For every f € D(G),
lim Gaf = GF.

Proof. Because
I=\ —-G)R(\) on L, Ay=MR(\) —A on L.

Because
RAN(AM —A)=T1onD(G), Ax=AR(NG on D(G).

Note that ,
ITX ()] < e exp(tA*R(N))[| < e e IIENIN< 1,

proving part 1.

Part 2 follows from the first identity above and the resolvent identity.

Part 3 follows from the second identity above and the fact that for f € D(G), AR(\)f — f as A — oo as
A — 0. O
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Lemma 4.34. For a pair of commuting bounded operators B and C on L assume that || exp(tB)|| <1 and
[|exp(tC)|| <1 for allt > 0. Then

lexp(tB)f — exp(tC) fI| < t||Bf = C[]].

Proof.
expltB)f —esp(tC)f = [ " (explsB)expl(t — )OS ds
_ /Ot exp(sB)(B = C) exp((t — $)C) f ds
_ /0 " exp(sB) exp((t — 5)C)(B — O)f ds.
The rest is easy. O

Theorem 4.35 (Hille-Yosida). A linear operator G is the generator of a strongly continuous contraction
semigroup on L if and only if

1. D(G) is dense in L.
2. G is dissipative.
3. R(\oI — G) =L for some Ao > 0

Proof. The necessity of these conditions has been established.

We have shown that conditions 2 and 3 implies that G is closed. By condition 3, Ao € p(G) and, therefore,
(0,00) C p(G).

As before, for each A > 0, define the Yosida approximation G and its semigroup 7. Then by the lemma
above, we

ITA(@)f = Tu@)FIl < HIGAf = Gufll-

forall fe L, t>0and A\, u> 0.
Consequently, because the Yosida approximations converge to the generator G, we have, for all f € D(G),

lim T)(¢)f

A—00

exists for all ¢ > 0 uniformly on bounded intervals. Call this limit T'(¢) f. Because D(G) is dense, this limit
holds for all f € L.

Claim 1. T is a strongly continuous contraction semigroup.

The fact that T(0)f = f and that T'(¢) is a contraction is immediate. Use the identity
T)f = f= (@) =Ta®)f + (Ta(t) = I).
to check the strong continuity at 0 and

T(s+t)f =T(s)T(t)f = (T(s+1t) = Ta(s+1))f + Ta(s)(Ta(t) = T(0))f + (Ta(s) = T(s))T(t)
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to check the semigroup property.
Claim 2. G is the generator of T'.
For every f € L,t > 0, and A > 0,

) f—f= /OtTA(s)G)\f ds.
For each f € D(G) and s > 0,
Ta(s)Grf —T(s)Gf =Ta(s)(Grf — Gf) + (Tx(s) = T(s))G .
Use the convergence of the Yosida approximations and the convergence of the semigroups to see that
T (s)Grf = T(s)Gf as A\ — o0

uniformly for s € [0,¢]. Thus the Riemann integrals converge and

®f-f= / s)Gf ds feD(Q), t>0.
Consequently, the generator G of T'is an extension of G.
With this in mind, choose f € D(G). Because AI — G is surjective, there exists f € D(G) so that
M —G)f =0 -G)f.
Now, evaluate this expression for two distinct values of A and subtract to obtain that f = f. O

Lemma 4.36. Let A be a dissipative operator on L and suppose that v : [0,00) — D(A) be continuous for
all s >0 and Au : [0,00) — L continuous. If

for allt > ¢ >0, then ||u(t)]] < [|u(0)|] for all t > 0.
Proof. Let 0 <e=tg<t; <---<ty,=t. Then

[lu(®)]] [lu(e |I+Z ()] = llulti-)I)

= |lu(e) ZHU M = Nu(ty) = (85 = ti—1) Ault;)]])

n

+ 3 (llulty) = (85 = tj—1) Aulty)|| = [[u(t;) — (u(t;) — ult;—1))I])

j=1

1+ 3ate) = [ autes) sl ~ ate) ~ [ Auts) asl)

IN

tj tj—

@l + 3 [ ldutt) = Auo)] ds.

IN
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The first sum is negative by the dissipativity of A. Now use the continuity of Au and v and let max(t; —
tj—1) — 0. Then, let € — 0. O

Proposition 4.37. Let T and S be strongly continuous contraction semigroups on L with generators G
and Gg. If these two generators are equal, the T = S.

Proof. Use the lemma above with
u(t) = (T(t) = S(t) f
and note that «(0) = 0 and Au(s) =0 for all s. O

Definition 4.38. Call a linear operator A on L closable if it has a closed linear extension. The closure A
of A is the minimal closed linear extension of A.

Often the generator G is an unbounded operator. In these instances, establishing D(G) can be a tedious

process. Thus, we look for an alternative form for the Hille-Yosida theorem.

Lemma 4.39. Let G be a dissipative linear operator on L with D(G) dense in L. Then G is closable and
R —G) =R(A — G) for every X > 0.

Proof. For the first assertion, we show that
{fn;n >0} C D(G), fn— 0,Gf, — g implies g = 0.
Choose {gm;m > 0} C D(G) such that g,, — g. Then by the dissipativity of G,

AL = @) — Agl] = 1 [[(A = G)(g + ]| > Tim Mlgun + Ml = Allgil

for every A > 0. Now divide by A and let A — oo to obtain, for each m, ||gm — g|| > ||gm||- Letting m — oo
yields g = 0.

The inclusion R(AI — G) C R(M — G) is straightforward. The reverse inclusion follows from the fact
that dissipative linear operator G is closed if and only if RN — é) is closed. O

Theorem 4.40. A linear operator G on L is closable and its closure G is the generator of a strongly
continuous contraction semigroup on L if and only if

1. D(G) is dense in L.
2. G is dissipative.
3. R(MoI — G) is dense in L for some \g >0

Proof. By the lemma above G satisfies 1-3 if and only if G is closable and G satisfies 1-3 in the Hille-Yosida
theorem. O

Definition 4.41. Let A be a closed linear operator on L. A subspace D of D(A) is called a core for A if A
is the closure of the restriction of A to D.

Proposition 4.42. Let G be the generator of a strongly continuous contraction semigroup on L. Then a
subspace D of D(G) is a core for G if and only if D is dense in L and R(Aol — G) is dense in L for some
Ao > 0.
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4.3.3 Positive Operators and Feller Semigroups

We now return to the consideration of Markov processes.

Definition 4.43. Let S be locally compact and let Cy(S) be the Banach space of continuous functions that
vanish at infinity with norm

FI] = sup{|f(z)| : = € S}.

Definition 4.44. Call an operator on a function space positive if it maps nonnegative functions to nonneg-
ative functions.

To establish positivity, we will use the following proposition.

Proposition 4.45. Let T be a strongly continuous contraction semigroup on L with generator G and resol-
vent R. For M C L, let
Ay ={A>0;AR(\): M — M}.

If M is closed and convex and Ay is unbounded, then for each t > 0,
T(t): M — M.
Proof. For A\, u > 0 satisfying |1 — u/A| < 1,

Because M is closed and convex, A € Ay implies (0, A] € Aps. Thus, Ay = (0,00). Use the Yosida
approximation

y\“:

(1 - f) (AR(N))™ 1.

T3(0) = = exp(tA(BN) = e 30 L (R ()
n=0 '

to conclude that

T\(t): M — M.
Now use the fact that M is closed and that T)\(t)f converges to to T(t)f as A — oo. O
Definition 4.46. 1. Call a semigroup conservative if there exist a sequence f, € Cy(S) that is bounded

in norm and converges pointwise to 1, and

lim 7'(t)f, = 1.

n—oo
forallt >0
2. Call a conservative strongly continuous positive contraction semigroup T on Co(S) a Feller semigroup.
Exercise 4.47. 1. If T is conservative, then Al =0

2. If A1 =0, then T is conservative.
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4.3.4 The Maximum Principle

Definition 4.48. A linear operator A on Cy(S) satisfies the positive maximum principle if whenever [ €
D(A), £ €S, then
f(&) =sup{f(x);x € S} > 0 implies Af(z) <O0.

Remark 4.49. To see why this ought to be true for a Markov process, note that
0> Ez[f(Xs)] = f(2) =T(s)f(2) — f ().
now divide by s and let s — 0.

Proposition 4.50. Let S be locally compact. A linear operator A on Cy(S) satisfying the positive mazimum
principle is dissipative.

Proof. Let f € D(A) and A > 0. There exists Z € S so that |f(Z)| = ||f]|. Suppose f(Z) > 0. (Otherwise
replace f with —f.) Then by the positive maximum principle, Af(Z) < 0 and hence

IAf = AFI = AF(2) — Af(2) = Af(2) = M[f]].

In this context, we have the following variant of the Hille-Yosida theorem.
Theorem 4.51. Let S be locally compact. A linear operator G on Co(S) is closable and its closure G is the
generator of a positive strongly continuous contraction semigroup on Cy(S) if and only if

1. D(G) is dense in Co(S).

2. G satisfies the positive mazimum principle.

3. R(Aol — G) is dense in Cy(S) for some Ag > 0.

Proof. The necessity of conditions 1 and 3 follows from the theorem above. To check the neccessity of 2, fix
f €D(G) and 7 € S so that sup{f(z) : z € S} = f(Z) > 0. Then, for each ¢t > 0,

T(t)f(@) <T@ f (@) < |If7] = (@)

and Gf(z) < 0.

Conversely, suppose G satisfies conditions 1-3. Because condition 2 implies that G is dissipative, G
generates a strongly continuous contraction semigroup 7. To prove that T is positive, we note, by the
proposition above, it suffices to prove that R(\) maps nonnegative functions to nonegative functions.

Because R(\oI — G) is dense for some \g > 0, and G is dissipative, R(A\ — G) = Cy(S) all A > 0. Thus,
it is equivalent to show that for f € D(G), and A > 0,

(M — G)f >0 implies f > 0.

To establish the contrapositive of this statement, choose f € D(G) so that inf{f(z) : x € S} < 0. Thus,
there exist {fn;n > 0} € D(G) so that

lim (AT — G)f, = (M — G)f.

n—oo
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Because G is dissipative, we have that f, — f as n — co. Let &, and & be the points in which f,, and f,
respectively take on their minimum values. Then

inf{(\ — G)f;x €S} < lirriinf()\l — Q) fu(@n) < lirgianfn(in) = \f(z) <0.

O
Exercise 4.52. Let X1 and X5 be independent Markov processes on a common state space S. Is (X1, X2)
a Markov process? If so, determine its generator?
4.4 Strong Markov Property

Definition 4.53. Let X be a Fy-progressive, Fy Markov process with associated transition function P. Let
7 be an almost surely finite Fy-stopping time. Then X is strong Markov at 7 if for all t > 0 and B € B(S5),

P{X:ys € BIFX} = p(s, X+, B),

or equivalently, for any t > 0 and bounded measurable f,

P (X 71 = [ 50l X ).
X is called strong Markov with respect to {Fy;t > 0} if X is strong Markov for all almost finite Fy-
stopping times.

In reviewing the results on Lévy processes and its regularity properties, we obtain the following.

Proposition 4.54. A right continuous Lévy process is strong Markov.

The following proposition has essentially the same proof as in the discrete time case.

Proposition 4.55. Let X be a Fi-progressive, F; Markov process with associated transition function P.
The X s strong Markov at all discrete almost surely finite F;-stopping times.

Now, using the essentially the same proof we had for Lévy processes, we have

Proposition 4.56. Let X be a right continuous F¢-progressive, Fy Markov process with associated transition
function P. Then X is strong Markov at all almost surely finite Fy4 -stopping times.

Theorem 4.57. Let X be a Markov process with time homogenous transition function P. LetY be a bounded
measurable process and assume that and let T be a F7<-stopping time so that X is strong Markov at T +t
for allt > 0. Then

E [Y; 0 07| F) = - (X;) on {r < o0}

where
¢s(x) = B, Y.
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Proof. By the standard machine, we need only consider functions of the form
n
Ys:fo H th O0<ty <<ty

fo, f1--.., fn continuous and bounded. In this case

¢s(z) // /fn (n)p(tn — tn—1,Tn—1,dxn) fr—1(Tn—1)p(tn-1 — tn—2,Tn—2,dTn_1)
< fi(x1)p(ty, x, dx1) = fo(s)(x).

The proof will process by induction on n. The case n = 0 states that
E.[fo(T)|F:] = fo(r) on {7 < co0}.

This follows form the fact that 7 is F.-measurable.

Let N
= B[] fr(X.,)
k=2
Then,
6s(x) = fols) / o(@1) fo(x1)p(t1, o, dar)
On {r < oo},

n

Eo[Y; 0 07|F;] = H X p1,)| ]

= fo(T)Ea [Ea[H Se( X ) F gt 11 (X, )| F7]

k=2

= fo(T)Ealo ( et ) 1 (X )| 7]
= fo(MEal(é(Xe,) f1(X41,)) 0 07| F]
= f0(7)11/1 XT) = ¢T(XT)

Using essentially the same proof as in the case of Lévy processes, we have the following.

Theorem 4.58 (Blumenthal 0-1 law). Let X be a right continuous Fy-progressive, Fr Markov process. Then
for each © € S every event in ]—"gi has probability 0 or 1.

Corollary 4.59. Let 7 be an ft)j_ -stopping time and fix x € S. Then either

P{r=0}=1 or P{r>0}=1.
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4.5 Connections to Martingales

Proposition 4.60. Let X be an S-valued progressive Markov process and let T, the semigroup assocated to
X, have generator G. Then for f € D(QG),

;o [ 5
M/ = f(X,) /0 Gf(X.) d

is an F{X-martingale.

Proof. For each t,u >0

t

t+u
7)) = [ Gre) s [ T =06 ds

E[M{,,|F}]

T(u) (X)) — / T(5)GF(X)) ds — | GF(X.) ds

0 0

— fX) - /0 Gf(X,) ds = M

Exercise 4.61. Let X be a right continuous Markov process with generator G and assume that

X0 - /0 9(X,) ds

is a martingale, then f € D(G) and Gf = g.

The optional sampling formula gives us the following.

Theorem 4.62 (Dynkin formula). In addition to the conditions above, let T be a stopping time with E,1 <
oo, then

Eaf(X,) = Eaf (Xo) + Eal | GF(X.) d]
0
Analogous to the situation for discrete time Markov chains, we make the following definitions.

Definition 4.63. Let G be the generator for a time homogeneous Markov process X and let f € D(G).
Then call

1. f harmonic if Gf = 0.
2. f superharmonic if Gf <0.
3. f subharmonic if Gf > 0.
Remark 4.64. 1. If f harmonic, then f(X;) is a martingale.

2. If f superharmonic, then f(X;) is a supermartingale.
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3. If f subharmonic, then f(X;) is a submartingale.

Example 4.65. 1. Let Dy, D1 are two disjoint subsets of the state space S. If h is harmonic with respect
to a Markov process X having generator G and

h(z) =0 for x € Dy, h(x) =1 for x € D;.

Assume that the first entrance times 7p,,j = 0,1 are stopping times and 7 is their minimum. Then if
T has finite mean,
h(.’E) = Exh(XT) = P{TDO > TD1}~

2. If we can solve the equation Gf = —1, then
M = f(X0) +1

is martingale. Consider a domain D so that Tp is a stopping time. Gf = =1, f =0 on D, and 1p
satisfies the sampling integrability conditions for M7, then

f(ac) = EITD.

Lemma 4.66. Assume that g > 0 and let R(\) be the resolvent for a positive continuous contraction
semigroup T associated to a Markov process X. Then

e M R(N)g(Xe)
18 a non-negative fﬁ -supermartingale.
Proof. For t > s, use the fact that the semigroup and the resolvent commute to obtain that
Ele™RNg(X)IFL] = e MT(t—s)R(\)g(Xs)

= efAt/ e M (t — s 4 u)g(Xy) du
0

= e”‘s/ e M (u)g(X,) du
t

—S

< e MR(\)g(Xs)

Let’s continue this line analysis. Consider the bounded random variable,

Y:/ e Mg(X,) ds
0

Then .
Y = / e Mg(X,) ds+ e MY o6
0

and
EY = R(N)g(z).
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We have Doob’s martingale
t
ZM = BlY|FY] = / e Mg(X,) ds+ e ME[Y 00| F]
0

= /Ot e M g(Xy) ds + e MR(N)g(Xy)

Now, because Doob’s martingale is uniformly integrable, any stopping time 7 satisfies the sampling
integrability conditions for Z*9 and therefore,

R(\g() = E| / "o Mg(X,) ds] + Eole > RO)g(X.)]

Now, let f = (Al — G)g, then the Doob’s martingale above becomes
t
CM = MpX) + [ eMOT-G)f(X.) ds
0
and the analog to Dynkin’s formula becomes

F() = Eufe™ (X)) + Bl / e MO - Q) f(X.) ds).

Let fy satisfy the eigenvalue problem Gf) = Afy with fy =1 on D, then
fa(x) = Ege NP,

Theorem 4.67. Let X be a measurable Fi-adapted process and let f and g be bounded, measurable functions,
inf, f(z) > 0. Assume that

i f00) = [ a(x) ds

[ 53)

is an Fy martingale. Then

is a martingale.

Proof. Let
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Then, we have the local martingale

(s [y ar) s (- | 655 o)
o, (o= [Latxs )fiiizexp( v
- Xtexp( ox ) s s (- [ 95
o exp( )ds

N / ( ) 1) i

For the double integral, reverse the order of integration, then we have, upon integrating the s variable that

‘/ eXp( f )
- [ [ 35 0) o s [ 35 0)

and the last three terms sum to zero.
Now use the fact that f and g are bounded and f is bounded away from 0 to see that the local martingale
above is indeed a martingale. O

t
tht—/stVs
0

Q

)

du

Exercise 4.68. Let X be a measurable F;-adapted process and let f and g be bounded, measurable functions,

1. Assume that inf, f(z) > 0 and that

is an F; martingale. Then

is an Fy martingale.

2. Assume that

is an F; martingale. Then

is an JFy martingale.
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4.6 Jump Processes

Definition 4.69. Call a time homogenuous Markov process X a pure jump process, if starting from any
point x € S, the process is right continuous and has all its sample paths constant except for isolated jumps.

In the case of a countable state space, the stochastic nature of a pure jump process is captured by the
infinitesimal transitions rates

The infinitesimal generator G is the rate of change of averages for a function f : .S — R of the process.

Gf(x) = lim w feD(@).

h—0

To relate these two concepts, write

B f(Xn) = Y fgl,y)h+ fx)(1 =) g(z,y)h) +o(h)

y#x y#x
E.f(Xp) = f(@) = Y g(@y)(f(y) - f(@)h+o(h)
y#£T
Gf(x) = > gy (fly) - f(x))
yeS

Thus, G can be written as an infinitesimal transition matriz. The zy-entry x # y is g(z,y). The diagonal

entry
g(z,x) == g(z,y).

y#x

Thus, the off-diagonal entries of the matrix G are non-negative and the row sum is 1.

4.6.1 The Structure Theorem for Pure Jump Markov Processes
For processes that move from one state to another by jumping the exponential distribution plays an important

role.

Proposition 4.70. Let X be a pure jump process, then
71 = inf{t > 0; X} # Xo}
is an Fi4-stopping time.

Proof. 7 =inf{o, : n > 1} where
o = inf{k27"; Xj jon # Xo}

Now
{o, <t} e FX C F.

The o, are F;-stopping times and, consequently, 71 is an F;,-stopping time. O
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Theorem 4.71 (structure theorem for pure jump Markov processes). Under Py, 71 and X, are independent
and there is a B(S) measurable function A on S such that

P.{m1 >t} = exp(—A(z)t).
Proof. Set
ex(t+s) = P{mn > t+s} = P{n >t+s, Xy =2z, >t} = P {m > t+s| Xy =x,71 > t}P{ Xy =z, 71 >t}

Note that
P{r >t+s|Xi =x,m >t} =P {r >t+s| Xy =} = Po{m1 > s} = ex(s).

and that P,{X; = z, 71 >t} = P,{m1 >t} = e;(¢). Thus,
ex(t+ 8) = ex(s)ex(t)

or for some A € [0, 0], e,(t) = exp(—A(z)t). The function A is measurable because P,{7 > t} is measurable.
Let 71 (¢) be the first exit from state x after time ¢. Then, for B € B(S),z ¢ B,

PAX; € Bymi >t} = P{X, 1y € B,11 > t, Xy =2} = P{X, 1) € By > t, Xy = 2} P {m1 > t, X; = x}.
For the first term
P£{X.,-1(t) € B|T1 > t,Xt = IL’} = PZ‘{XTl(t) S B|Xf = I} = Pm{X7—1 S B}

For the second term,
PAn >t, Xy =a} = P{m > t}.

Thus, the time of the first jump and the place of the first jump are independent. O
Let p: S x B(S) — [0,1] be a transition function and defined by u(z, B) = P,{X,, € B}, then
Ef(X)) = E [ (Xn)r > WP > b} + EL[f(X0)lm < WPu{m < b}
= —AM@h /f pu(z, dy) (1 — e~ M) 4 o(h)

Thus,
Bof(X0) = f(z) = (1 — e A& (/ F ()l dy) — f(x)>+0(h)

and

Gf(x) = Mz) / () — F (@) (e, dy).

In the case of a countable set of states, set u(x,{y}) = T(z,y).

) Y T(e,y)(f(y) - f(x)

yeS

Equating the two expressions for the generator, we find that

g(z,x) = =A(x)
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and for y # x
o) = AT (o) or T(a) = 42
For example, let S = {1,2,3,4},
-5 2 3 0 0 4 6 O 5
4 —-10 3 3 4 0 3 3 10
G = 2 2 -5 1 » T'= 4 4 0 2 |’ A= 5
5 0 0 -5 1 0 0 O 5
Exercise 4.72. 1. Let Ty,...,T, be independent, exponential random variables, having respectively, pa-
rameters A, ..., Ap, then

min{7y,..., T}
is an exponential random variable with parameter Ay + --- + \,.
2. P{Ty <min{Ty,....To}} =X/ + -+ ).
Exercise 4.73. Consider a stochastic process X with a finite state space S defined as follows.

1. For every x,y € S, x # y, let N®Y) denote a Poisson process with parameter g(z,y). Assume that
these processes are independent.

2. if Xy =z, then X jumps to y if i
y = argmin{g; N\&9 s > t}.

3. The first jump after time t takes place at ming{Ns(Lg) i8>t}

Show that X is a Markov process whose generator G can be represented by a matriz with xy-entry g(z,y).

4.6.2 Construction in the Case of Bounded Jump Rates
Let A : S — [0, Amaz) be measurable. Define

Gf(x) = A(x) /S (Fy) — F(@)) pla, dy).

Exercise 4.74. Show that G satisfies the maximum principle.

We can construct the Markov process on S with generator G as follows:
Let {Yx; k > 0} be a Markov chain on S with initial distribution o and transition function p. In addition,

independent of the chain Y, let {o; k > 0} be independent exponentially distributed random variables with
parameter 1. Set

T():O, T —
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and
Xt:Yk7 Tk§t<7k+1.

Note that we can allow A(x) = 0. In this case, once X arrives to z it remains there. Thus, if the Markov
process arrives at the site x is remains there an exponential length of time, parameter A(x) and then jumps
to a new site according to the transition function pu.

Let us consider the alternative representation for G. Define

A(z)

)\maz

f(z, B) = (1 — w(z, B).

Exercise 4.75. If Gf(x) = Amaax Js(f(y) = f(x)) iz, dy), then G = G

Write
Tf(x) = /S f() iz, dy)

for the transition operator for the Markov chain Y. Then
G = Moo (T = 1).

The semigroup generated by G is

oo Ak
T(t) = eXp(tG) = e_>‘mamt %T’C
k=0 ’

Let {f’k; k > 0} be a Markov chain on S with initial distribution « and transition function i and let N
be an independent Poisson process with parameter \A,,,., and define

X, = Vi,

Proposition 4.76. Let F; = a{(f(s, Ny);0 < s <t}, then X is an Fy-Markov PTOCESS.

Proof. We begin with a claim. ~
Claim. E[f(Yiin,)|Fe] = T f(Xe).

Fix A€ F) and B € .7:7%. Then

E[f(Yern,);ANBO{N, =m}] = E[f(Yiym); ANBN{N, =m}] = P(AN{N, = m})E[f (Vitm); B]
= P(AN{N, = m})E[T*f(V,); B] = E[T* f(X,); AN BN {N; = m}]

However, sets of the form AN BN {N; = m} are closed under finite intersection, and the claim follows from
the Sierpinski class theorem.
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Now, use the independence of the increments for a Poisson process, to obtain that

Elf(Xer)lF] = Elf (Y, )IF] = Elf (Y, .—n,+n,) | F

=) k B ot k ~ -
= Y et Qo g ) = 3 e e B ) = ) (R
k=0 : k=0 ’

Because G = G, X is a Markov process whose finite dimensional distributions agree with X.

Thus, all of the examples of generators with bounded rates are generators for a semigroup 7' for a Markov
process on Cy(S). O

Exercise 4.77. For a two state Markov chain on S = {0,1} with generator

A:(A A>7
o=

H A —(A+p)t
Pt,0,{0}) = —— + —— e,
(4,0.40) = 3+ e

show that

4.6.3 Birth and Death Process

Example 4.78. 1. For a compound Poisson process,

Ny
Xt = Z Yn7

n=1
A(x) is some constant X, the rate for the Poisson process. If v is the distribution of the Y, then

w(x, B) =v(B — x).

2. A process is called a birth and death process if S = N,

Az y=x+1
gxy) =9 —Aatps) y=2
Ha y=a—1

A pure birth process has p, = 0 for all x.

A pure death process has A\ =0 for all x.

A simple birth and death process has p, = p and Ay = X\ for all z.
A linear birth and death process has p, = xu and A\, = x\ for all x.

A linear birth and death process with immigration has p, = xp and Ay = x\ + a for all x.

e A

M/M/1 queue S = {0,1,--- ,N}, Ay = X\, 2 < N, A\, =0, pu, = p. So customers arrive at an
exponential rate, parameter \ until the queue reaches length N at which point, all arrivals are turned
away. When they reach the front of the queue, they are served immediately. The service time is
exponential, parameter L.
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9. M/M/oo queue S = N X\, = X\, A\, = 0, p, = zu. So customers arrive at an exponential rate,
parameter X. All arrivals are served immediately. The service time is exponential, parameter p.

10. Alogistic process S = {0,1,--- ,N}, Ay = ra(N—=x), pt = xpr. This can be used to model an epidemic.
The susceptibility is of the N — x non-infected individuals is proportional to the number x of infected
individuals. An infected stays in this state for an exponential rate of time, parameter p.

11. An epidemic model with immunity can be constructed by having S = {0,1,...,N}2. The state (x,vy)
gives the number of infected and the number of immune. The generator

Gf(z,y) =raz(N—z—y)(f(r+1,y) = f(z,9) +px(f(z -1,y +1) = f(z,y) +yy(f(z,y = 1) = f(x,y)).

12. For the Moran model with mutation S = {0,1,--- , N}, consider a genetic model with two alleles, A,
and As X; - number of alleles of type Ay at time t. The process remains at a site for an exponential
length of time, parameter X\, an individual is chosen at random to be replaced. A second individual
is chosen at random to duplicate. A mutation may also occur at birth. The mutation Ay — A has
probably k1 and the mutation Ay — A1 has probably ko The generator

T T x

Gfw) = A1-3) (5 —r)+ (1= ) (fla+1) = f())

e (L= D) = k) + o ) (flo = 1) = [ (@)

18. For a random walk on the lattice S = Z%, X; - position of the particle at time t. The particle at a
site x remains at x for an exponential length of time, parameter A\(x), and then moves according to the
kernel p(x,y).

Thus,

> pla,y) =1

Yy

and the generator

Gi(x) = A2) S pla,y)(f(y) — f(@)).
Y
Exercise 4.79. For the compound Poisson process, if {Yn;n > 1} is a Bernoulli sequence, the X is a
Poisson process with parameter Ap

To find harmonic functions & for birth and death processes, note that

Ae(h(z +1) = h(z)) + pz(h(x — 1) — h(z)) = 0.
(h(z +1) — h(z)) = 22 (h(z) — h(z — 1)), As > 0.

Summing this on z, we obtain
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Assume that fL(O) = 0 and iL(l) = 1 and all of the A, > 0. Then any other non-constant harmonic

function is a linear function of h. Then

hy) = Y (h(x+1) = hia)) = Y T] 5.
=0 z=15=1""7%

Thus, for a simple birth and death process and for a linear birth and death process,

Foy = S (1) L= /N
h(y)_Z)(A) ST

Let Dy = {0} and D; = {N}, then

is a harmonic function satisfying

Thus, for x € {0,...,N}
h(z) = Pp{mo > 7N}

Exercise 4.80. For a birth and death process, let 7 = min{ry, x5}, for x € {0,...,N}.
1. Find E,T.
2. Find E,e™ ", A > 0.
3. Consider what happens as N — oo.

Exercise 4.81. 1. For a simple birth and death process, X, find E;X: and Vary(X;).

2. For a linear birth and death process, X, find E.X; and Var,(X})

4.6.4 Examples of Interacting Particle Systems

An interacting particle aystems is a Markov process {n;;t > 0} whose state space S is the configurations on

a regular lattice A, i.e, the state is a mapping

n:AN—F

where F is a finite set. Examples of lattices are Z%, Z /M 7)?, hexagonal lattice, and regular trees. Examples

of F are

{0,1} = {vacant, occupied}

{-1,1}= {spin up, spin down}

{0,1,--- k} = {vacant, species 1, species 2, - - -, species k}

{A, 0, ---, N} = {vacant, 0 individuals having allele A, ---, N individual having allele A}
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Example 4.82 (interacting particle systems). 1. Exclusion Process (Spitzer, 1970). F = {0,1}, A =
Z4.

If initially we have one particle at xg, i.e.,

()7 1, Zf T = Ty,
ok = 0, if ©# xo.

Set Xy = n, L({1}). Then {X;;t > 0} is the random walk on the lattice.

When there are many particles, then each executes an independent random walk on the lattice excluding
transitions that take a particle to an occupied site. The generator

GF(n) =Y Mn,o)p(e, y)n(x)(L —n(y)(F (™) — F(n))

where
U(ﬂf)a if 2=y,
n"(z) = qnl), i z=uw,
n(z), otherwise.

Let’s read the generator:
e Particle at xo moves in time At with probability A(n, z) At + o(At)

e Particle at xo move to y with probability p(xo,y).
o [f site y is occupied, nothing happens.

2. Coalescing Random Walk. F = {0,1}, A = Z4.

Each particle executes an independent random walk on the lattice until the walk takes a particle to an
occupied site, then this particle disappears. The generator

GF(n) =>_ AMn,x)p(x,y)n(@)(L = n(y)(F®™) — F(n)) + n(y)(F(n.) — F(n))

where

n(z), otherwise.

3. Voter Model (Clifford and Sudbury, 1973, Holley and Liggett, 1975). F = {0,1}={no, yes}, A = Z4.

An individual changes opinion at a rate proportional to the number of neighbors that disagrees with the
indiwidual’s present opinion. The generator

GF(n) =Y A, 2)(F(ns) = F(n))

where

A
Aoy =25 Y. Iz
{y;ly—=z|=1}
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4. Contact process (Harris, 1974). F = {0,1} ={uninfected, infected}, A = 7.
The generator

GF(n) =Y A, 2)(F(n.) = F(n))

where

1, if n(z)=1.

An,z) = {Az{y;y—aﬂ:l} n(y), if n(z)=0,

Thus, X\ is the relative infection rate.

5. For the stochastic Ising model, F = {—1,1}. A = Z%.

GFm) = exp| =8 D> n@mny) | (F)—Fn)

yilz—yl=1

where

— . —U(x)7 Zf Z =1,
ma(2) = {n(z), otherwise.
4.7 Sample Path Regularity

The goal of this section is to show that for S separable, every Feller semigroup on Cy(S) corresponds to a
Markov process with sample paths in Dg[0,c0). In addition, we show that every generator A of a positive
strongly continuous contraction semigroup on Cy(S) corresponds to a Markov process.

We have seen that a jump Markov process with bounded jump rates A : S — [0, o0], corresponds to a
Feller process X on S. Moreover, this process has a Dg[0, c0) version.
If the rates are bounded on compact sets, then because S is locally compact, we can write, for S separable,

oo
S=|JKn
n=1
for an increasing sequence of compact sets {K,;n > 1} and define
on, =inf{t > 0; X, ¢ K, }.
Then, {o,;n > 1} is an increasing sequence of stopping times. Define
(= lim o,.
n—oo

If this limit is finite, then we say that an explosion occurs. In these circumstances, we have that the transition
function fails to satisfy P(t,z,S) =1 for all ¢ > 0, and the semigroup 7T is no longer conservative.
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4.7.1 Compactifying the State Space

To include this situation in the discussion of Markov processes, the state space S has adjoined to it a special
state A and we write S® = S U{A} and let

Xe=A fort>(.

If S is not compact, then S? is the one point compactification of S.

This suggest the following modification.

Theorem 4.83. Let S be locally compact and separable and let T be a strongly continuous positive contraction
semigroup on Co(S). For each t > 0, define the operator T2 (t) on C(S?) by

TA(t)f = F(A) + T(O)(f — f(A)).
Then T is a Feller semigroup on C(S®).

Proof. The verification that 72 is a strongly continuous conservative semigroup on C'(S2) is straightforward.
Claim 1. T® is positive. In other words, given ¢ € R and f € Cy(S), ¢+ f > 0 implies that c+7(¢)f > 0.

Because T is positive,
TH)(f")>0 and T(@)(f)>0.

Hence,
T f<T@(f) andso (T(1)f)” <TE)(f7).

Because T'(t) is a contraction, we obtain

NITOUI < <e

Therefore,
Tt)(f7)(xz)<c andso c+T(t)f >0.

Claim 2. T® is a contraction.

Because T2 is positive,
T2 f(2)| <T@ f]] = || £]]
and ||[T2(t)]| < 1. O

With this modification, the condition of being a Feller semigroup states that the distribution of the
Markov process at time ¢ depends continuously on the initial state. In other words, for f € C(S2),

lim T(t)f(x) = T(t)f(zo),

T—T0
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lim Ezf(Xt) = Ezof(Xt)7

r—x

lim [ f(y)P(t,2,dy) = ” f(y)P(t, 0, dy).

z—z0 Jga
Thus P(t,x,-) converges in distribution to P(t, o, -).
To check for explosions, consider a pure birth process. For 7, = inf{t > 0: X; = 2}, we have, if X, =0,
Ty =01+ -+ 0,

where oz is the length of time between the arrival of X to £ — 1 and z.
Then, the random variables {0z;Z > 1} are independent exponential random variables with parameters
{Az—1;& > 1}. Thus, the Laplace transform

and

-1
—ur, T A - u
Ele~"™] = H i (H(1+ )\5:1)> )
=1 =1

For u > 0, the infinite product,

converges if and only if

Thus, if the sum is infinite, then we have no explosion.
In particular, a linear birth process has no explosion. However, if, for example,

A

liminf == > 0
z—oo P

for some p > 1, then the birth process has an almost surely finite explosion time.

For a birth and death process, X, we consider the pure birth process, X with the same birth rates as X.
Couple the two processes together in the sense that the exponential time for a jump forward is the same for
the first time each process reaches any site x. In this way,

X < X,

for all t > 0. Thus, if X has no explosion, neither does X.

We can use the previous section to show that the Yosida approximation generates a Markov process. Write
Ay = A(AR(X) —I) We know that AR(A) is a positive linear operator on Cy(S). By the Riesz representation
theorem, there exists a positive Borel measure

AR () = /S 1) a(a, dy).
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Thus, for f € D(G)
M@) = [T @) f) (o dy).

Because ||[AR(N)]| < 1, we have that py(z,S) < 1. However, if G is conservative, we can choose f(z) = 1/\
to obtain

1= LL)\(I,S)

Note that if we have that G generates a Markov process, then

AMMﬂw:LM”Tdddﬁ:&ﬂ&Q

where 7, is an exponential random variable, parameter A, and independent from X. Thus, py(z,-) is the
distribution of X, under P,.

Exercise 4.84. let D be a dense subset of Co(S). Then a function x € Dgl0,00) if and only if f(x) €
Dg|[0,00) for every f € D.

Theorem 4.85. Let X be a ]—'ﬁ—Feller process, then X has a Dg|0, c0)-valued modification.

Proof. Let X have generator G and let f € D(G), then the martingale

;_ [ .
MY = f(X,) AGK&M

is right continuous on a set {2y of probability 1. Thus

t
fox) =f - [ Grx.) ds
0
is right continuous on Q. Now take a countably dense set D C D(A) of f. Then

(] 9 € {X € Ds[0,00)}.
feD

O

Theorem 4.86. Let S be locally compact and separable. Let T be a positive strongly continuous contraction
semigroup on Co(S) and define T® as above. Let X be a Markov process corresponding to T with sample
paths in Dgal0,00) and let
C=inf{t>0: X, =A or X;_ = A}
Then on the set {¢ < oo},
Xeys = A forall s > 0.

Proof. By the Urysohn lemma, there exists f € C(S?) such that f > 0 on S and f(A) = 0. Then the
resolvent RYf > 0 on S and RY f(A) = 0. Note that e *R2 f(X;) is a supermartingale. Because a right
continuous nonnegative supermartingale is zero after its first contact with 0, the theorem follows. O
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Proposition 4.87. If, in addition to the conditions above, if the extention the semigroup T to the bounded
measurable functions is conservative, then a(S) = P{Xy € S} =1 implies that P,{X € Dg[0,00) = 1}.

Proof. Let G® be the generator of T2, then G*Ig = 0, thus

t
EoIs(X,) = EoIs(Xo) + Ea[/ GPIg(X,) ds] = EoIs(Xg) 4 0.
0
or
P (>t} =P {Xi € S} =P {Xo€ S} =1
O

Theorem 4.88. Let S be locally compact and separable. Let T' be a Feller semigroup on Co(S). Then for
each probability measure a on S, there exists a Markov process X with initial distribution o and sample paths
in Dg[0,00). Moreover, X is strong Markov with respect to the filtration {F75;t > 0}.

Proof. Let G be the generator for T" and let G, A > 0, be its Yosida approximation. Then T} is the
semigroup for a jump Markov process X*. Moreover, for every t > 0 and f € Cy(S),

lim T3(1)f = T(1)f.

Let T and T be the corresponding semigroups on C(S2). Then, for each f € C(S%),

lim B[f(X))] = lim E[I{(0)f(X))

A—00

im [ T2 f(2) a(dz) = / TA W) f(z) aldz).

A—00

Now f — [T2(t)f(x) a(dr) is a positive linear operator that maps the constant function 1 to the value
1, and thus, by the Riesz representation theorem is integration against a probability measure v;. This gives
the one dimensional distributions of X. The proof that the finite dimensional distributions converge follows
from a straightforward induction argument.

To check the strong Markov property, let 7 be a discrete ft)i—stopping time, then for each ¢ > 0, and
Ae FX, An{r =t} € Fy.. Thus, for s >0,

Blf(Xeyoi AN{r =0} = Blf(Xer) AN{r =1}
= B[T(s ~ f(Xen): AN {r = 1}
= B[I(s — Of(Xr4: AN {7 = 1)]

Now use the right continuity of X and the strong continuity of 7" to conclude that
E[f(Xrts); AT = t}] = E[T(s)f(X5); AN {7 = t}]
Summing over the range of 7 we obtain
Ef (Xr4s)| 7] = T(s) f(X7).

We can obtain the result for an arbitrary stopping time by realizing it as the decreasing sequence of
discrete stopping times, use the identity above, the right continuity of X, and the strong continuity of 7. [
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Exercise 4.89. Complete the proof above by supplying the induction argument to show that the finite di-
menstonal distributions converge.

In summary, we have

Theorem 4.90. Let S be locally compact and separable. Let G be a linear operator on Cy(S) satisfying 1-3
of the Hille-Yosida theorem and let T' be a strongly continuous postive contraction semigroup generated by
G. Then for each x € S, there exists a Markov process X corresponding to T with initial distribution §, and
with sample paths in Dg[0,00) if and only if G is conservative.
4.8 Transformations of Markov Processes
Definition 4.91. A continuous additive functional A of a Markov process X is adapted process satisfying
1. Ay =0.
2. A is continuous and nondecreasing.
3. For all s,t >0, Asys = As + Az 0 6°.
4. A is constant on [(,00), ¢ = inf{t > 0; X; = A}.

The example that will occupy our attention in this section is A; = fg a(X,) du for some nonnegative
measureable function a. We shall use these additive functionals in two settings: random time changes, and
killing.

Example 4.92. If N is one of the queues given in the examples, then

t
/NS ds
0

is the total amount of service time for the queue up to time t.

t
/0 I{O}(Né) ds

is the amount of time that the queue is empty.

4.8.1 Random Time Changes

Let Y be a process with sample paths in Dg[0,00) and choose ¢ be a nonnegative continuous function on S
so that coY is bounded on bounded time intervals. Think of ¢ as the rate that the clock for the process
moves. Thus, for example, if ¢(x) > 1, the process moves more quickly through the state x

The goal is to describe solutions to

Xy = ont c(Xs) ds

If X solves this equation, then set

t t
Tt 2/ o(Xy) ds = / e(Yr,) ds.
0 0
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Set 0p = inf{t > 0: f(f 1/¢(X;,) ds = oo}, then for ¢ < oy,

[ [

and therefore, T satisfies the ordinary differential equation

1, =c(Y,), 70=0.

Because ¢(Y') is bounded on bounded time intervals, the solution to the ordinary differential equation
has a unique solution. Now,
Xt = Yq—t .

Theorem 4.93. LetY be a Dg[0, 00)-valued Markov process with generator G on Cy(S). If a unique solution
to

X = Yf(; c(Xs) ds

exists, then X is a Markov process with generator cG.

Proof. Verifying that X is a Markov process is left as an exercise.

Note that {rs <t} = {fg 1/¢(X-,) du) > s} N{og < t} € FY,. Thus, 7, is an F4-stopping time. For
f € D(A), the optional sampling theorem guarantees that

(¥ - / NG ds = () / (X.)Cf(X,) du

is an .7-'32 -martingale.
Thus, f in in the domain of the generator of the Markov process X and this generator is cA. O

Exercise 4.94. Verify that Y in the theorem above is a Marlov process.

4.8.2 Killing

We can choose to have a process X move to the state A. The rate that this happens can be spatially
dependent. Thus, we define the hazard function

1
k(e) = lim — Po{X), = A},

The analysis follows the previous analysis for the case k constant. Write the additive functional

t
Kt:/ k(X,) ds
0

and define

Y= [ e ™f(X,)ds, Rif(z)=E,Y.
0
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Then .
YEi/eJQﬂXQd&Hmeom
0

Again, we have Doob’s martingale

t
z0t = Ely|FX] = / e f(X,) ds + e M E[Y 0 0| ]
0

- /t e K f(X,) ds+ e M Ry f(Xy)

0

Exercise 4.95. Show that for f € D(G), RyGf = Ripkf — f or
Ri(k=G)f = .

Now, let f = (k — G)g, then the Doob’s martingale above becomes
t

Cl? = Kig(X) + [ e ek = Gg(X.) ds
0

and the analog to Dynkin’s formula becomes

Let g satisfy Gg = kg with ¢ = h on D, then

9(x) = Ey[e™ 2 h(Xo,)).

Now define the stochastic process X as follows:

Let £ be an exponential random variable, parameter 1, independent of the process X. Then

v o X MK <g
70 A K> €

Then, for f € Cy(S),

E.f(Xi) = Eulf(Xo) 1k, <e)] = Eulf(X) Bull e, <y | Fi ) = Eule™ ™ f(X0)].

Exercise 4.96. For f € Cy(S), define

T(1)f(x) = Bole™™ f(X0)].

Then T is a positive continuous constraction semigroup with generator G — k. Thus, X is Markov process

with state space S and generator G — k.
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Corollary 4.97. (Feynman-Kac formula) Let X be a Feller process on S and generator G. Then the

equation
ou
i Gu — ku, u(0,2) = f(x)

has solution
u(t,z) = Ez[e_th(Xt)].

4.8.3 Change of Measure

Proposition 4.98 (Bayes formula). On the probability space (2, F, P), let L be a non-negative random
variable satisfying EL = 1. Define the probability measure Q(L) = E[L; A] and write Eg[Y] = E[YL]. Then
for any integrable random variable Z, and any o-algebra G C F,

E[ZL|G]

E[L|G]

Proof. Clearly the right hand side is G-measurable. Choose A € G, then

EqlZ19] =

2o tg 4| = | b4 =2 |2 T o] 4|
— 5| Bl a| = BEZLIGA

= E[ZL;Al = EqZ.
O

Lemma 4.99. Assume Q|z, << P|z,, and assume that L; is the Radon-Nikodym derivative, then Z is a
Q-martingale if and only if ZL is a P-martingale.

Proof. Because L is an adapted process, Z is adapted if and only if ZL is adapted. To show that L is a
martingale, choose A € Fy, then Q(A) = E[L;; A]. However, A € F;; and therefore

By Bayes formula,
E[ZtJrsLtJrs‘]:t] _ E[Zt+sLt+s|]:t]
E[Liys|F Ly

EQZuys|Fi] =

Thus,

ElZiy Loy o Fi] — ZiL
EQ[Zt+S|ft]_Zt: [ ax t+L| t] - t~
t

and, consequently,
EQ [Zt-‘rs‘ft} = Zt if and only if E[Zt+sLt+s|ft] - ZtLt-
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Note that L is a positive mean one martingale. In addition, is L~! is Q-integrable, the L~! is a Q-
martingale and Pz, << Q|
For X, a time homogeneous Markov process with generator G, we write ¢ = Gf for f € D(G), with

inf, f(z) > 0, recall that
s (- 55 )

is a mean 1 local martingale.. Write f(x) = exp w( ) and gw = e~ GeY, then this local martingale becomes

b = e (w00 - 0 [ ) ).

For the case of standard Brownian motion B, take w(z) = px. We shall soon learn that G = %A, and

1
Ly = exp(uBy — - pi°t)

2
is indeed a martingale.
Under the change of measure induced by L
Q{B: € A} = E[I4(B;)exp(uB; — fu )] = L/ exp(px — 1u2t)e_””2/2t dx
2 V2ort Ja 2
1 2
= \/TW/AQXP_Q — 2uxt — p2t?) dx _\/ﬁ/ — put)? dx

1 2
= — ~/2 qy = P{B A
e x ¢+ ut € A}
\/27Tt A—put

Exercise 4.100. Let B, P and Q be defined as above. For times0 <t < ty---t,, and Borel sets Ay, ..., Ay,
Q{Btl c Al, .. ~Btn S An} = P{Bt1 + pty € Al,. . -Btn + pt, € An}

Thus, by the Daniell-Kolmogorov extension theorem, under the measure ), B is Brownian motion with drift

1.

Example 4.101. Recall that for standard Brownian motion, and for a > 0, the hitting time for level a,
= inf{t > 0; By > a}, has density

a —a?/2s
fr.(s) = e .
( ) v 2mt3

If we consider the process By + ut, p > 0 under the measure Q, then this process is standard Brownian motion
under the measure P. Thus,

Q{Ta < t} = E[I{Tagt}Lt] = E[E[I{Taﬁt}Lt|fmin{7a,t}]] = E[I{Taﬁt}Lmin{Ta,t}} = E[I{Taft}LT]

1 ‘ 1 a 2
E[I — 2427, = 28— /25 g
[¢r, <ty exp(pa ST )] /0 exp(ua SH s) 277536 s

Thus,

a 2
me s) = e—(a—ut) /23.
u(8) V2ms?

gives the density of T, for Brownian motion with constant drift.
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4.9 Stationary Distributions

Definition 4.102. Call a stochastic process stationary if, for everyn > 1, and 0 < 51 < --- < sy, the finite
dimensional distributions

P{Xt+51 GBl,...,Xt_an EBn}, Bl,...,BnEB(S).
are independent of t > 0.

Definition 4.103. A probabiity measure p for a Markov process X is called stationary if X is a stationary
process under P, .

Lemma 4.104. p is a stationary measure for a Markov process X if and only if
P{X, € B} =u(B), BeB(S).
for allt > 0.

Proof. The necessity is immediate. To prove sufficency, note that for each ¢ > 0, *X is a Markov process
with initial distribution p and the same generator as X, thus has the same finite dimensional distributions
as X. 0

Theorem 4.105. Let G generate a strongly continuous contraction semigroup T on Cy(S) corresponding to
a Markov process X. In addition, assume that D is a core for G. Then for a probability measure u on S the
following are equivalent:

1. u és a stationary distribution for X.
2. [T@)f du= [ f du for f € Co(S) and t > 0.
3. [Gfdu=0 for feD.
Proof. (1 —2)
[ TOF dn = BT 0)5(X0)) = B,l£0X0) = Els (o)) = [ £ o

(2 — 1) By the lemma above, it suffices to show that the one dimensional distributions agree.

Bulf(X0)] = B[T(t)(Xo)] = / T(t)f dp = / f dp = E,[f(Xo))

(2 — 3) follows from the definition of G.
(3 — 2) By the definition of core, 3 holds for all f € D(G).

Jawr-na-[ [ T () dsdp = / t [ 1)1 duds =0,

Because D(G) is dense in Cy(S), 2 follows. O
Exercise 4.106. Let « be a probability measure on S

1 If [ f dv =limy_.o [T(t)f do exists for every f € Co(S), then v is a stationary measure.
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2. If [ f dv = limy_oo = [y" [T(t)f dov exists for every f € Co(S), and some increasing sequence
{tn;n > 1}, lim, o tn, = 00 then v is a stationary measure.

Definition 4.107. A Markov process X is said to be ergodic if there exist a unique stationary measure v
and

lim E,f(X:) = /f dv.
t—o0o
for every initial distribution o and every f € Cy(S5).
Note that if X is a stationary process, then we may extend it to be a process {Xy;t € R}. As with

Markov chains, we have:

Definition 4.108. A probability measure v is said to be reversible for a Markov process X if

Ey[f1(Xo) f2(Xe)] = Ey[f2(Xo) f1(X2)],
or in terms of the semigroup T,
/ HT(t) f2 dv = / FIT(t) fo du.

In other words, T'(t) is a self adjoint operator with respect to the measure v.

Proposition 4.109. If T is conservative, then a reversible measure is invariant.
Proof. Take fo =1 in the definition. O

Theorem 4.110. Suppose that T is a Feller semigroup on Cqy(S) with generator G and let v be a probability
measure on S. Then the following statements are equivalent:

1. v is reversible.

2. ffleg d/J, = ffleQ du fO?” all fl,f2 S D(G)
3. [ [1Gfs du = [ f1Gfs du for all f1, f2 € D, a core for G.

4. v is stationary. Let X be the Markov process obtained using the v as the distribution of Xy and
extending the time set to R. Then {X;t € R} and {X_;t € R} have the same finite dimensional
distributions.

Proof. (1 — 2) is straightforward and (2 — 3) is immediate. (3 — 1) is nearly identitical to the proof of a
similar statement for stationary measures.
(4—1)
EL[f1(X0) f2(Xi)] = Eu[f2(Xo) f1(X 1)) = Ey[fa(Xo) fr(X0)]-

(1 — 4) Now suppose that v is reversible. Then given
fO = 1)f17"'7fn7fn+1 =1¢c Cb(S)
and tg < - -+ < t,, define

n+1

-1
ge(@) = Eo[[ [ fs(Xe,—0)], and he(e) = Bo[ [T fu(Xeime,)].
k=1

k=(+1
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Set
i = [ (@) fu(w)hi(a) vlde).
Then . .
I()— H th to and In+1 H n+1 tk

Claim. IO = In+1~
Let 1 < /¢ <mn, Then

I, = /gefzhe dv /(géfe)T(tzH —to)(fex1heyr) dv

/T(té-H —te)(gefe)(fex1heyr) dv
= /9£+1f€+1h€+1 dv = Ip4q

because

n+1

T(terr —to)(fer1(@)heri(z)) = T(tepr —te) <f6+1 H Te( X, — tw)])
k=i12

n+1 ’ n+1

k=0(+1 k=0+1

and

£—1
T(teer = te)(ge(2) fe(2)) = T(tera —te) (Ez[H fk(&m)]f@(@)

k=1
¢
= T(tesr — t) B[ [ [ fe(Xt—00)] = ge11(2),
k=1

Interate this to obtain the claim.

However, by stationarity,

H th and I,y = Eu[H fk(X—tk)]'
Pt k=1

and 4 follows.

For a countable state space, the identity [ f1Gf2 dv = [ foG fidv becomes

Z Z F1(2)gay (f2(y x))viz} = Z Z Fo(@)gay (f1(y) — fr(x))v{z}.

T(terr —to)Bol [T feXmte)) = Bul [T f(Xenmto)] = hula),

73
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Simplifying, this is equivalent to
szl ga:ny V{x}—zz.f2 ga:yfl V{x}
or by changing indices

ZZfl gmny I/{l‘} 722‘/:2 ymfl V{y}

By writing f; and f5 as sums of indicator functions of sites in .S, we have that this statement is equivalent
to

V{z}gxy = V{y}gyac-

This is the equation of detailed balance.

Exercise 4.111. Find a reversible measure for a birth and death process and give conditions so that this
measure can be normalized to be a probability measure. Simplify this expression for the examples of birth and
death processes in the examples above.

4.10 One Dimensional Diffusions.
Let —oo <r_ <ry <+ocandlet I =[r_,ri]NR, int(I) = (r_,ry), and I = [r_,r4].
Definition 4.112. A diffusion on I is a Feller process with paths in Cr|0,00). A diffusion is called regular

if, for every x € int(I) and y € I,
P%{Ty < OO} > 07

where T, = inf{t > 0: X; = y}.

Example 4.113. Brownian motion is a one dimensional diffusion on R. The semigroup is

\/ﬁ/f (:c%) dy = \/%/Rf(ﬁy\/f)exp(—%) dy.

Then, for f € C*(R) N Co(R),

T(t)f(x) =

('D
»
"D‘

2

(T (@) - f2) = (o -+ yV) = J(@)) exp(~ ) dy

2

[V @) + 5 a0V expl =) dy

2

v (@ + oy Vi) exp(= ) dy

l\D\r—l w\}—l | =

S
3 3 3

for some 0 € (0,1). Thus, the generator

Gf(z) =5 f" (@)

2
Exercise 4.114. For X\ > 0, solve g = 2\g and use this to find the Laplace transform for exit times.
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Exercise 4.115. Let ¢ € C?(R) be increasing and let B be standard Brownian motion. Find the generator
of X = ¢oB.

The major simplifying circumstance for one-dimensional diffusions is the intemediate value theorem, i.e.,
if zy is between X and Xy, s < t, then X, = z( for some ¢ € (s,t). Regularity implies a much stronger
condition.

Theorem 4.116. Let J be a finite open interval, J C I and let 75 be the time of the first exit from J, then
if X is a regular diffusion on I

sup F,7; < o0.
xzeJ

Proof. We begin with a claim.
Claim. Assume that p; = sup,c; Pp{7; >t} <1, then

bty <

1—-ps

Write p,, = sup,¢; Pe{77 > nt}. Then
P A7y >+ Dt} <ppPo{rs > (n+ t|7y > nt} < pppy.
by the strong Markov property. Thus, p, < p’; and

E.7; =/ Pty > s} ds= Z/
0 n=0vm

(n+1)t t

1—ps

Pty >s}ds< th_’} =
t n=0

To complete the proof, set J = (a,b) and pick y € J. Then, by the regularity of X, there exists a t > 0
and p < 1 so that
Pr, >t} <p, P{m>t}<p.

Thus, for x € [y, b),
P {t; >t} < Po{m >t} < Py{m > t}.

For z € (a,y],
PI{TJ > t} < Px{Ta > t} < Py{Ta > t}

To set notation, for any open interval J = (a,b) with P,{7; < oo} =1 for all x € J, write
sJ(x) = Pm{’rb < Ta}.
Clearly, sj(a) =1 and s;(b) =0. If a < z < y < b, then by the strong Markov property,

sy(z) = Pu{ry < T0}s5(y).
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Lemma 4.117. s; is continuous and strictly increasing.

Proof. By the statements above, the theorem is equivalent to showing that for a < <y < b, Py{1, < 7}
is continuous, strictly increasing as a function of y and has limit 1 as @ — y. (This give right continuity.
Left continuity follows from a symmetric argument.)
To this end,
Pty <71,} = P{sup Xy >y} = Pp{sup X; >z} =1

t<T, t<Tq

because 7, > 0 a.s. P,
We now show that P,{r, < 7,} = 1 contradicts the regularity of X. Define stopping times & = 0,
Ont1 = inf{t > &, : Xy = z} = (&, {2}), &up1 = Inf{t > o,41; X: € {a,y}}. By the strong Markov

property at &,,
Py{& <00, Xe, =a} = Ey[Po{ra < 1y}; {&n < 00}] =0

and thus,
P {1, < o0} =0.

4.10.1 The Scale Function

Definition 4.118. Let X be a reqular diffusion on I. A scale function for X is a function s: I — R such
that for alla < x <b, a,be I,
(z) — s(a)

PAmy <7} = z(b) @)

If s(x) = x is a scale function for X, then we say that X is in its natural scale. In particular, if
x=(a+0b)/2, then Py{m, < 7o} = 1/2.

Exercise 4.119. 1. Standard Brownian motion is on natural scale.

2. s is uniquely determined up to an increasing affine transformation.

3. A process X is on natural scale if and only if Py{my < 7o} = 1/2 for every a,b € I and x = (a + b)/2.
Theorem 4.120. FEvery regular diffusion on I has a scale function.

Proof. If I is compact, then sy is a scale function. To see this, take I = [a,b] and a < ¢ < 2 < d < b. Then,
by the strong Markov property

Pte <} = Po{ra < 7} Pa{7a < o} + Po{te < Ta}Pef{7a < v}

_ sr(d) — si(a)
=P {ra < Tc}m

s1(c) — si(a)

si(z) — si(a)
s1(b) — sr(a)’

s1(b) — sy(a)

Solving, we obtain,

+ (1= P{re < 7a})

sr(x) — si(c)

Pl = @
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Now, we extend. Take {J,;n > 1} to be an increasing sequence of compact intervals with union T.
Moreover, if I contains an endpoint, then construct each J, = [an,b,] to include this endpoint. Define
Sn + Jn — Rinductively. §; = sz, and, for n > 1,

SJn1 ((E) STyt (an)
STt (bn) = STns1 (an)

§n+1 = gn(an) + (§n(bn) - §n(an))

Clearly, $,4+1(an) = 8n(ay), and 8,+1(bn) = 5,(b,). Repeat the argument above to show that 5,41 is
a scale function on J,,. Because §, is an affine transformation of s, 1 and the two functions agree at two
points, they must be equal on J,,.

Consequently, we can define, for = € J,,, s = §,,. O

Theorem 4.121. If X is a reqular diffusion on I, then X = s(X) is a regular diffusion in natural scale on
s(I).
Proof. Write @ = s(a), b= s(b), and 7, = inf{t > 0: X; = a}

Paffa < 75} = Pulr <) = S0 =2 = 2=

ISH

IS}

4.10.2 The Speed Measure

The structure threorem for jump Markov processes gives to each site z in a birth and death process, and
function A(z), that determines the length of time at x and a probability p, = P,{X,, = x + 1}, the bias in
direction.

For a one dimensional regular diffusion, the bias in direction is articulated through the scale function s.
The length of time near x is described by E,7;. In this section we shall show how these mean values can be
represented as integration of a kernel against a measure. To explain the kernel we have the following;:

Exercise 4.122. For a simple symmetric random walk Y on Z, and let 7 = min{n;Y,, € {M_, M, }},
M_ < M, and let Ny be the number of visits to y before 7. Then

E,7r=(x— M_)(M; —z),
and

-MOMe-z)

(= M_) (M ~y)
M. —_M_ x S
E,N, = { NN Y
Mi—M_ =

For a bounded open interval J = (a,b) define, for x,y € J

@-a)-y) o
- S,
Gj(l',y) = —Z a—w
wgibn 5,

Theorem 4.123. Let X be a one dimensional diffusion on I on natural scale. Then there is a unique
measure m defined on B(int(I)) such that



4 MARKOV PROCESSES 78

1. m is finite on bounded sets, B, B C int(I).

2. For a bounded open interval J,
mia,J) = Burs = [ Gotagym(ay).
J

Proof. Let {a = xg < x1 < -+ < x, = b} be a partition [a,b] into subintervals of length h = (b — a)/n.
Thus, z = a + hk Define Jy = (-1, Tg+1)-

The process restricted to the exit times of the intervals Jj is a simple symmetric random walk Y on
(b—a)+ hZ. Let o; denote the time between steps before 7; and zero after. Then for a partition point z,

o0
ExT] = E EIO'j.
Jj=0

and
n—1

Booj = BBl |V;]] = D Pu{Ys = wi}mlan, Ji)-
k=1
Let n(zk,, 1) denote the expected number of visits of the random walk to zj, starting at x,. Then, by the
exercise,

ko(n—k)
_) T tmsaw _ 14
n(xkoﬂxk) { k(n;ko) TE > Ty h (kaxk)'
Thus,
oo n—1 n—1 oo
EmTJ = Z ZPT{Y = xk}m J?k,Jk = Z ZPI{}/] = :z:k})m(:ck,Jk)

7=0 k=1 k=1 j=0

n—1 n—1 1

= n(x, zg)m(xg, Ji) = EGJ(x,mk)m(a:,Jk)

>
Il

1

~
Il

1

Define the measure m,, that gives mass m(zy, Ji)/h to the point zx. Then the formula above becomes,
mieyd) = [ Grtay) ma(ay)

Now consider succesive refinements, (say n = 2¢). Then the representation above holds whenever the
ratio (x —a)/(b—a) is a dyadic rational. This represenation above also implies that limsup,, . mn(J) < co.
Now use a variant of the Prohorov theorem to show that {mqe : £ > 1} has compact closure in the topology
determined by weak convergence. Let m be a limit point for the {my : £ > 1}, then for any finite open
interval J with dyadic rational endpoints, J C I,

m(x,J) = /JGJ(x,y) m(dy), Z:Z a dyadic rational.

By the bounded convergence theorem, this can be extended to all such open intervals J.
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To extend this to arbitrary y, use the strong Markov property to obtain the identity for (a, E) =J CJ,
m(x,J) = m(z, J,) + Po{ra < 1 }m(b, J) + P{ra > 13 }m(a, J).
Now let a,, and I;n be dyadic rationals a,, < z < Bn, then

lim m(a,J) = lim m(b,.J) = m(z,J)

n—oo n—oo

and by the representation for dyadic rationals,

lim m(z,J) =0.

n—oo

Exercise 4.124. The measure m is unique.
Definition 4.125. The measure m is called the speed measure for the process.

Exercise 4.126. 1. If X is not on its natural scale, then the speed measure m can be defined by

m(x,J) = /JGJ(;E,y) m(dy)

with (s(2)—s(a))(s(b)—5(u))
s(xr)—s(a S —S "_l/
Gy = S(b)—s()) Ty
J(z, (W-sasb=s@) <,

s(b)—s(a)) -

2. Let X be standard Brownian motion, then for J = (a,b),
E.r;=(x—a)(x—Db).
Thus, the speed measure is Lebesgue measure.
3. Conwversely, if the speed measure is Lebesque measure, then for J = (a,b),

E,7;=(z—a)(zx—0).

4. Use the standard machine to prove that for a bounded measurable function,
TJ
B[ 1 at = [ )Gty midy
0

Theorem 4.127. Let X be a reqular diffusion on natural scale with speed measure m and let X be the unique
solution to

Xo =Xy oz as

Then, X is a Feller process on natural scale with speed measure

(A) = /A o(@)~! m(dz).
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Proof. Set
t
ot :/ c(X,) ds.
0
Then, as before

t:/ VC(XS) ds.
0

Denote R
To=inf{t >0: X, =a} 7,=inf{t>0:X;=a}.

Then
Pw{%a < 7~'b} = Pw{Ta < Tb}.

Thus, X is on natural scale. R
Let 77 be the first exit time of X from J. Then

TJ 1
T] =0z T —/ ds
J = O or Tj5 = .
v o o(Xs)

Taking expectations, we obtain
TJ
By =Bl (X7 dd = [ Gulopets) ! midy).
0 J
Thus, X has the asserted speed measure. O

4.10.3 The Characteristic Operator

Because we are working with exit times in the definition of the speed measure, it is convenient to continue
this idea to give an operator similar to the generator.

Definition 4.128. Let x € ini(I), then
lim ¢(J)=1L

means that for any system of open sets {Jn;n > 1} decreasing to the point x, we have

lim ¢(J,) = L.

n—oo

Definition 4.129. Let X be a reqular diffusion on I. The characteristic operator
E.f(X;,) —

o J—{z} EmTJ

The domain of C' is the subspace of all f € Co(I) for which the limit above exists.

Theorem 4.130. Let X be a reqular diffusion on I with generator A. Let f € D(A)ND(C), then Af(x) =
Cf(x) for all x € int(I).
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Proof. Choose f € D(A), and z € int(I). Set g = Af. Then Dynkin’s formula states that

E,[f(X.,)] = f(z) + B / " g(x,) dsl.

for an interval J, J C int(I). Choose € > 0 so that g(J) C (g(x) —€,g(z) + €). Then,

glz) —e< Exf(XET:iJ_ f(@) <g(x)+e

and Cf(z) = Af(x). O

Theorem 4.131. If X is a reqular diffusion on the line on natural scale and with speed measure equal to
Lebesgue measure, the X is standard Brownian motion.

Proof. Let A be the generator for X and let C' be its characteristic operator. Then, because R is open,
D(A) C D(C). Write an interval containing = as J(A,€) = (x + Ae,z — (1 — N)e), A € (0,1). Then,

EoTiine = A1 = N)e.

For f € C*(R),
Ef(Xr,0.0) =0 =Nf(@+Xe) + Af(x — (1= Ne).

and
Ef(Xr,0.0) = f(2) = A= N)(f(z+Ae) = f(2) + Af(z — (1 = AN)e) — f(=)).
Now, choose sequences ¢, — 0 and A, € (0,1). Then, by L’Hopital’s rule

El'f(XTJ(ﬁn,)\n)) - f(x) (1 - /\n)(f(m + Anen) - f(JC)) + >\7L(.f(x B (1 - >\n)6n) B f(l‘))

li = 1
A Eoty(en, An) s ML= An)e
! >\n n —(1- )\n n 1
= lim ! (x+ ¢ )+2f(x ( )6 ) = §f”($)
n—o0 €n

O

Set aside for the moment behavior in the boundary of I. Beginning with any scale s and any speed
measure having a density ¢, we can transform it to Brownian by a change of scale and a time change. Thus,
by inverting these transformations, we can transform a Brownian motion into a regular diffusion having scale
and speed measure [ 4 ¢(z) dx. This shows, among this class of scales and speed measure, that the behavior
of a regular diffusion is uniquely determined in the interior of I by these two properties of the diffusion.

For diffusions X in this class, the generator takes the form

1 d? d
A= ia(x)@ + b(z)%, a(z) > 0.

Let x¢ € I and define
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Then s is a harmonic function
For J = (a,b) C int(I), we have by Dynkin’s formula,

s(x) = s(a)P{X,, = a} + s(b)P{X,, = b}.

Therefore, s is a scale function.

Now, use the chain rule to see that s(X) has generator

1 L o &2
§a(x)s (z) ek

Thus, the speed measure has density 1/(a(z)s’(z)?).

Example 4.132. 1. The radial part of an n-dimensional Brownian motion R is called a Bessel process.
In this case, I = [0,00) and
1 d? n—14d

A=se T @

2. The Ornstein-Uhlenbeck process is obtained by subjecting particles undergoing physical Brownian mo-
tion to an elastic force. The generator is
o? d? d

Sa2 Mg TR

A =
3. Financial models of stock prices use geometric Brownian motion. Here, I = (0,00) and the generator
18
o d?

A= S rm

erx%.

4. A diffusion approximation of a neutral 2 allele model with scaled mutation rates pg and py is

A= te(-0 D 4 = pe— o)L, 1= 0]
- Qx z A2 H1T Ho z dl" — Y -
Exercise 4.133. 1. Find a scale function and the speed measure for the four examples above.

2. Show that a normal distribution is stationary for the Ornstein- Uhlenbeck process.

3. Show that a beta distribution is stationary for the diffusion in example 4.

4.10.4 Boundary Behavior

We now have a good understanding of the behavior of a regular diffusion on int(I). We conclude by examining
its behavior at the boundary.

Definition 4.134. Let I = [r_,r.] N R. The r is called an accessible is there exists t > 0 and x € int(I)
such that

inf  Py{r, <t} >0.
{ye(@,rs)} {m <t}
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If r4 is inaccessible, call it natural if there exists t > 0 and y € int(I) such that

inf Py{r, <t} >0.
{ye(z,r)} m<t)

Call it entrance if for allt > 0 and y € int(I) such that
lim Py{r, <t} =0.

T—T4

An accessible boundary may or may not be reqular. If it is not, then call the boundary point an exit.
Corresponding statements hold for r_

In schematic form, we have

ri —int(l) | ry /4 int(])
int(/) — ry regular exit
int(I) /ry | entrance natural

Theorem 4.135. Fix xg € I and define

Then r4 is accessible if and only if u(ry) < oo

Proof. Let J = (zo,74+). By the lemma, for y € J

T4

> E,t; = G(y,2) m(dz)
S) =35 [ st mlds
S(m_s(m/y (5(2) - s(0)) m(d2)
s(ry) = s(y)

s(r+) — s(zo) (u(rs) — uly) = s(zo)m(y, r+)).

Because m(z,y) < co and u(y) < oo, we have that u(r;) < oo.

Conversely, assume that u(r;) < oo and choose z € (z),7; ). Then,
E,7ny = lim m(z, (zg,y / G (zo,y)(,5) m(dz).
y—rp—
Note that,

E, 1., is nondecreasing as x incresing.
and that
v 2s(rs) — s(a) / 2(s(c) — s(xo) /

Gzo)(@,8) m(dz) = —F——~—F= s(z)—s(xg)) m(dz)+ ————"< s(rg)—s(z)) m(dz).
| Gt sy miaz) = GEE I [ (0(2) = tmo)) mia2)+ 5 7 ST [ atro) <2
This tends to zero as x — ry. Thus,

lim E,7p, =0

T—ry

and ry is accessible. O
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5 Stochastic Integrals

In this section we develop the theory of stochastic integrals with the primary intent to apply them to the
study of a class of Markov processes having continuous sample paths.

The theory of Riemann-Steitjes integral applies readily to continuous functions having finite variation on
compact intervals. Thus, we can readily obtain a stochastic integral for

(X V)olw) = / X, (w) dVa(w).

for
1. progressively measurable continuous V' having finite variation on compact intervals, and
2. progressively measurable continuous X bounded on compact intervals.

To extend this to continuous martingales, we must take into account the following.

Exercise 5.1. Let M be a martingale with EM? < oo for all t > 0. Then, for s,t > 0,
Var(Mgi|Fe) = BIMZ | F] — M{ = B[(Myyy — My)?|F).

Thus
E[(Mgyt — My)?] = E[MZ,, — M7].

Definition 5.2. A partition I of [0,T)] is a strictly increasing sequence of real numbers 0 =tg <t; < -+ <
t, = T. A partition II of [0,00) is a strictly increasing unbounded sequence of real numbers 0 = tg < t; <
coe <t limg ot = 00, The mesh(Il) = sup{tg4+1 — tx; k > 0}

For any process X and partition IT = {tog < ¢; < -+ <t ---} of [0,00), define the simple process

XtH = Z th I[tk,tk+1) (t)
k=0

Theorem 5.3. A continuous martingale having finite variation on compact intervals is constant.

Proof. By considering the martingale M, = M, — My, we can assume that My = 0. In addition, let o, be
the time that the variation of M reaches C'. Then by considering the martingale M?<, we can assume that
M has variation bounded above by c.

Now, let T ={0=1ty <t; < -+ < tp_1 < t, =t}, be a partitions of [0, ], then

E[(M;

j+1 J+1 i+l Mtj H

EM? =Y E[M?, — M| =
j=1

— M)} < nE M,
> ;)] < nE[ max |M,

J

The random variable maz;< jgk|Mtj+1 - Mtj| is bounded above by ¢ and converges to 0 almost surely as the
mesh of the partition tends to 0. Thus,

EM? =0 and M; =0 a.s.
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5.1 Quadratic Variation

Definition 5.4. For the partition II, 0 = tg < t; < -+ < t---, of [0,00), the quadratic variation process
of a stochastic process X along 11 is

oo
Qi'(X) = Z(Mmin{t,tj+1} = Moinge,1)°-
j=1
We say that X has finite quadratic variation if there exists a process (X, X) such that
QMN(X) =P (X, X); as mesh(IT) — 0.

Theorem 5.5. A continuous bounded martingale M has finite quadratic variation (M, M), that is the unique
continuous increasing adapted process vanishing at zero such that

M — (M, M),
is a martingale.
Proof. The uniquess of (M, M) is easy, let A and B be two such processes. Then,
Ap— By = (M} — By) — (M} — Ay)

as the difference of two martingales is itself a martingale. Because it has finite variation on compact intervals,
it is constant. O

For existence, we will prove:

Theorem 5.6. If {Il,;n > 1} is a sequence of partitions of [0, 00) with mesh(Il,) — 0 then

lim B[ sup (Q}" (M) — (M, M),)] = 0.

n—oo  g<t<T

Exercise 5.7. Let B denote stangard one-dimensional Brownian motion. With the partitions 11,, described
as above, show that QtH”(B) —L"t asn — .

For this, we will introduce a second sequence I"™ of process, which we shall later recognize as the approx-
imation to the stochastic integral fot M dM,. Write I, = {0 =t <t} <--- <t}---}, then

(oo}
M, _
I = ZMmin{t,t';;}(Mmin{t,t;;H} — Mmin{t’t,,,:}),
k=0

Exercise 5.8. 1.
M2 — M2 = Q™ (M) + 21}, (5.1)

2. I'' js a mean zero martingale. Consequently, M7 — QtH" (M) is a mean-zero martingale.
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Lemma 5.9. Choose ¢ > sup,sq |M;|, then
E[(1)?) < .

Proof. The quadratic variation of I''» associated with II"

IH” Z mln{t tn} mln{tvtk+1} Mmin{t7t2})2 S C2Q{In (M)

Thus,
EQ;"(I")] < E[Q{" (M)] = CE[M] — Mg] < ¢!

Lemma 5.10. With ¢ > sup,q | M/,

lim E[ sup (I —I}')}] =0. (5.2)
mn—00  g<t<T

Proof. Write
HnUHm:{U0<U1<"'<uk~~'}.

Then

oo

11, 11, II,, 1L,
It It Z(Mmm{t wg } Mmin{t,uk})(Mmin{t-,uk+1} - Mmin{t,uk})
k=1

is a mean zero martingale, and therefore, (I — I;')2 — Q' Mm ([Mn — [Tm) is by the exercise, a mean
zero martingale.. Thus,

H’VYLUH’VYL HTL Hm J— H”L H’IYL 2 2
t (I -1 ) - Z Mmm{t ug } Mmin{t,uk}) (Mmin{t,uk+1} - Mmin{tvuk})
k=1

< sup (M = M)PQ T (M),
0<s<t

By Doob’s inequality, and then by Schwartz’s inequality, we have,

E sup (I — 1)) < AB[(Il — 1)) = 4B[QR 1 (1M — )]
0<t<T
< 4B[ sup (M — M) EQYR (Ar)] 2.
0<t<T

In addition,
EIQIUTn (MY?] < 2(B[(MF — M3)?] + 4B[(IF"V)7) < 126"

Finally, SuPogth(MtH" — Mtn*")4 is bounded and converges to zero almost surely as m,n — oo. Thus, by
the bounded converges theorem, its expectation converges to zero and (5.2) holds. O

Returning to the proof of the theorem.
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Proof. The continuous processes I are Cauchy in the norm || X —Y||2,7 = E[supg<,<p(X; — Y;)?]'/2, thus,
by (5.1). so is Q"= (M). Because the space is complete and the convergences is uniform almost surely, the
limit Q(M) is continuous. Choose, if necessary, a subsequence that converges almost surely.

Write II,, = U_;1I,,. Then for any s,¢t € II,,, s <t

QI (M) > QU (M).

Consequently, (M) is nondecreasing on the dense set U3 |II,,. Because Q(M) is continuous, it is nonde-
creasing. Finally, that fact that M2 — Q. (M) is a martingale can be seen by taking limits on the expectations

E[M? — Q" (M); A] = BE[M? — QU (M); A, A€ F,, s<t.

O
To extend this theorem to the broader class of local martingales.
Proposition 5.11. Let M be a bounded continuous martingale and let T be stopping time. Then
(MT,M7), = (M, M)].
Proof. By the optional sampling theorem,
(M7)? — (M, M)".
is a martingale. Now use the uniqueness of the quadratic variations process. O

Theorem 5.12. A continuous local martingale M has associated to it (M, M), the unique continuous in-
creasing adapted process vanishing at zero so that

M? — (M, M),

s a local martingale.
In addition, for any T > 0 and any sequence of partitions {IL,;n > 1} of [0, 00) with mesh(Il,,) — 0 then

sup |Qi'" (M) — (M, M),| =" 0
0<t<T

as n — oQ.

Proof. Choose {7,,;m > 1} be a reducing sequence for M so that M™ I, ¢y is bounded. Let Q™ (M)
denote the unique continuously increasing process, Q' (M) = 0 so that

(M™)?1 (7, 50y — Q™ (M)
is a bounded martingale. By the uniqueness property and the proposition above,
QI (M))™ = Q™ (M)

on {7, > 0}. This uniquely defines (M, M) on [0, 7, ].
For the second statement, let €, > 0. Choose mq so that

P{1p, >T} <é.
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Then, on the random interval [0, 7y, ],
Qi (M™0) = Q' (M) and (M7 MT™m0), = (M, M),.
Consequently,

P{ sup Q" (M) — (M, M) >e} <3+ P{OgungQ?“MW) — (Mo, M), > €}.
<t<

0<t<T
The last term tends to 0 as mesh(II,,) — 0. O

For any quadratic form, we have a polarization identity to create a bilinear form. That is the motivation
behind the next theorem.

Theorem 5.13. Let M and N be two continuous local martingales, then there is a unique continuous adapted
process (M, N) of bounded variation vanishing at zero so that

MNy — (M, N);
is a local martingale.
In addition, set, for the partition I1 for 0 =ty <t; < -+ <tg---, limg_ ot = 00.
oo
OtH(M7 N) = Z(Mmin{t,tj+1} - Mmin{t7tj})(Nmin{t7tj+1} - Nmin{t,tj})'
j=1
Then, for any t > 0 and any sequence of partitions {I,;n > 1} of [0,00) with mesh(Il,,) — O then

sup (CI'(M,N)— (M,N),) =T 0

0<t<T
asn — oo.
Proof. Set
(M, N}, = (M + N, M + N),) — (M — N, M~ N}
and use an appropriate reducing sequence. Uniqueness follows are before. O]

Definition 5.14. We will call (M, N) the bracket of M and N and (M, M) the increasing process associated
with M

Exercise 5.15. 1. For a stopping time 7, (M™,N7) = (M,N7) = (M,N)".
2. (M, M) =0 if and only if My = My a.s. for everyt.

3. The intervals of constancy of M and (M, M) are the some. (Hint: For constancy on [a,b], consider
the martingale 0% Moyin,—a} -)

4. The brackets process is positive definite, symmetric and bilinear.

5. If M and N are independent, then (M, N) is zero.
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For any positive definite, symmetric and bilinear form, we have
Proposition 5.16 (Cauchy-Schwartz). Let M and N be continuous local martingales. Then
[(M.N): = (M, N)| < (M, M) — (M, M);)"" ((N.N)e = (N, N);)" /2.

Soon, we shall develop the stochastic integral. We will begin with a class of simple functions and extend
using a Hilbert space isometry. The Kunita-Watanabe inequalities are central to this extension.

Proposition 5.17. Let M and N be local martingales and let H and K be measurable processes, then

t t 1/2 t 1/2
[ raorn < ([ maonan.) ([ k2w,
0 0 0
Proof. By the standard machine, it suffices to consider H and K of the form
K = Kolpoy + ) Kilt, e, H=Holtoy + ) Hili, )
Jj=1 j=1
with 0 =ty < - <tp_1 <t, =t..
Use the Cauchy-Schwartz inequality for sums.
t n
[ HEAQLNL] < ST IHGE (M, Ny, — (4N
0 =
= 1/2 1/2
< Z |HjKj‘ (<Ma M>tj+1 - <M7 M>t]) (<N7 N>tj+1 - <Na N>t])
j=1
1/2 1/2
n n
< ZH]Z(<M’M>tj+1—<M7M>S) ZKJZ(<N’N>tj+1—<N7N>t])
j=1 j=1

= </Ot H2d(M, M>s>1/2 </Ot K2d(N, N)S)W.

Applying the Holder inequality yields the following.

Corollary 5.18 (Kunita-Watanabe inequality). Let p and q be conjugate exponents. Then

E [ (/Ot HZ2d(M, M>)1/2 (/Ot K2d(N, N>>1/2

We now introduce the class of processes that will become the stochastic integraters.

/Ot H K d(M, N)H <

Lr La
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Definition 5.19. An continuous F;-semimartingale is a continuous process which can be written
X=M+V (5.3)

where M is a continuous local martingale and V is a continuous adapted process having finite variation on
a sequence of stopping time {T,;n > 1}, lim,, o 7, = 00 bounded time intervals.

Exercise 5.20. 1. Show that V' has zero quadratic variation.

2. Using the notation above show that (M, V) = lim C»(M,V) =0.

mesh(Il,,)—0
3. If Vo =0, show that the representation in (5.3) is unique.

Thus, if X +V and Y + W are semimartingales using the representation above with M and N local
martingales and V' and W processes having bounded variation on bounded intervals, then

(X,Y) = (M, N).

5.2 Definition of the Stochastic Integral

Stochastic integration will begin proceed using the standard machine. The extension of the stochastic integral
in the limiting process will be based on a Hilbert space isometry. Here are the spaces of interest.

Definition 5.21. 1. Define H? to be the space of L*-bounded martingales. These are martingales M,
such that

sup EM}? < oo.
>0

Use H3 for those elements M € H? with Mg = 0.

2. For M € H? define L2(M) to be the space of progressively measurable processes K such that
K[l = B - (M) = B[ [ K2 d(M. )] < o,
0

If M € H?, then M is a uniformly integrable martingale, the its limit exists and is in L?(P). Thus we
can place the following norm
M]3 = EMZ,.

Proposition 5.22. A continuous local martingale M is in H3 if and only if E(M, M), < co. In this case,
M? — (M, M) is a uniformly integrable martingale.

Proof. Let {r,;n > 1} be a sequence that reduces M. Then,
E[MZ ity Lira>0y] = BUM, M)inge ry Iz, >0y] = EIMG Iz, 501
Because M7, € L*(P), we can use the dominated and monotone convergence theorem to conclude that

BIMZ] - E[(M, M)x] = E[Mg]
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and E(M, M) < o0
Conversely, by the same equality,

E[M gt ry Lira>0y] < EIM, M)o] + B[MG] < C.

By Fatou’s lemma,
EM2 < liminf E[M, mm{t ) {.,-n>0}] C

n—oo

Thus, {Myin{t,rn} I{r,>03;7 > 1, > 0} is uniformly integrable. Take s < ¢ and A € F;, then

E[Mth] = lim E[Mmin{t,Tn}I{Tn>O};A} = nh_{r;OE[Mmin{s,'rn}I{'rn>O};A] = E[MSaA]

n—00

and M is a martingale.
Finally, note that
Sglef — (M, M| < (M?)%, + (M, M),
>0
an integrable random variable and thus {M? — (M, M);t > 0} is uniformly integrable. O
Note that ||M||32 = E{M, M)

A simple process has the form,

K = Kol + Z Kl o)
j=1

To be progressive, we must have that K is F;,_,-measurable. The stochastic integral

n
(K- M) = /K dM, = ZK (My, | — My)).
Jj=1

Note that
E(KM)2 :E[ Kj(Mtj _Mtj—l)Kk(Mtk _Mtk—l)]‘

If j < k,

E[K;(My; — My, ) Ky (My, — My, )] = E[K;(My, — My, )KpE[My, — My, |Fy,_,]] = 0.

Thus,
E(K-M)?® = E[} Kj(M,—M,_,) ZK2 (My, = My, )| F, ]
j=1
E KIE[(M? - M | |F,_ ]| = ZK2 (M, M), — (M, M), ,|Fe;_,]]

B3 KM, M)y, = (M) )] = BL| K2 dlt, 00.] = |11y
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Thus, the mapping
K—-K-M

is a Hilbert space isometry from L? to £L2(M).

Exercise 5.23. Let N and M be square integrable martingales and let H and K be simple adapted functions,
then
E[(K-M)(H - N)] = E[(KH - (M,N))].

Theorem 5.24. Let M € H3, then for each K € L*(M), there is a unique element K - M € H3, such that
(K-M,N)=K-(M,N).
Proof. To verify uniqueness, note that if M1 and M? are two martingales in H3, such that
(M', Ny = (M? N) for every N € HZ,

Then,
(MY — M?, M — M?) = 0.

and M! — M? is constant, hence 0.

By the Kunita-Watanabe inequality,
] / K, d(M, N))| < N1z 16| 22 a0

Thus the map
N — E[K - (M, N)]

is a continuous linear functional on H2. Consequently, there exists an element K - M € H? so that

E[(K - M)ooNoo| = E[(K - (M, N))oo].

Claim. (K -M)N — K - (M, N) is a martingale.

Recalling that element in HZ are uniformly integrable. Thus, for any stopping time 7, we have

= E[(K-M)oNL]=E[K - (M,N"))x]
(K- (M,N)")oc] = E[(K - (M, N))]

By the uniqueness of the covariation process, we have that (K - M, N) = K - (M, N)

E
E
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This also shows that
|K - M|[32 = E[(K - M)2)] = E[(K*- (M,N))oo] = [|K|[£2(a)

and thus
K—K-M

is an isometry.

Definition 5.25. The martingale K - M s called the 1t6 stochastic integral of K with respect to M. It is
often also denoted by

t
(K-M)t:/ K, dM,.
0

From out knowledge of Riemann-Stieltjes integrals, we have that

t t t
J, = / K, d(M,N), implies / H, dJ, = / H,K, d{M,N),.
0 0 0

We would like a similar identity for stochastic integrals, namely

t t t
Y, = / K, dM, implies / H, dY, = / H,K, dM,
0 0 0
This is the content of the next theorem.

Proposition 5.26. Let K € L2(M) and H € L*(K - M), then
(HK)-M = H - (K - M).

Proof. Apply the theorem above twice to see that (K - M, K - M) = K2(M, M). Thus, we have H - K €
L%(K - M). For N € H3, we also have

(HK)-M,N)=(HK) - (M,Ny=H - (K- (M,N))=H - (K-M,N)y=(H -(K-M),N).
Now use the uniqueness of in the definition of the stochastic integral. O
Proposition 5.27. Let 7 be a stoppping time, then
K-M"=Kljo-M=(K-M)".

Proof. Claim. M™ = Ijg - - M.

Choose N € H2,
<MT7N> = <M7N>T :I[O,T] : <M7N> = <I[0,T] M7N>

Now use the preceding proposition,
K-M"=K-(Ijgq-M)=Klg,-M=1Ig K -M=1Ig., (K-M)=(K-M)",

which completes the proof. O
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We now we shall use localization to extend the definition of the stochastic integral.

Definition 5.28. Let M be a continuous local martingale, then E%OC(M) is the space of progressively mea-
surable functions K for which there exists an increasing sequence of stopping times {7,;n > 1} increasing
to infinity so that

E[/ K2 d(M,M),] < co.
0

Exercise 5.29. For any K € E%OC(M), there exists a continuous local martingale K - M such that for any
continuous local martingale N,
(K-M,N)=K-(M,N).

Definition 5.30. 1. Call a progressively measurable process K locally bounded if there exists a sequence
of stopping times {T,;n > 1} increasing to infinity and constants Cy, such that K™ < C,,.
2. Let K be locally bounded and let X = M+V be a continuous semimartingale, Xy = 0, the Itd stochastic
integral of K with respect to X is the continuous semimartingle
K- X=K M+K-V
where K - M is the stochastic integral defined above and K -V is the usual Stieltjes integral.
Exercise 5.31. The map K — K - X has the following properties:
1. H- (M-X)=(HM)- - X.
2. (K-M)" = (Kljps) M)=K-M".
3. If X is a local martingale or a process of finite variation, so is K - X.

4. If K is an progressively measurable simple function,

K= K()I{()} + E KjI(tj_htj]? O=to<t1 <+, hm tj = 00,
Jj=1

then

o0

(K ) X)t - ZKJ (Xmin{t,tj} - Xmin{t,tj,l}~
j=1

Theorem 5.32 (bounded convergence theorem). Let X be a continuous semimartingale and let {K™;n > 1}
be locally bounded processes converging to zero pointwise with |[K™| < K for some locally bounded process K,
then for any T > 0 and € > 0,

lim P{ sup [(K" X): >e€e}=0.

n—oo 0<t<T
Proof. If X is a process of finite variation, then we can apply the bounded convergence theorem for each
w € Q.

If X is a local martingale and it 7 reduces X, then by the bounded convergence theorem, (K™)™ converges
to zero in £2(X™) and thus (K™ - X)™ converges to zero in H?. Now repeat the argument on the convergence
of the quadratic variation over a partition for a local martingale. O
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Exercise 5.33. Let K be left-continuous and let {II"™;n > 1} be a sequence of partitions of [0,00), with
"={0=1ty <ty <---}, mesh(II") — O, then

lim P{ sup |(K-X);— ZKf" . Xmin{t,t;"} - Xmin{t,t}al}| > et =0.

n—00 0<t<T
j=1

Exercise 5.34. 1. Let X be a continuous semimartingale and let the stochastic integrals H- X and H - X
exists, then for a,b € R

t t t
/(aHs+bK5) X, :a/ H, dXSer/ K, dX,.
0 0 0

2. Let X and X be two continuous semimartingales and let K and K be two predictable locally bounded
processes. Prove that if the finite dimensional distributions of (K, X) and (K, X) agree, then so do the
finite dimensional distributions of (K, X, K - X) and (K,X,K - X).

5.3 The Ito Formula

The It6 formula is the change of variable formula for stochastic integrals. The formula gives explicitily the
decomposition of functions of a semimartingale as a local martingale and a process of bounded variation.

Proposition 5.35. Let X be a continuous semimartingale, then
t
X2 =Xx; +2/ Xg dXs+ (X, X);.
0

Proof. Let {II";n > 1} be a sequence of partitions of [0,00), II" = {0 = ¢ < ¢§ < ---}, mesh(II") — 0.
Expand to obtain,

Z min{t,t;} min{t,tj,l})2 = Xt2 - Xg -2 ZXmin{t,tj,l}(Xmin{t,tj} - Xrnin{t,tj,l})'

j=1 j=1
Then,
Z min{¢,t;} Xmin{t,tj,l})2 - <X, X>t
j=1
and - ,
ZXmin{t,tj,l}(Xmin{t,tj} - Xmin{t,tj,l}) - / X dX
j=1 0
uniformly in probability on compact intervals. O

Corollary 5.36. (Integration by parts formula) Let X andY be continuous semimartingales, then

t t
Xthzxon/ X, dYs+/ Y, dX, + (X,Y),.
0 0



5 STOCHASTIC INTEGRALS 96

Proof. The corollary follows from polarization of the identity in the previous proposition. O

Example 5.37. Let B be standard Brownian motion, then

t
Bf—t:/ B, dB,.
0

Definition 5.38. A d-dimensional vector (continuous) local martingale is an R¥-valued stochastic process
X = (XY,..., X% such that each component is a (continuous) local martingale. A complex (continuous)
local martingale is one in which both the real and imaginary parts are (continuous) local martingales.

Theorem 5.39 (It6 formula). Let f € C*(R4R) and X = (X',..., X%) be a vector continuous semimartin-
gale, then f o X is a continuous semimartingale and

) dX? 4 = ZZ/ axlaxj S) d(X, XY,

Thus, the class of semimartingales is closed under composition with C?-functions.

f(Xe) =

Proof. If the formula holds for f, then, by the integration by parts formula, the formula holds for g(z) =
2¥ f(x). Thus, the It6 formula holds for polynomials. Now, for any compact set K, stop the process at Tx.
By the Stone-Weierstrass theorem, any f € C?(K,R) can be uniformly approximated by polynomials. Thus
the formula holds up to time 7x by the stochastic dominated convergence theorem. Now, extend the result
to all of RY. O

From a vector semimartingale X we often write the stochastic integral

d t
Yt=Y0+2/ Hy dX;
i=170

in differential form

dY, = Z H! dX'.

Using this notation, the It6 formula becomes

f(Xe) + Z o, K0 AX{ ZZ a:c ax] o) (X, X)s.

Example 5.40. 1. let f : R x Rt — C satisfy

or 10 _
ot 20x2
Then, if M is a local martingale, then so is the process {f(My, (M, M));;t > 0}. In particular,

E(AM)—exp(/\Mt—%2<M M), XeC
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is a local martingale.

This local martingale satisfies the stochastic differential equation

dYy = \Y; dM;.

2. Note that for standard Brownian motion,

2

exp(AB; — %t)

is a martingale. Use the standard machine to show that

/)= [ 0 as -5 [ ser is)

3. If B is a d-dimensional Brownian motion and if f € C?(R* x R%), then

¢
f(t, Bt) —/0 (%Af + %)(S,BS) ds

is a martingale.

is a martingale. Thus, if f is harmonic in R%, then f o B is a local martingale. In addition, %A 18 the
restriction of the generator of B to C?(R).

Exercise 5.41. If B = (B',..., B%) is d-dimensional Brownian motion then (B', B7) = §;;t.

Example 5.42. If f : R? — R is a function of the radius, then the Laplacian can be replaced by its radial
component. Writing Ry = |B:|, we have

f(taRt)—/O (Gf—|—g—{)(s,Rs) ds

is a martingale if G is the generator for the Bessel process in d dimensions.
Check that s(r) = Inr is a scale function for the Bessel process in 2 dimensions and that s(r) = —r
is a scale function for dimension d > 3. So if r; <r <r,, then

s(ro) — s(r)
s(ro) = s(ri)’

2—d

PAr,, >7.} =

Now let r, — oo, then for d = 2,
PAr,, <oo}=1.

Thus, in 2 dimensions, Brownian motion must return infinitely often to any open set containing the origin.
Ford >3
i\ 42
PAr, <oo}= (;)
and Brownian has a positive probability of never returning to a given neighborhood of the origin. In short,

Brownian motion is recurrent in dimension 2 and transient in dimensions higher than 2. This conforms with
similar results for random walks.
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Theorem 5.43 (Lévy’s characterization theorem). Assume that X is a R? valued stochastic process satis-
fying Xo = 0. Then the following are equivalent.

1. X s d-dimensional standard Brownian motion.
2. X is a continuous local martingale and (X', X7) = §;;t.

Proof. 1 — 2 is the exercise above.
(2 — 1) Take A =i and M = ¢ - X in the exponential martingale, then

(M, M), = |¢*t
and we have the local martingale
. 1
exp(i€ - X¢ + §|§|2t)-

Because it is bounded, it is a martingale. Thus, for s <t

Blexp(i€ - X, + 3|EP0IF] = explie - X, + 3JePs)

or

Blexp(it - (X, — X,)| 7] = exp(— 56t — 5)).

Thus, X has stationary and independent Gaussian increments and X; has a normal distribution with the
identity matrix as its covariance matrix. Thus, it is standard Brownian motion. O

5.4 Stochastic Differential Equations

Definition 5.44. Let f and g be adapted functions taking values in RY" and R? respectively and let B be
a standard r-dimensional Brownian motion. Consider the stochastic differential equation

T t t
j=1"90 0

or, in vector differential form,
dX: = f(s,X) dBs + gi(s, X) ds.

A solution is a pair (X, B) of Fi-adapted processes that satisfy this equation.
The variety of notions of equivalence for stochastic processes leads to differing definitions of uniqueness
of uniqueness for solutions to stochastic differential equations.

Definition 5.45. 1. Let (X, B) and (X, B) be two solutions on the same probability space with the same
filtration and the same initial conditions. Then the stochastic differential equation above is said to
satisfy pathwise uniqueness if X and X are indistinguishable.

2. Let (X,B) and (X, B) be two solutions so that the distributions of Xo and X are equal. Then the
stochastic differential equation above is said to satisfy uniqueness in law if X and X are two versions
of the same process.
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We will be focused on pathwise uniquesness. We begin with the basic estimate used to study the
dependence of a solution on initial condiations.

Theorem 5.46. (Gronwall’s inequality) Let f,g:[0,T] — R be continuous and nonnegative. Suppose

t
fit) < A+/ f(s)g(s) ds, A>0.
0
Then, fort € [0,T],
t
Aex ds).
1) < Aexp( [ o(s) ds)
Proof. First suppose A > 0 and set ,
h(t)=A +/ f(s)g(s) ds.
0

Thus h(t) > 0. Then,

h(t) = f(s)g(s) < h(t)g(t) or
Integration gives
t
16 < h0) < Aesp( [ g(s) ds)
0
For A = 0, take limits to see that f is the zero function. O

The basic hypothesis for existence and uniqueness that we will use is an assumption of the following
Lipschitz condition.

Let z,& € Cgrr[0,00). There exists a constant K such that for every ¢t > 0,

F(t2) = F(L3)| + lo(t.2) — g(t.)| < K sup l, — & .

Theorem 5.47. Let F; be a right-continuous complete filtration on (2, FP) and let Z be a continuous
r-dimensional semimartingale. If the progressive process f(t,X) satisfies the the Lipschitz condition above

and if for every t > 0,
s 2
E[ sup (/ f(r, @) dr) ] < o0,
0<s<t 0

where T is a constant function for some xg € R", then there is a pathwise unique process X such that

t
X, =a+ / f(s,X) dZ,.
0

Proof. Note that the Lipschitz condition guarantees that if the condition above holds for one choice x( then
it holds for all z € R".

Write the semimartingale Z = M + A in its canonical decomposition. Let |A|; denote the variation of A
up to time t
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Case 1. The measures associated to (M, M) and | A| are absolutely continuous with respect to Lebesgue
measure and for all ¢ and j. o
SV
d(M*, M), <1, d| Al
dt - dt

<1

Fix x € R" and define the mapping

(SU), = m+/0 £(s,U) dZ,.

and the norm

U= VI3, = El sup |[Us —Vif.

0<s<t
Then, by the Doob and Cauchy-Schwartz inequality.
ISU - SVI3, < 2E[Os<ur<>t| ; (f(r,U) = f(r,V)) dM,[?] +2E[Os<ur<>t| ; (f(r,U) = f(r,V)) d|A,?]
< 8E[/ (f(r,U) = f(r,V)) dM,|* + 2E]> |Ai|t/ (fi(r,U) = fi(r,V))? d|A7|]]
0 j=1 0
< SEYL Y [ (A 0) = A VIU0) = £ V) dOE38),
i=1 j=1
B[y [(50.0) = Hn V)P L]
j=1"0
t
< 2K?(4r% + rt)/ U V|3, dr
0

This sets us up for the Picard-Lindel6f iteration scheme. Set
X%=2, and X"=g5X""!

and write
C = 2K?(4r? +rT).

Now, check, by induction, that
et

n!

[l — X3, < X7 = X3 1

Thus, {X™;n > 1} is a Cauchy sequence in || - ||2,7. Call the limit X. Then X is a continuous process
and satisfies X = X S. In other words, X is a solution.

To show that X is unique, let X be a second solution. Define 7, = inf{t > 0:|X;| > k or |)~(l|~ > k}. Use
Gronwall’s inequality, with f(t) = ||[X™ — X™||2; and g(t) = C to see that Xy = x, implies X™ = X7k,
Now, let T" and k go to infinity.

Case 2. The general case.
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Define the strictly increasing process
T T T
Ap=t4+ Y (M M) 4> A
i=1 j=1 i=1
Consider the time change C; = A; ! and write
Mt :MCm At :Act, and Zt = Mt+1zit.

Then Z satisfies the circumstances in case 1 with the filtration F; = Fe,. Thus,
~ t ~ ~
X :Z‘+/ f(S,X) dZs
0

has a unique solution. Now, X; = X 4, 1s the unique solution to the equation in the statement of the
theorem. O

5.5 Ito Diffusions

Definition 5.48. A continuous stochastic process X is called a time homogeneous Ito diffusion is there
erists measurable mappings

1. 0 : R — R (the diffusion matrix), and
2. b: R — R?, (the drift)

and an r-dimensional Brownian motion B so that
Xi=Xi+ ) 0i;(X,) dB] + / bi(X,) ds
j=1 0

has a solution that is unique in law.

If o0 and b satisfy an appropriate Lipschitz hypothesis, then we have pathwise uniqueness. To show that
this suffices, we have the following.

Theorem 5.49. Let o and b be locally bounded and Borel measurable, and let a be a probability measure on
R?. Then pathwise uniqueness to the Ité stochastic differential equation above implies distribution uniqueness.

We begin with a lemma.

Lemma 5.50. The following condition is sufficient for uniqueness in law:
Let z € RY. Whenever (X, B) and (X, B) are two solutions satisfying
Xo=z, Xo==z, a.s.

Then the distribution of X and X are equal.
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Proof. Let P be the distribution of (X, B) on the space Cg- [0, c0) and write the pair (£, 3) for the coordinate
functions for the first d and last r coordinates respectively. Because Cga+-[0,00) is a Polish space, there is
a regular conditional probability

P(B|Bo)(§, 8) = P(B, (&, ).

In particular, 5 has the distribution of r-dimensional Brownian motion. The triple (X, B,o(X) - B) and
(&, 8,0(€) - B) have the same distribution and thus ({, 3) solves the stochastic differential equation.
Repeat this letting P be the distribution of (X, B). Then, the regular conditional probabilities agree

P(B, (& B)) = P(B.(£,0)
and so if X, and X, have the same distribution, then P = p. O

Theorem 5.51. If pathwise uniqueness holds for an Ité type stochastic differential equation, then uniqueness
in law holds. Moreover, there exists a measureable map

F: CRd[O,OO) — CRT[O,OO)

such that F () is adapted to the natural filtration B = o{&s;s <t} and for every solution (X, B), we have
that
Xi(w)=F(B(w)): a.s.

Proof. Let (X, B) be a solution on (2, P) and let (X, B) be a solution on (Q, P). With, for some z € R%,
P{Xp=z}= ]5{)20 =z} =1
For the solution (X, B) let @ be the image of P under the map
w— (X(w), B(w)).
For the solution (X' , B) let Q be the image of P under the map
o — (X(@),B(@)).

In addition, let W be Wiener measure, that is the law of r-dimensional Brownian motion, Define a probability
measure IT on Cra[0,00) X Cra[0,00) X Cral0,00) by

1I(d¢, d€, dB) = Q(B, d€)Q(B, dE)W (dp)

and consider the filtration

Fi = 0{(€s, s, B5);0 < s <t}

Claim 1. (3 is an r-dimensional F; Brownian motion.

Let A € 0{&;0 < s <t}, AEU{&;;OSSSt}, and B € 0{f;;0 < s <t} and let s,¢ > 0, then

E,[exp(if, Birs — Bi); ANANDB] = /BGXP@'@’ Bevs — Be)Q(B, A)Q(B, )W (dB)

exp(=31011) [ QU3 Q. AW ()

1 -
eXp(—§|9|2t)H(A x A X B)
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Thus 8 has Gaussian independent increments with identity covariance matrix.

Claim 2. (€,8) and (£, 8) are two solutions to the stochastic differential equation on the space
(CRral0,0) x Cral0,00) x Crr[0,c0),1I)

with filtration {F;t > 0}.

The joint law of (X, B,o(X)- B) under P is the same as the joint law of (¢, 3,0 (§)- ) under II. Similarly,
the joint law of (X,B,0(X) - B) under P is the same as the joint law of (5,@, o(€) - 4) under II. Because
& = & = x a.s. 11, the property of pathwise uniqueness implies that £ and £ are indistinguishable. Thus,
uniqueness in law holds.

Solution is Markov. O

Exercise 5.52. If X is an It6 diffusion and if f € C*(R%, R), then

f(X) = Xo+Z T axi 4 g ZZ

0 == /o Bmlﬁxﬂ
1 d r t 3f
_ - Ty . k
= f(Xo) + Z/ axz (Xs) + 2(‘7‘7 )ij(Xs)) ds + ;’;/0 Uzk(XS)axi (X) dBy.
In particular, we have the martingales
t
M = f(X0)+ [ Grx.) ds
0
with
d of 1 n & 0% f
GA1e) = 3ob(e)5nlo) + 5 303 0 (0) s )

and @ = oo”.

square roots

Definition 5.53. A stochastic process X is called a solution to the martingale problem for the collection A
if
t
£0x) ~ [ g(x.) ds
0

is a martingale for every (f,g) € A.

For a probability distribution o, we say that X is a solution to the martingale problem for (A, a) if X is
a solution to the martingale problem and o = PXo_l.

Uniqueness holds for the martingale problem (A, &) if any two solutions have the same finite dimensional
distributions. In this case, we say that the martingale problem is well posed. If uniqueness holds for any
initial distribution o, then we say that the martingale problem A is well posed.

The relationship to It diffusions is as follows.
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Theorem 5.54. Let
o:R*— R™  and b:RY— RY
and let a be a probability measure on RY. Define A as above and A = {(f, Af): f € C>(R%)}. Then there
exists a solution to the Ité stochastic differential equation corresponding to o and b with initial distribution
a if and only if there exists a solution to the martingale problem (A, ).
Moreover, uniqueness in law to the stochastic differential equation corresponding to o and b with initial
distribution « if and only if the martingale problem (A, «) is well posed.

This will follow from a sequence of lemmas:

Lemma 5.55. Assume that o and b are locally bounded and measurable. In addition, o~' exists and is

locally bounded. If X is a solution to the Cra|0, 00)-martingale problem for (A, ) with respect to a complete
filtration {Fy;t > 0}, then there exists a d-dimensional Brownian motion B such that (X, B) is a solution
to the stochastic differential equation.

Proof. For every f € C°(RY)
t
ME = 5(X) = £(X0) = [ 4f(x.) ds

is a continuous martingale, we have that this expression gives a continuous local martingale for every f €
C>(R%). Choose f(x) = 2’ to obtain the martingale

t
M} = X! - Xy — / bi(Xs) ds
0
is a local martingale. Choose f(x) = z'a/,

t
(M*, M), = (X", X7, :/ ai;(Xs) ds.
0

Claim. .
B, = / o (X,) dM,
0
is a d-dimensional F;-adapted Brownian motion.

B is a vector valued continuous local martingale and By = 0. Thus, by Lévy’s characterization, it suffices
to show that (B’, B?), = §;;t.

(B, B); = (o™ (X)ir - M*, 071 (X)je - M)

~

a |l
A

- M-
M-

B
Il
—
~
Il
-

Thus,
t t t
/ o0(Xs) dBs z/ dMs; = X; — XO/ b(Xs) ds
0 0 0

and the stochastic differential equation has a solution. O
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To consider the case of singular ¢ we have the following,

Lemma 5.56. There exists Borel measurable functions
P Rd N Rd><d
such that
T T _ _ T _
pap’ +nn =1Ia, on=0, (la—op)a(la—op)” =0.
Lemma 5.57. Let B’ be a d-dimensional F;-Brownian motion on (', P'). Define
Q=0xQ, P=PxP, and Xi(w,o')=Xt(w).

Then there exists a d-dimensional Fy x F|-Brownian motion B such that (X, B) s a solution to the stochastic
differential equation.

Proof. With M as above, define
My(w,w') = My(w) and Bj(w,w') = Bi(').
Because M and B are independent, (Mk, Be)t =0for k,/=1,...d.
Claim. . .
B [ o) art.+ [ n(x.) d,
defines a d-dimensional Brownian motion. ' '

As before, we have that B is a vector valued continuous local martingale.

d d
(BB = 3> (p(X) - M, <ﬂﬂh+223 B*,n(X) e B"):
k=1¢=1 k=1¢=1
d d t
= Z/ (pirarepje) (X ds—FZZ/ (i 0ken;i) (Xs) d
=170 k=1 (=1

o

(pap™ +m")i;(X,) ds = 65

Il
S— 7

To show that this Brownian can be used to solve the stochastic differential equation, note that,
t t t
/ o(Xs) dBs / (op)(Xs) dM; —|—/ (on)(Xs) dBs
0 0 0
t _ ~ _ t ~ _
= / (op)(Xs) dMg = M, 7/ (Ig — op)(Xs) dM,
0 0

t
= M, =X,X, —/ b(X,) ds
0

because
d ) d d d ¢
<Z(Id —op)(Xs) Z I —op)in(X Z Z/ Iy — op)irare(Is — op)ie(Xs) ds =0
k=1 (=1 k=1¢=1"9

and the lemma follows. O



