Math 523a - Homework 3

. Problem 18, p. 32 in Folland.
. Problem 19, p. 33 in Folland.

. Let € be the collection of open intervals (a,b). Define p on E by
p((a,b)) = (b —a)? Let p* be the outer measure induced by p, i.e.,

W () = {3 pl(an b)) : B € | J(an )}

Prove that for every set E, u*(E) = 0.

. Let £ be the collection of open intervals (a,b). Define p on E by
p((a,b)) = b — a. Let u* be the outer measure induced by p.

(a) Compute u*((a,b)). (Hint: va +b < /a + Vb for a,b > 0.)
(b) Prove that no open interval is p*-measurable.
(c) (optional) Prove that if F is a bounded measurable set, then

p*(E) =0.

. We defined the Cantor function in class. It is a continuous function F
on [0,1] with F'(0) = 0, F'(1) = 1 that is constant on the complement
of the Cantor set. We can extend it to all of R by defining it to be 0
for v < 0 and 1 for x > 1. Let uc be the associated Borel measure.
Let m be Lebesgue measure.

(a) Prove that there is a Borel set S such that m(S) = 0 and uc(E) =
pe(S N E) for all Borel sets E.

(b) Prove that there is a Borel set U such that uc(U) = 0 and m(E) =
m(S N E) for all Borel sets E.

. Problem 26, p. 39 in Folland.
. Problem 30, p. 40 in Folland.
. Problem 31, p. 40 in Folland.

You should do problem 28, p. 39 in Folland, but don’t turn it in.



