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e Consider a function f, which is not necessarily periodic, but
absolutely integrable (i.e. [ |f(x)| dx < co) and piecewise
continuously differentiable on (—o0, 00).

@ The Fourier transform of f is defined as

F(f) = f, where f f(x) exp(—ikx) dx.

\/271’ /
o The inverse Fourier transform of f is defined as

~ 1 L

f)="f, where f(x)=—= f(k)exp(ikx) dk

@ ()= o= | Tl expli
F~Y(F(f)) reads

_ % /Z /Z F(v) exp(ik(x — v)) dv dk. (1)

@ The relation f =
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Properties of the Fourier transform

@ As for Fourier series, Equation (1), i.e. f(x) = (]-"_1(?)) (x)
is only true at points where f is continuous.

@ At a point of discontinuity xg of f, the inverse Fourier
transform of f converges to the average % [FH(x0) + F (x0)].

@ The Fourier transform is a linear transformation, i.e. if f; and

f> are such that their Fourier transforms exist and if @ and 3
are two arbitrary constants, then

Flah+ph)=aF(h)+ BF(h)

e Fourier transform of the derivative. If f and its derivatives are
piecewise continuously differentiable and are absolutely
integrable on R, and if limy_ 4 f(x) = 0, then the Fourier
transform of the derivative of f is such that 7/ (k) = ik f (k).
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Convolution

@ The convolution of two absolutely integrable functions f and
g is denoted by f x g and defined as

(r+)) = [ T Fix— t)g(t) de — /

—0 —0o0

o0

f(t)g(x —t) dt.

@ Convolution theorem. If f and g are both piecewise
continuously differentiable and absolutely integrable on R,
then the Fourier transform of the convolution of f and g is
given by

F(f xg) =V2r F(f) F(g).

e Example: Find the Fourier transform of f x g where
f(x) = exp(—ax?), a> 0, and g is such that
g(x) = exp(—ax) if x > 0 and g(x) = 0 otherwise.
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Sine and cosine transforms

2. Sine and cosine transforms

Consider a piecewise continuously differentiable function f, which
is absolutely integrable on R.
@ If f is even, then the Fourier transform of f can be written as
a cosine transform, i.e.

70 =700 =2 [ 100 oston) .

f(x) = \/g/ooo?c(k) cos(kx) dk.

e Similarly, if f isAodd, then /‘Ehe Fourier transform of f is a sine
transform, i.e. f(k) = —i fs(k), where

(k) = \/g/ooo f(x) sin(kx) dx, f(x) = \/g/ooo?s(k) sin(kx) dk.
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