THE GLOBAL GAN-GROSS-PRASAD CONJECTURE FOR
FOURIER-JACOBI PERIODS ON UNITARY GROUPS

PAUL BOISSEAU, WEIXIAO LU, AND HANG XUE

ABSTRACT. We prove the Gan—Gross—Prasad conjecture for Fourier—Jacobi periods on unitary
groups and an Ichino-Tkeda type refinement. Our strategy is based on the comparison of relative
trace formulae formulated by Liu. We develop the full coarse spectral and geometric expansions of
the relative trace formulae, and compute relevant spectral terms via zeta integrals and truncated
periods. We compare all geometric terms and characterize the local geometric comparison in terms

of spectral data.
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Part 1. Introduction
1. STATEMENT OF THE MAIN RESULTS

In the 1990s, Gross and Prasad | ) | formulated some conjectures on the restriction
problems for orthogonal groups. These conjectures were later extended to all classical groups by
Gan, Gross and Prasad in their book [ ]. Ichino and Ikeda [[I10] gave a refinement of the
conjecture of Gross and Prasad, and this refinement was further extended to other cases | ,

, ) |. These conjecture are usually referred to as the Gan—Gross—Prasad (GGP)
conjectures and have attracted significant amount of research. These conjectures describe the
relation between certain period integrals of automorphic forms on classical groups and the central
values of some L-functions.

There are two kinds of period integrals in the GGP conjecture: Bessel periods and Fourier—
Jacobi periods. Fourier—Jacobi periods usually involve a theta functions while Bessel periods do
not. Specifying to the case of unitary groups, Bessel periods are on the unitary groups U(n) x U(m)
where n—m is odd, while the Fourier—Jacobi case is when n—m is even. The cases of Bessel periods
on unitary groups, together with their refinements, are now completely settled, by the combination
of the work of many people, cf. | , , , , , , , , ,

, , | for an incomplete list. The proof follows the approach of Jacquet and
Rallis via the comparison of relative trace formulae.

Inspired by the work of Jacquet and Rallis, Liu | | proposed a relative trace formula approach
towards the Fourier—Jacobi case of the conjecture. Following this approach, we previously in | ,

| proved some cases of the GGP conjecture for U(n) x U(n) under various local conditions.
The goal of this paper is to work out the comparison of these relative trace formulae in general, and
prove the GGP conjecture for Fourier—Jacobi periods on unitary groups. We prove the following

results in this manuscript.

(1) The global GGP conjecture for U(n) x U(m), where n — m is even, as stated in [ ,
Conjecture 26.1].
(2) An exact analogue of a conjecture of Ichino and Ikeda stated in [[I10, Conjecture 1.4] in

the context of Fourier—Jacobi periods, which is a refinement of the global GGP conjecture.

1.1. Arthur parameters and weak base change. Let E/F be a quadratic extension of number
fields, and Ar and A be their rings of adeles respectively. Denote by ¢ the nontrivial element in the
Galois group Gal(E/F'). For any positive integer k, set G := Resg/p GLy, where Resg,p is the
Weil restriction of scalars. Fix a nontrivial additive character ¢ : F\A — C*. Let n: F*\A* —
{£1} be the quadratic character attached to the extension E/F' via global class field theory. Let
p: EX\A% — C* be a character such that plyx = 7.

1.1.1. Regular Hermitian Arthur parameters. Let II be an irreducible automorphic representation

of G, (A). Let IIV be the contragredient of II, and II° be the automorphic representation of Gy, (A)
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whose space of realizations is given by {¢(g9}) | ¢ € I}. We put II* = IV and say that II
is conjugate self-dual if II ~ II*. Following | , Section 1.1], we shall say that an irreducible
automorphic representation II of G, (A) is a discrete Hermitian Arthur parameter of G, if there
are a partition n = nj + - - -+ n, and irreducible cuspidal automorphic representations m; of G, (A)

fori=1,...,7, such that

e Il is isomorphic to the full induced representation Indg" (m K. ..Xm,) where P is a parabolic
subgroup of G,, with Levi factor G, x ... x Gy,

e 7; is conjugate self-dual with central character trivial on AZ (the neutral component
of the R-points of the maximal Q-split torus of Resp/qg Gni)land the Asai L-function
L(s,m,As(fl)nH) hasapoleat s=1foralll1<i<r,

e the representations 7; are mutually non-isomorphic for 1 < i <r.

The integer r and the automorphic representations (m;)1<;<, are unique (up to permutation), and

we define the group
(1.1) St = (Z/27)".

We will also need a more general notion of Arthur parameters. We shall say that an irreducible
automorphic representation IT of G,,(A) is a reqular Hermitian Arthur parameter of G, if

e II is isomorphic to the full induced representation Indg” (M. R, XK XK. .. Xn77)
where P is a parabolic subgroup of GG, with Levi factor Gy, X...X Gy, X Gpo X Gy, X. .. X Gy,
and ng +2(n1 +...+n,) =n,

e Il is a discrete Hermitian Arthur parameter of Gy,

e 7; is an irreducible cuspidal automorphic representation of Gy, (A), with central character
trivial on A% for 1 <i <,

ng

e the representations 7y,...m,, 7],..., T, are mutually non-isomorphic.

The representation Il is then uniquely determined by II, and is called the discrete component of
II. We set

(1.2) St = St -

The parabolic P depends on an ordering of the representations my,...,m, 7y, ..., 7], and we fix
one. Denote by a}c the complex vector space of unramified characters of P(A). Consider the real
subspaces ap and ia} of real and unitary characters respectively. Let w be the permutation matrix

that exchanges the blocks G, corresponding to m; and 7 for all 1 <4 <. Set

(1.3) afc = {A € apc | wA = —A},

and iaj; := afj ¢ Niap. For any A € af; ¢, consider the full induced representation
I :=Ind$" (m K. . Ko, Ky KiK. K1) @ N).

If A € dafy, then II, is irreducible.



We have similar notions for products of groups. Let n and m be integers, and set G = G, X Gp,.
A G-regular Hermitian Arthur parameter of G, X G,, is an irreducible automorphic representation
of the form II = II,, X II,,, where II,, and II,, are regular Hermitian Arthur parameters of GG,, and
Gy, respectively. If II,, and II,, are discrete, we shall say that II is discrete, while if only II,, is
discrete, II shall be semi-discrete.

In the corank zero case, we will be interested in parameters satisfying an additional regularity
condition. Assume that n = m. Let Il = II, K II/, be a G-regular Hermitian Arthur parameter.
Define iaf; = iayy,, © dagy,. Write I, = Indg: (m X X7,) and II), = IndIGDZ (M- Rxl,), for
some parabolic subgroups P, P, C G, and some automorphic representations of smaller G;. We
shall say that I is (G, H, u~!)-reqular if for all 1 <4 <r and 1 < j < 7/ the representation p~1m;

is not isomorphic to the contragredient of 773-.

Remark 1.1. This condition is inspired by [ ]. In this paper, H will be used to denote the diago-
nal subgroup G,, < G, and (H, u~!)-regular will refer to the fact that these Arthur parameters have
nice properties with respect to the regularized Rankin—Selberg period over H (see Section 10). Note
that a semi-discrete Hermitian Arthur parameters is necessarily (G, H, p~!)-regular, as otherwise

some L(s,m;, As(_l)l) would have a pole at s =1 for [ = n,n + 1 which is not possible.

1.1.2. Weak base change. We now consider weak base change from unitary groups. Let (V,qy) be
a nondegenerate skew c-Hermitian vector space, or simply a skew-hermitian space, of dimension n
over E. This means that V is a vector space over E of dimension n, and ¢y is a sesquilinear form
on V, linear in the first variable, and satisfies ¢y (z,y) = qv(y, z)¢. Let U(V') be the corresponding
unitary group, i.e. the group of isometries of V. Let @ C U(V) be a parabolic subgroup with
Levi subgroup Mg isomorphic to Gy, X ... x Gy, x U(Vy) where Vj is a nondegenerate subspace of
V. Let o be an irreducible cuspidal automorphic representation of Mq(A), with central character
trivial on AOQO. We write 0 = 11 X ... X7, Ko according to this decomposition. Then oy is called
the discrete component of o.

We shall say that a regular Hermitian Arthur parameter I of G,, is a weak base change of (Q, o)
if there exists a parabolic subgroup P of G,, with Levi factor Mp = G, x ... X Gy, X Gpy X G, X

... %X Gy, and a discrete Hermitian Arthur parameter IIy of G,,, such that

e II is isomorphic to the full induced representation Indg” (mX.. MR R X.. K1),
e for almost all places v of F' that split in F, the local component Il , is the split local base
change of ¢ .

This implies that Il is the discrete component of II. If this is satisfied, we shall also say that Il

is the weak base change of 0¢. Moreover, we can identify ¢aj; with the space of unitary unramified
characters of Q(A) and consider the full induced representation 3y := Indg(v)(a ® ).

We extend weak base change to product of groups. Let V' and W be nondegenerate skew c-

Hermitian vector spaces of dimension n and m respectively. Let Q = Qv X Qw be a parabolic

subgroup of U(V) x U(W), and o = oy Koy be an irreducible cuspidal automorphic representation
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of Mg(A). We shall say that II is a weak base change of (Q, o) if II,, and II,,, are respectively weak
base changes of (Qv,ov) and (Qw,ow).

1.2. Fourier—Jacobi periods in corank zero.

1.2.1. Fourier—Jacobi periods. Let (V,qy) be a nondegenerate n-dimensional skew c-Hermitian
space, with skew-Hermitian form gqy. Let ResV be the F-symplectic space whose underlying
vector space is V' viewed as a F-vector space, and whose symplectic pairing is given by Trg/r oqy .
Let ResV = L+ LY be a polarization, i.e. L and LY are maximal isotropic subspaces of V such that
the pairing Trg/r oqy is nondegenerate when restricted to L x LY. We have a Weil representation
W = wy ,,, realized on the space of Schwartz functions S(LY(A)), cf. Subsection 5.4. It depends on
the characters 1 and p. We denote by w" = wy-1,,-1 the dual representation of w which we also
realize on S(LV(A)). For ¢ € S(LV(A)) we may form the theta function

blg.0)= Y, W(99(a), geUV)A).
z€LV(F)
We define similarly 6" (g, ¢) when w" is used.

Put Uy := U(V) x U(V) and Uy, := U(V), viewed as a subgroup of Uy by the diagonal
embedding. When the space V in question is clear from the content, we drop the subscript. Let
@ = MgNg be a parabolic subgroup of Uy and o be a cuspidal automorphic representation of
Mq(A) with central character trivial on Ag. Denote by Ag »(Uy) the space of automorphic forms
¢ on the quotient AZyMq(F)Ng(A)\ Uy (A) such that for every g € Uy (A) the function

m € Mg(A) = do(m)~2¢(mg)

belongs to o, where dg is the modular character of Q(A). For ¢ € Ag,(Uy) and A € iaf, we can
form the Eisenstein series E(p, A). Let ¢ € S(LY(A)). We introduce a regularized period

[Uy]
Here [U}/] := U}, (F)\ Uy, (A) is equipped with the Tamagawa measure (see Subsection 3.4), and
the theta function 6V instead of 6 is used here for compatibility with the choice in | ]. The
operator AL is a variant of the truncation operator introduced by Ichino and Yamana in [ .
It is defined in Section 8.5 and depends on a parameter 1. The integral is absolutely convergent
by Proposition 8.7. If the weak base change of (Q,0) is a (G, H, u~!)-regular Hermitian Arthur
parameter II, it is in fact independent of 1" by Proposition 11.1. Moreover, if II is semi-discrete
(that is if 0 = 01 K o9 with o1 or o2 being a cuspidal automorphic representation of U(V')(A)), the

regularized period simplifies to the absolute convergent integral

P(QO,¢, )\) = E(h,SO, )\)Hv(h, qb)dh
(Uy]
8



The linear form (¢, @) — P(p, ¢, A) belongs to
Homyy, (4)(0 ® w",C).

Thus in order to have a nonzero Fourier—Jacobi period P, this Hom space has to be nonzero in the

first place. By the multiplicity one theorems [ , | its dimension is at most one.

1.2.2. The Gan—Gross—Prasad conjecture for Fourier—Jacobi periods. The first main result of this
paper is the following, which proves a slight generalization of | , Conjecture 26.1] for U(n) x
U(n). If II =1I; X 1I; is a Hermitian Arthur parameter of G = G,, x Gy, and X = (A1, \2) € iaj; =

iaf, X iag,, we put for s € C
L(Sa H/\ X /’Lil) = L(87 Hl,)\l X H2,/\2 029 /’Lil)'

Theorem 1.2. Let I be a (G, H, u~1)-reqular Hermitian Arthur parameter of G and let \ € iaj;.

Then the following are equivalent.

(1) The complete Rankin—Selberg L-function of I1 satisfies
1 -1

(2) There exist a nondegenerate n-dimensional skew c-Hermitian space V', a parabolic subgroup
Q C Uy and an irreducible cuspidal automorphic representation o of Mg(A), such that 11

is the weak base change of (Q,0) and the Fourier—Jacobi period

PR = Plp, ¢, A)
does not vanish identically on Ag ,(Uy) ® w".

Remark 1.3. The L-function appearing in the first condition is the completed L-function. The
current results towards the Ramanujan conjecture are not enough to eliminate certain poles in the

local L-factors.

1.2.3. Local Fourier-Jacobi periods. We keep V' to be a nondegenerate n-dimensional skew c-
Hermitian space, @) to be a parabolic subgroup of Uy with Levi Mg and o to be an irreducible
cuspidal automorphic representation of Mg(A). Take A € iaj.

We now consider local objects. Write the restricted tensor product decomposition o = ®/ o,.
Assume that for all v the local component o, is tempered. Set Xy := Indg(v) (c®@A). Let ¥y, =
Indgv o, ® A and 11, ,, be the local components of ¥, and ITy. Write wY = ®w, the decomposition
of w" into local components.

We endow LY (A) with the Tamagawa measure dz and we fix a factorization dz = [[dz,. For

each place v we give the representation w,” the invariant inner product

<¢va¢;>LV,v = /LV(F ) ¢v($v)¢;}($v)dxm ¢va¢;; € wq\)/'
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We give the space Ag »(Uy) the Petersson inner product

(0, ¢ ) pet ::/ @(h)¢'(h)dh, ¢,¢" € Ag.(Uy),
A Mq(F)Nq(A)\ Uy (A)

where A% Mq(F)Nq(A)\ Uy (A) is given the quotient of the Tamagawa measure. We take a fac-
torization (.,.)pet = [[,(.,.)» Where (.,.), is an invariant inner product of ¥ ,.
We take a factorization of the Tamagawa measure dh = [[ dh,, and for ¢, € ¥, and ¢, € w,!
we define the local period
P’U(vaa v, )\) = / ( )<2)\,v(hv)§0v7 90v>v<w1\;/(hv)¢va ¢U>Lv,vdhv‘
Ul (F,

As ¥, , is tempered, this integral is absolutely convergent by Lemma 20.1.

1.2.4. Factorization of Fourier—Jacobi periods. We now state a refinement of Theorem 1.2 which is
a version of a conjecture of Ichino and Ikeda ([I110]) in our setting.

We keep @@ and o as in the previous section, and furthermore assume that the weak base change
I of (Q,0) to G is a (G, H, u~!)-regular Hermitian Arthur parameter. Set

1 L L(87HA®M_1)

r ,E _ _ -y—dimaj L(i+ - =, ¢ )
(5,22) = (s = 3) 1;[1 (i+s 277)L(5+%7H>\7AS/G)

where L(s,n') is the completed Hecke L-function associated to 1 and L(s,IIy, Asy) is the Asai

L-function associated to As(~D" & As(-D",

Remark 1.4. If m; and my are irreducible automorphic representations of Gy, (A) and G, (A) re-
spectively with n; +mn9 = n, and if P is a parabolic subgroup of GG,, with Levi subgroup G,, X Gy,
then we have the induction formula

n

(1.5) L(s,ndS" (m ®7g), AsY") = L(s,m x 75)L(s, 71, As™Y" ) L(s, mg, As=1"™).

By [ , Section 4.1.2], if 7 is an automorphic cuspidal representation which is non-isomorphic
to 7*, then L(s,Tr,As(_l)n) is regular at s = 1. Moreover, if Il is a discrete Hermitian Arthur
parameter of G, with n —ng even, induction on (1.5) and Remark 1.1 show that L(s, Iy, As(=D")
is also regular at s = 1. Therefore, our hypotheses on our Hermitian Arthur parameter II imply the
meromorphic function L(s, ITy, As(;) has a pole of order dim aj; at s = 1. In particular, £(s, X)) is

holomorphic at s = %

We denote by L(s,3),) the corresponding local L-factor, so that for $(s) large enough we have

1 -
ﬁ(S, 2)\) = (3 - 5)7dlman 1;[‘6(87 2/\,1))7

where the product runs over the places v of F'. As ¥, is tempered, L(s,X) ) has neither a pole
nor a zero at s = % We now define for ¢, € Xy, and ¢, € w,’ the local normalized period
1

2’ Z/\,v)ilfpv(ﬁpv, (ZS'UJ >\)

10
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Theorem 1.5. Let II and (Q,0) be as above. Assume that the weak base change I of (Q,0)
to G is a (G, H,u=Y)-reqular Hermitian Arthur parameter. For \ € iaf; and every non-zero and

factorizable p = &0, € Ag+(Uy) and ¢ = @,¢, € w”, we have
_ 1
(1.6) [P(e. 0. NP = [Sul ™ L5, Z2) [T Ph(ew: b0 V).

Remark 1.6. It follows from | , Appendix D] and our choice of measures and of local inner
products that almost all factors in the RHS are equal to 1, noting that for any finite place v we
have L(s,II) ., Asty) = L(s, X1 30, Ad)L(s, Xg ) », Ad).

Remark 1.7. In the core of the paper, we will use a slightly different normalization of the Tamagawa
measure (see Subsection 3.4 and (19.2)). This is accounted for by the factor [[\_; L(i,n") in the
definition of L.

1.3. Fourier—Jacobi periods in positive corank. Throughout this section we fix n and m two

integers such that n = m + 2r with r a positive integer.

1.3.1. Jacobi groups. Let (V,qy) be a n-dimensional nondegenerate skew c-Hermitian space over
E/F and W C V be a non degenerate subspace of dimension m. Denote by U(V') and U(W) the

groups of isometries of V and W respectively. Define
Uy = U(V) x UW).

Assume that the orthogonal W+ of W in V is split. This means that there exists a basis
{z;, F, |i=1,...,7} of W such that for all 1 <i,j < r we have
qV(xi7xj) = 07 QV(x;kax;k) = 07 qV(wia .’L';k) - 57,,]

Set X = spang(xy,...,z,) and X* = spang(x},...,z7), so that V = X W & X*. This determines
an embedding U(W) C U(V).

Let S(W) = ResW x F be the Heisenberg group of Res W (see Subsection 5.3). As r > 1, there
exists an embedding h : S(W) — U(V') described in (20.2). Define the Jacobi group

J(W) := S(W) x U(W),

where U (W) acts on Res W. Then we have an embedding J(W) C U(V). Let U,_; be the unipotent
radical of the parabolic subgroup of U(V) stabilizing the flag spang(z1) C spang(xi,z2) C ... C

spang(z1,...,or—1). Define the Fourier—Jacobi group
H:=U,_1 x J(W) C Uw,

where the embedding is the product of inclusion H C U(V') and the projection H — U(W).
11



1.3.2. Fourier—Jacobi models. Let wy be the Weil representation of U(W)(A) associated to the
characters ¢ and p, and denote by wyj, its dual. Take a polarization ResW =Y @ Y" and a
realization of wyj, on the Schwartz space S(YV(A)). Denote by py the Heisenberg realization of the
Heisenberg group J(W)(A) associated to the character 1, and pl\[) its dual (see Subsection 5.4). It
is also realized on S(YV(A)).

Define a algebraic morphism A : U,_; — G, by

r—1
Mu) =Trg/p <Z qv(u(xz-ﬂ),m;‘)) , ueU_g.

i=1
The action of J(W) by conjugation on U,_p is trivial on A, so that we may extend A to H =
U,—1 x J(W). Consider the character

Yu(h) == P(A(h)), h € H.
Define the representation vV of H(A) by the rule
v' (uhgw) = Yy (uw)py(Mwiy (gw), u € Ur—1(A), gw € UW)(A), h € S(W)(A).
It is realized on S(YV(A)). Consider the theta series
Oulh,d)= > (' (We)y), heH(h), pev’.
yeEYV(F)

Remark 1.8. By generalizing these constructions to r = 0 (i.e. by taking H = U(W)) we find

ourselves in the corank zero situation described in Subsection 1.2.1.

Remark 1.9. In | , Section 12], Fourier—Jacobi models are defined by a pair (H,v), where H

is a subgroup of Uy and v a representation of H. In our setting, H is H and vV is the dual of v.

1.3.3. Fourier—Jacobi periods. Set [H] := H(F)\H(A). Let o be a cuspidal automorphic represen-
tation of Uy (A). For ¢ € o and ¢ € vV, we define the Fourier—Jacobi period to be the absolutely

convergent integral

Py (e, ¢) = /[H] ©(h)6,(h, ¢)dh.

1.3.4. The Gan—Gross—Prasad conjecture for Fourier—Jacobi periods in arbitrary corank. We now
state our second main theorem concerning the GGP conjecture for Fourier—Jacobi periods in arbi-

trary corank.

Theorem 1.10. Let II be a discrete Hermitian Arthur parameter of Gy X Gp,. The following

assertions are equivalent.

(1) The complete Rankin—Selberg L-function of I1 satisfies

1
L(§7H®:U’71) 7é 0
12



(2) There exist nondegenerate skew c-Hermitian spaces W C V' of respective dimensions m and
n and o a cuspidal automorphic representation of Uy (A) such that W is split, the weak

base change of o to G, X G, is Il and the Fourier—Jacobi period

@ ® ¢ — Prylp, 0)
does not vanish identically on o @ vV.

1.3.5. Local Fourier-Jacobi periods in arbitrary corank. Let W C V be nondegenerate skew c-
Hermitian spaces W C V of respective dimensions m and n such that W+ is split. Let o be an
irreducible cuspidal automorphic representation of Uy (A).

Write factorizations o = ®/ 0, and v¥ = ®/ v/, and assume that for every v the local component
oy is tempered. As in Subsection 1.2.3, we equip YV (A) with the Tamagawa measure dy = [ dy,

and define an invariant inner product on v/ by

(Gor By 0 = / ()T o)y, 6,6 € v

YV(Fy)

We equip [Uyy] and [H] with their respective quotient of Tamagawa measures dg and dh, and take
factorizations dg = [[dg, and dh = [] dh,. We give ¢ the Petersson inner-product (., .)pet defined
by

(@, ") pet = /[u ]w(h)so’(h)dh, v, ¢ € o,
w

and write a factorization (., .)pet = [[,(-s )v-
For f, € C°(H(F,)) (the space of compactly supported smooth function on H(F,)) and ¢, € v,/
define the local period

Potofor ) i= /H oy PO o, iyt

It follows from Lemma 20.1 that for fixed ¢,,, the linear form f, — Py (fu, $v) extends by continuity
to the local Harish-Chandra Schwartz space C(H(F,)) (see Subsection 20.2.1). As o, is assumed
to be tempered, its matrix coefficients belong to C(H(F},)) so that we can define the local Fourier—

Jacobi period to be
PH,v(‘Pmev) = PH,U(<UU(')80va<Pv>v7¢v)a Yy € 0y, Py € Vq\]/'

1.3.6. Fuactorization of Fourier—Jacobi periods. Our last main result is a refinement of Theorem 1.10.
Assume that IT the weak base change of o to G, X G, is a discrete Hermitian parameter. Consider
the product of completed global L-function

n

, 1, L(s,I®up Y
[’ ) = L +s— a ’ )
(5 0-) H (Z S 2 n)L(S+%’H,AS;l7m)
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with As], = AstD" @ As("1D™ | and its local counterpart £(s, o). It follows from Remark 1.4

that L(s,0) is regular at s = % We define the normalized local Fourier—Jacobi period to be

1 _
P’;ﬁ{w(@vaﬁév) = £(§’UU) IPH,U(SOvvgbv)'

It follows from Proposition 21.2 that if ¢ = ®;;(/7v and ¢ = ®;¢U are factorizable vectors, then
7)5_[ ,(@v, ¢y) =1 for almost all v.

Theorem 1.11. Let o and II be as above. For every factorizable vectors ¢ = ®;<Pv € o and
b= @,b, € VY we have

1
(L.7) P 9)F = ISnl ™ £(5,0) [] Phu(0: 00)-

1.4. Acknowledgement. We thank Raphaél Beuzart-Plessis and Wei Zhang for many helpful
discussions. HX is partially supported by the NSF grant DMS #2154352. WL was partially
supported by the National Science Foundation under Grant No. 1440140, while he was in residence
at the Mathematical Sciences Research Institute in Berkeley, California, during the semester of
Spring 2023.

2. THE RELATIVE TRACE FORMULAE

We take the approach of the relative trace formulae proposed in | ] to prove our main results.

This approach involves the following major steps.

(1) Define the modified automorphic kernels, and develop the coarse geometric and spectral
expansions of the relative trace formulae. This is the content of Part 2.

(2) Explicitly compute the relevant spectral contributions in terms of the relative characters.
This is the content of Part 3.

(3) Compare the geometric sides of the relative trace formulae. This includes the (possibly sin-
gular) transfer of test functions and the fundamental lemma. It also involves a comparison
of local relative characters and a spectral characterization of transfer. This is the content
of Part 4.

(4) Derive the main theorems from the comparison of relative trace formulae. In the corank
zero case, Theorem 1.2 and Theorem 1.5 follow rather directly from the comparison, via the
spectral isolation technique from | |. The higher corank situation of Theorem 1.10
and Theorem 1.11 is reduced to the corank zero case by (both local and global) unfoldings.
This is the content of Part 5.

We explain in this section the formalism of the relative trace formulae, and compare it with the

previous work on the relative trace formulae of Jacquet and Rallis.
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2.1. The relative trace formulae of Jacquet and Rallis. We first briefly explain the relative
trace formulae of Jacquet and Rallis in this subsection.

Let W,, be a nondegenerate n-dimensional c-Hermitian space, and Wy,41 = W,, ® E an (n + 1)-
dimensional c-Hermitian space. Here we write F for the one-dimensional c-Hermitian space with the
skew Hermitian form (z,y) — xy©. This determines an embedding U(W,,) C U(W;,4+1). Let m; be
an irreducible cuspidal automorphic representation of U(W;), i = n,n+ 1. The Gan—-Gross—Prasad

conjecture in this setup studies the nonvanishing properties of the periods integral
(2'1) / (pn(h)sanrl (h)dh7 Pn € Tny,  Pntl € Tyl
[U(Wn)]

Jacquet and Rallis proposed in | | the following relative trace formula to attack this conjecture.
Let f; € S(UW;)(A)), i = n,n + 1, be test functions and set f = f, ® fn41 € S(UW,)(A) X
U(Whp41)(A)). Consider the distribution

(2.2) J(f) = // K f(hy, ho)dhydhs,
[U(Wn)]?
where Kf(g1,g2) is the usual automorphic kernel function given by
K(g1,92) = > Flgr'v92),  g1592 € [UW,)] X [U(Wig)).
YEU(Wn) (F)XU(Wn1)(F)

In the ideal situation, the distribution J(f) decomposes as a sum of period integrals of the
form (2.1).

The distribution (2.2) decomposes geometrically into a sum of orbital integrals. Put

olg) = / F(h Y b tg)dh.
U(Wn)(A)

Then formally we have

(2.2) = / o(h~5h)dh,
2 U(Wn)(4)

8€U(Wn41)(F)// U(Wn)(F)

where U(W,41)(F)// U(W,,)(F) stands for the orbits in U(W,,41)(F) under the conjugate action of
U(W,)(F). This is not absolutely convergent in general and some regularization process is needed.

The orbital integrals appearing in this geometric expansion decompose into product of local
orbital integrals. In order to better understand these local orbital integrals, Jacquet and Rallis
introduced an infinitesimal variant. Let v be a place of F. Let u(W,41) be the Lie algebra of
U(Wh41), with receives a conjugation by U(W,,). Let § € u(Wy41)(Fy) and ¢ € S(u(Wp41)(Fy))

the local Schwartz space. The infinitesimal orbital integral equals
(2.3) / ©(h~t6h)dh.
UWa)(Fy)

It turns out that infinitesimal variants will also show up in our relative trace formula approach in

this paper.
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2.2. The relative trace formulae of Liu. We now introduce the the relative trace formulae we
use in this paper. Let the notation be as in Subsection 1.2. Put Uy = U(V) x U(V) and U}, the
diagonal subgroup of Uy . Inspired by the work of Jacquet and Rallis, Liu proposed the following
relative formulae in | | to attack the Gan—Gross—Prasad conjecture for Fourier—Jacobi periods.
If fe€S(Uy(A)) and ¢1,d2 € S(LV(A)), we consider the distribution

(2.4) J(f ® ¢1® ¢2) = / _ Ky(hi,h2)8" (h1, ¢1)0(ha, ¢2)dhidhs,

where

flgg) =D flar'vge), 91,92 € Uv(A)
YEUY (F)

is the usual automorphic kernel function on the group Uy . The idea of considering this distribution
is clear: in the ideal situation (e.g. V is anisotropic), the sum and integrals are absolutely convergent
and it decomposes as
(2.5) >N P(r(f)e, ¢1)P(, 62),
T pem

where 7 runs over cuspidal automorphic representations of Uy (A) and ¢ runs through an orthonor-
mal basis of m. In general, the integral is not convergent, and some truncation process is needed.

The distribution J also decomposes geometrically. The appearance of the Weil representation
makes this less straightforward. To achieve the geometric decomposition, Liu | ] introduced a

partial Fourier transform
S(LY(A) @ S(LY(A)) = S(V(A)),  ¢1® b2 (d1 © o),
which has the properties that
(@' (9)¢1 @ w(g)d)t (v) = (1 © $2)H (g™ 'v), g€ U(V)(A), veV(A).

If we manipulate the distribution J formally, it then decomposes as follows. Consider the algebraic
variety U(V) x V' with an action of U(V) given by

g-(6,v) = (909", gv).

Define a function ¢ € S(U(V)(A) x V(A)) by
pa)= [ R (6 0 020,
U(V)(4)

Then we have

J(f @1 ® ¢2) = Z/ V)(A “Lah, hlv)dh,

where (d, v) ranges over all the orbits of U(V)(F') x V(F') under the action of U(V)(F'). The orbital
integrals appearing in this sum decomposes, and they again have infinitesimal variants which turn

out to be essentially the same as the ones (2.3) introduced by Jacquet and Rallis. The above
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manipulation is purely formal. The sum and integrals are not absolutely convergent in general, and

some truncation process is needed.

2.3. Jacobi groups and truncation. The Fourier-Jacobi periods (1.4) are best understood via
automorphic forms on Jacobi groups, though no Jacobi groups are explicitly mentioned in the defi-
nition. It also turns out that the reformulation of the relative trace formula using this interpretation
largely helps us find a good way to truncate the distribution (2.4).

Recall that we have defined the Heisenberg group S(V') and the Jacobi group J(V) = S(V)xU(V)
in Subsection 1.3. Write an irreducible cuspidal automorphic representation 7 of Uy (A) as 71 ®
where 71, 9 are irreducible cuspidal automorphic representations of U(V')(A). For ¢ € 71, p2 € o
and ¢ € S(LY(A)), the period integral (1.4) takes the form

(2.6) | ereane” (. o)an
[U(v)]

The observation is that the product of the form ¢ and 6Y(-,¢) gives an automorphic form on
J(V)(A). This is a function on J(V)(A), left invariant by J(V)(F), and we temporarily denote
it by 7. Automorphic forms on J(V) will be referred to as Jacobi forms. In the case where
the underlying reductive part is SLo, it really gives the classical Jacobi forms. We refer the read-
ers to | , | for more discussions of the classical Jacobi forms and their connection with

automorphic representations. The integral (2.6) is then written as

and can be viewed as a pairing between the restriction of a Jacobi form on J(V') and an automorphic
form on U(V)(A). This integral and the periods integral (2.1) take a very similar shape.

With this interpretation in mind, we look back at the distribution (2.4) and write it in terms of
Jacobi groups. This will help us find a way to truncate this distribution. Put Uy = UV) x J(V).
For the test functions f € S(Uy(A)) and ¢1, ¢y € S(LY(A)) we define a function on Uy (A) by

Flg1,92) = f(g1,92)(w" (G2)01, d2), g1 € U(V)(A), g2 € J(V)(A),
and the image of g2 in U(V')(A) is go. Write Z ~ F for the center of J(V). If g2 = ((v, 2), g2) where
veV(A),ze€ Z(A) and g2 € U(V)(A), then
(W (g2)¢1, 62) = 7 (2) (" (92)91 © ¢2)H(v).

The function fis a Schwartz function on @(A) in a suitable sense, cf. Subsection 4.3, and we can

form a kernel function
_ Pl i
Kilgi,g2)= Y [flor'v92), 91,92 € Up(A).
~eUy (F)/Z(F)

Note that if k1, ha € Uy, (A), by the Poisson summation formulae we have

K5(h1, ha) = Ky (hy, h2)6" (h1, ¢1)0(ha, $2).
17



Thus the distribution J can be written as

Henom- | K )ahahy
Uy

Let L2([Uy], ) be the square integrable functions (modulo Z) on [Uy] which satisfies ¢(zg) =
P(2)p(g) for all z € Z(A) and g € I/JT/(A) The function f acts on this space via the right
translation. A little computation gives that this right translation is given by the kernel function
K 7 Therefore the distribution J and the one (2.2) introduced by Jacquet and Rallis take the same
shape. When formulated this way, the distribution J decomposes geometrically and simplifies in
the same way as the case of Jacquet and Rallis. This also give a different viewpoint of the Fourier
transform —* introduced in | ].

With the help of this reformulation, we also get a way to truncate the distribution J. In the
case of the relative trace formulae of Jacquet and Rallis, i.e. the distribution (2.2), a truncation

has been introduced by | |. It takes the form (same notation as in (2.2))

(2.7) // Ep ?( i )Kﬁp((slhh 52h2)dh1dh2.
[U(Wn)]? Z Z

P 61,606 Po(F)\ U(Wy)(F)
Here P ranges over all standard parabolic subgroups of U(W,,) x U(W,,4+1) which are of the form
P = P, x P41 such that P, 1 NU(W,,) = P,, the kernel K p is a variant of the kernel K for the
parabolic subgroup P, €p is a sign, and 7(- - -) is a characteristic function which is not relevant to
our discussion here.

By studying the analogy between the distribution J and (2.2), we arrive at the following trun-
cation for J. We first introduce “parabolic subgroups” for the Jacobi group J(V'), and hence for
the group IfJT/ Note that there is a definition of a parabolic subgroups for general linear algebraic
groups, but our “parabolic subgroups” are not the same as them. We call them the D-parabolic

subgroups, where “D” stands for “dynamical”. The truncation of J then takes the form

(2.8) // > ep > (- ) K p(61h1, 62h2)dh1 dhs.
UVETP 51 80eP P\ U (F)

Here P ranges over all standard parabolic subgroups of 6; of the form P = P} x P; such that

P;nU((V) = Py, and K7 p is a variant of Ky for P, ep is a sign, and 7(---) is some characteristic

function. One key ingredient in proving the convergence of (2.8) is the “approximation by constant

term for Jacobi groups”, which we prove in Theorem 4.25 (for more general groups).

Both the truncated distributions (2.7) and (2.8) can be studied via the method of descent. This
method allows us to connect these distributions to infinitesimal variants of them. Miraculously,
like what has been observe for orbital integrals, the infinitesimal variants of these distributions are
essentially the same. This allows us to transport many known deep results on the geometric side
of (2.7) to the geometric side of (2.8).

The above discussion was essentially our initial attempt in defining the truncation for J. It later

turned out that the terms K 7.p can be expressed in a way that does not mention explicitly the
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Jacobi groups, but only some partial theta functions on the unitary groups. This is better, as in the
course of establishing the spectral decomposition for J, this new formulation avoids the discussion
of the Langlands decomposition for Jacobi groups. This alternative expression is eventually the
one that we use in this paper.

We remark that to prove the main theorems in this paper, we need to compare the distribution
J with another distribution I on general linear groups. Similar considerations also apply to that

distribution.

2.4. Organization of this paper. This paper is divided into several parts. In Part 2, we introduce
the relative trace formulae on both unitary groups and general linear groups, and work out their
coarse spectral and geometric expansions. In Part 3, spectral terms in the relative trace formulae
satisfying some “regularity” conditions are computed. In Part 4, we carry out the comparison of
the relative trace formulae, both globally and locally. In particular we establish the fundamental
lemma, the transfer, the spectral characterization of the transfer and the singular transfer. Finally
in Part 5, we assemble all these results to prove the main theorems.

The dependence of the sections is summarized in the following Leitfaden.

e
\

19,20,21

3. NOTATION AND CONVENTIONS

This section contains some notation which will be used throughout the paper. Specific sets of

notation will be fixed in each part.

3.1. General notation. If R is a ring, R™ will denote the set of n dimensional column vectors

with coefficients in R, and R,, the set of row vectors.
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If f and g are functions on some space X, we write f < g if there is a constant C' such that
f(x) < Cg(x) for all z € X. We say f and g are equivalent, denoted by f ~ g, if f < g and g < f.

Let X be a measurable space. We denote by (—,—);2 the L%-inner product and |[|-|[;2 the
L?-norm. We sometimes also write (—, —)x to emphasize the space X.

If G is a group and f is a complex valued function on G. We put fV(g) = f(¢g~!) and f*(g) =
flg™).

When G is a group and F is a space of functions on G which is invariant by right (resp. left)
translation, we denote by R (resp. L) the corresponding representation of G on F. If G is a Lie group
and the representation is differentiable, we will also denote by the same letter the induced action
of the Lie algebra or of its associated enveloping algebra. If G is a topological group equipped with
a bi-invariant Haar measure, we denote by * the convolution product of functions on G (whenever
it is well-defined).

Most of the topological vector spaces in this paper will be Banach, Hilbert, Fréchet, or LF spaces.
By an LF space, we mean a Hausdorff space which can be expressed as a countable direct limit of
Fréchet spaces. Note that it is not necessarily complete. If V = hﬂn V, is an LF space, we say
that it is a strict LF space if the maps V;, — V41 are all closed embeddings. Strict LF spaces
are complete, cf. | , Theorem 13.1] (note the LF spaces in [ | are by definition what we
call strict LF spaces). The uniform boundedness principle and the closed graph theorem hold for
LF spaces, cf. | , Appendix A]. We use the notation ® to denote the projective completed

tensor product of two locally convex topological vector spaces.

3.2. Fields. We fix a quadratic extension of number fields E/F unless otherwise specified. We
denote by c the nontrivial Galois conjugation in Gal(E/F). Let E~ be the purely imaginary
elements in F, i.e. B~ = {x € E | 2° = —z}, and fix a nonzero 7 € E~. We denote by A and Ag
the ring of adeles of ' and E respectively. We write A the ring of finite adeles of A. If S is a finite
set of places of F, we set Is := [[,cg Fv. When 8 = Vg is the set of Archimedean places of F,
we also write Foo := Fyy, .

We denote by |-| and |-| g the normalized absolute values on A* and A7, respectively. They satisfy
|z|p = |za®| for all z € A}, and in particular |z|p = |z|? if z € A*.

We fix a nontrivial additive character of ¢ of F\A, and let ¥/ and 1x be the nontrivial additive

characters of A given respectively by

WP (x) = p(Trgyp(rz)), Yp(@) = (Trgp o).

Let 7 be the quadratic character of F*\A* associated to the extension F/F by global class field

theory. We let p be an automorphic character of A}, whose restriction to A is .

3.3. Groups. We denote by G, and G, the additive group and the multiplicative group over F'
respectively. If F'/F is a field extension, we denote by G the extension of scalars G xp F'. We

denote by g = Lie(G) the Lie algebra of G (over F'). We write G, for G(Fx), goo for Lie(Go) @ C,
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U(goo) for the universal enveloping algebra of go, and Z(gs) for its center. If T is a torus over F,

we let 71 be the maximal split torus of Resp/q 7" and T be the neutral component of T1(R).

3.3.1. Hermitian spaces and unitary groups. Let V be a vector space over E. We take the conven-
tion that a c-Hermitian or skew c-Hermitian form gy on V is linear in the first variable and anti-
linear in the second variable. A vector space with a nondegenerate c-Hermitian or skew c-Hermitian
form is called a c-Hermitian or skew c-Hermitian space (or simply Hermitian or skew-Hermitian).
For fixed n, we denote by H the set of all isomorphism classes of nondegenerate skew-Hermitian
spaces over F of dimension n. If v is a place of F', we denote by H, the set of all isomorphism
classes of nondegenerate skew-Hermitian spaces over E, = E Qp F, of dimension n. More gener-
ally, for a finite set S of places, we denote by Hg the set of isomorphism classes of nondegenerate
skew-Hermitian spaces over Es = E ®r Fg of dimension n. We also denote by H® the set of V € H
such that V ®p FE, has a self-dual lattice for all non-Archimedean v ¢ S.

If V' is a Hermitian or skew-Hermitian space of dimension n, we choose a basis vq,...,v, and
put

disc V' = det(qy (vi, vj))1<ij<n € E*.

If V is Hermitian then discV € F'*, while if V is skew-Hermitian then 7" disc V € F*. The image
of disc V' (when V' is Hermitian) or 7" disc V' (when V' is skew-Hermitian) in F*/Nmpg,p(E>) is

independent of the choice of the basis.

3.4. Measures. For every place v of F, let dy, z, be the unique Haar measure on F, which is
autodual with respect to v, the local component of the additive character 1 of A.

Let G be a connected linear group over F'. The choice of a right-invariant rational volume form
w on G together with the measure dy, x, determine a right invariant Haar measure dy, g, on each
G(Fy) ([ ). By | ], there is an Artin-Tate L-function Lg(s) = [[, Lg(s), and more
generally for S a finite set of places its partial counterpart LZ(s) = [Togs LGw(s). Define Ag and
A%’* to be the leading coefficient of the Laurent expansion at s = 0 of Lg(s) and L (s) respectively.
For each place v, set Ag, = Lg,(0). We equip G(A) with the Tamagawa measure dg defined as
dg = dygs x dypg® where dygs = [[,es dp, 9o and dyg® = (A%’*)_l [l,¢s Acwdy, g0 Note that for

any model of G over O3 we have for almost all v
(3.1) vol(G(Oy), dy, gv) = A(_E,lv'

Although the dy, g, depend on various choices, the Tamagawa measure dg does not. Note that if
G is a unipotent group, the measure we just picked satisfies vol([G]) = 1.
If G = GL,,, we will take the form

w=(detg)™" /\ dgi j,

1<i,j<n

so that (3.1) is satisfied for every non-Archimedean place v of F' where v, is unramified.
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Part 2. Coarse relative trace formulae
4. PRELIMINARIES

4.1. Groups, parabolic subgroups. Let G be a connected linear algebraic group over a number
field F. We introduce a class of subgroups of G which will play the role of parabolic subgroups
for reductive groups. The group G we have in mind is either a reductive group, or a Jacobi group
which will be introduced in Section 5.

By a theorem of Mostow | , Proposition 5.4.1], the group G can be written in the form
U x H, where H is reductive and U is the unipotent radical of G. The group H is then called
a Levi subgroup of G. We fix such a decomposition, choose a maximal split torus Ay of H and
choose Py C H a minimal parabolic subgroup that contains Ay. We say that a parabolic subgroup
of H is semistandard if it contains Agp, and say that it is standard if it contains Py. Note that
Ap is also a maximal split torus of G. Denote by X*(Ag) the group of rational characters of
Ap, and by X.(Ap) = Homyz(X*(Ap),Z) the groups of rational cocharacters of Ay. Denote by
(—, =) : X*(Ap) x X«(Ap) — Z the canonical pairing between these groups.

The torus Ap has an adjoint action on the Lie algebra g of GG, thus a root-space decomposition

g= @ Ja,

a€PaCX*(Ao)
where g, satisfies

g0 = {z € g| Ad(a)xr = a(a)(x) for all a € Ap}.

The set ®¢ consists of those v € X*(Ap) such that g, # 0. For a € O, gy, is called a root space of
g. We say that G has the property (Symmetric Roots), or (SR) for short, if the following condition
holds:

(SR) a€ by = —acdg.

As maximal split tori in H are conjugate to each other, the condition (SR) is independent of the
choice of Ag. Moreover, the Levi subgroups of G are conjugate so that (SR) also does not depend
on the choice of H. Note that (SR) holds for all connected reductive groups.

A subsemigroup of X*(Ay) is by definition a subset I" of X*(Ap) closed under addition. We recall

the following root subgroup construction from | , Proposition 3.3.6, Theorem 3.3.11].

Proposition 4.1. For any subsemigroup I' C X*(Ay), there exists a unique connected F-subgroup
Hr(G) of G such that
Lie(Hr(G) = P ga-
acl'N®g

Moreover, we have the following properties.

(1) Hr(G) is stable under conjugation by Ap.

(2) If 0 €T, then Hr(G) is unipotent.
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Moreover, assume that G is solvable and suppose that there is a disjoint union decomposition
O = U7 ®; such that ®; is disjoint from the semigroup I'; generated by ®; whenever i # j. Then

the map induced by group multiplication
Hr,(G) x ---x Hr, (G) - G
is an isomorphism of F-schemes.

Remark 4.2. Since char(F') = 0, a connected subgroup is determined by its Lie algebra. Therefore,
we do not need the Ag-stable condition in [ , Proposition 3.3.6] but have it as a property

instead.

Let A be a cocharacter of Ap. It determines three subsemigroups of X*(Ap) defined by the
equations {(a,\) > 0}, {(a, A\) > 0} and {(a, \) = 0} respectively. The resulting root subgroups
are denoted by P()\), U(\) and Z(\) respectively. They are the dynamical subgroups described in

[ , Section 13.4]. We have the semidirect product decomposition
(4.1) PA) =Z(\) x U(N).

Lemma 4.3. If G has the property (SR), then the decomposition (4.1) only depends on P(\) and

not on \.

Proof. P(\) is determined by the set of roots
S:={aedq| (A >0}

If G has the property (SR), then for a € S, we have (a,\) > 0 <= —a ¢ S. This characterization

is independent of the choice A, which concludes the proof. O

Remark 4.4. Lemma 4.3 does not hold in general without the condition (SR). The mirabolic

subgroup in GL3 is a counterexample.

From now on we will always assume that G has the property (SR).

We say that a subgroup of the form P(\) for so A € X.(Ap) is a (semistandard) D-parabolic
subgroup, and we call the decomposition (4.1) the D-Levi decomposition of P(X). When P = P()),
we denote Mp := Z(\), Np := U()), mp := Lie(Mp) and np := Lie(Np). By Proposition 4.1
(2), Np is always unipotent. When there is no confusion, we will omit the subscript P in Mp
and Np, and whenever we write the equality P = M N we will always mean that it is the D-Levi
decomposition of P in the above sense. The D-parabolic subgroup P is called standard if X is a
dominant cocharacter (with respect to Pp), or equivalently if P(A\) N H is a standard parabolic
subgroup of H.

Note that for any D-parabolic subgroup P of G, Mp also has the property (SR). Moreover, when
G is reductive a D-parabolic subgroups is the same as a semistandard parabolic subgroup, and the

D-Levi decomposition is the same as the semistandard Levi decomposition (that is, Ay C Mp).
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We denote by Up the set of roots of the adjoint action of Ag on np. If P = P(X) for A € X, (Ap),
then ¥p = {a € &g | (o, A) > 0}.

Lemma 4.5. Let P,Q be two D-parabolic subgroups of G. If P C @ then Ng C Np.

Proof. It suffices to check that ng is a subspace of np. Write P = P()\) and @ = P(u). Let
a € X*(Ap) with (o, u) > 0. Assume for contradiction that (o, A) < 0. Then (—a,A) > 0 and
—a € Lie(P) C Lie(Q). This contradicts (—a, u) < 0. O

Let P = P()\) and Q = P(p) with P C Q. Since Ng is a normal subgroup of @, it is a normal
subgroup of Np. Set \Ilg = WUp\ Uy Let Ng be the subgroup corresponding to the semigroup
{a € g | (a,p) =0, (o, \) > 0}. By the last assertion of Proposition 4.1, we have

Np = Ng x N%.

The Lie algebra niQD = np/ng of Ng is @, cwq a- In particular the group Ng only depends on P
and ) and not on the choices of A and p.

The following lemma provides a filtration on Ng which will be useful in the proof of Theorem 4.25.

Lemma 4.6. There exists an increasing filtration of unipotent subgroups
No={0}C N, C---CNy=N¥

of Ng such that the following properties hold.

e Fach N; is normal in Ng.

e Putn; = Lie(N;). There is a complementary subspace n§+1 of n; in n;1q which is contained
in a root space. In particular, the action of Ay on the Lie algebra of each quotient N;i1/N;
(0<i<k-—1)is by a character o; € X*(Ap).

e N;11/N; is isomorphic to a product of Gg’s.

Proof. Assume that P = P(\) and @ = P(u). Take a cocharacter v of Ay such that the numbers
(ar,v), as a runs through \IIQ, are positive and distinct. For each n > 0, let I'>, be the subsemigroup
of X*(Ap) defined by {a | (a,v) > n, (o, u) = 0,{a, A) > 0}. For ng large enough, the filtration
{0} = Hr,, C...C Hr,, = Ng satisfies the first two conditions. One then further refines this
filtration to make it satisfy the third (e.g. take the derived series of each Hr., /Hr., ., )- O

Let P be a D-parabolic subgroup. We put
[G]p = Np(A)Mp(F)\G(A).

When P = G we simply write [G] = [G]g. There is a natural map P(F)\G(A) — [G]p whose fibers
are N(F')\N(A)-torsors and hence are compact.

We write Ag for the maximal central split torus of G. More generally, for a D-parabolic subgroup
P of G, we write Ap = Ay, for the maximal central split torus of Mp.

4.2. Heights and weights.
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4.2.1. Heights on adelic points of algebraic groups. Let G be a connected linear algebraic group
over F. We fix an embedding ¢ : G — GLy for some N > 0 and define a height function on G(A)
by

(4.2) gl = H max {]e(9)ijlo, 11(9)7;" 1o}

1<i,j<N

where the product runs over all places of F. Note that for another choice of embedding ¢/ yielding
a height |-, there exists 7o > 0 such that ||g||'/" < ||g||' < [lg||"® for g € G(A). The equivalence
class of ||-|| (in the preceding sense) is therefore independent of the choice of . Note that if G = F,

or F™ is a vector space, then we may take the height function given, for g = (z1,...,z,) € G(A),
by
(4.3) lgll = [[max{1, |z1]0, . .., [2nlu}-

v

The height function || - || on G(A) induces a height function || - ||« on G(Fs) by the embedding
G(Fx) <= G(A). Tt is explicitly given by

HgHoo—H max_{[e(9)ijlo, [e(9)5' |0}

1<i,j<N

where the product runs over all Archimedean places of F'. This is called an algebraic scale on
G(Fu) in [BK11].

4.2.2. Heights modulo a central unipotent subgroup. In some circumstances we will need to work
with the group G modulo a central unipotent subgroup Z (see Subsection 4.3). In this setting,
we will equip G(A) with the pull-back of the height function || - || on the group (G/Z)(A), defined
n (4.2), by the projection G — G/Z. The resulting function will still be denoted || - || and be
called a height function on G(A). We take the convention that, whenever G is equipped with a
fixed central unipotent subgroup Z, the notation || - || always designates the function constructed
this way. If necessary, the height function on G(A) defined in (4.2) will be denoted by || - ||'.

Note that by the equivalence of unipotent groups and nilpotent Lie algebra, Z is necessarily
isomorphic to product of copies of G,. Since Hflppf(R, Z) = 0 for any F-algebra R , we have
(G/Z)(R) = G(R)/Z(R).

The following two lemmas and Remark 4.9, where we assume the above setting so that G is
equipped with a fixed unipotent central subgroup Z, show that the distinction between || - || and

| - |l will be mostly inconsequential on adelic quotients.
Lemma 4.7. There exist r1,r2 > 0, such that

gl < Emf lzgl" < llgll™, g€ G(A).

Proof. By | , Proposition A.1.1(ii)], the first inequality holds, so that we now prove the

second. The projection map G — G/Z is a Z torsor in the fppf topology. Since G/Z is affine we
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have Hflppf(G /Z,Z) =0, and thus the torsor is a trivial torsor. It follows that there exists a section
s:G/Z — G. By | , Proposition A.1.1(ii)] again, there exists r > 0 such that ||s(g)||" < ||g||"
for all g € (G/Z)(A), which implies the second inequality. O

Let P be a D-parabolic subgroup of G. Note that it contains Z. We define a height function on
[G]p by

4.4 = inf ; € [G]p.
(4.4 lole =_iaf_hol. g€ Gle
Lemma 4.8. There exist r1,r2 > 0 such that
p < inf "< gl g e<€lGlp.
lgllp < _Jnf llval” <llglz, g <[Gle
Proof. This directly follows from 4.7, since Z(F') C P(F') and Z(F)\Z(A) is compact. O

Remark 4.9. Lemma 4.8 implies that, if we temporarily put

z|’> = inf x|,

Jellp = _inf._ el
there exists g > 0 such that ||g||}3/r0 < |lgll'p < llgll'® for all g € [G]p. In particular, since the
spaces of functions that we will define in Subsection 4.3 are mostly insensitive to raising the heights

to a power, we may interchange the two constructions.

Remark 4.10. Set Py = P N H, which is parabolic subgroup of H. Using the projection G — H
and the embedding H — G, by [ , Proposition A.1.1] we see that there exist r1,79 > 0 such
that for x € H(A), we have

1215, < llzllp < [ll5, -

4.2.3. Weights. We keep the setting of Subsection 4.2.2, so that G is equipped with a central
unipotent subgroup Z and that P is a D-parabolic subgroup.
By a weight on [G]p we mean a positive measurable function on [G]p such that there exist a

positive number N and a constant C' such that
(4.5) w(zg) < Cw(x)|g|F, =€ [Glp, g€ G(A).

For example, || - || p is a weight function on [G]p.

We say that a function w on P(F)\G(A) is a weight on P(F)\G(A) if it is the composition of a
weight on [G]p with the map P(F)\G(A) — [G]p. In particular ||-|| p gives a weight on P(F)\G(A),
and we say that it is a height function on P(F)\G(A).

Remark 4.11. The definition of the weight in | | differs slightly from ours. The definition
there requires that for all compact subgroups J of G(A) we have

w(z) ~w(xk), forall z € [G]p, ke J.
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If G is reductive, which is the case considered in | ], the two definitions are equivalent

by [ , Lemma 2.4.3.1]. In general our definition imposes a stronger condition. Indeed
exponential functions on affine spaces satisfy the condition in [ | while our condition rules
them out.

4.3. Space of functions. Let GG be a connected linear algebraic group over F.

4.3.1. Representations. Following | , ] we introduce certain nice categories of repre-
sentations. We first consider representations of G(Fx). A Fréchet representation V of G(Fy) is
called an F-representation if its topology is induced by a countable family of G(F )-continuous

||-||co-bounded semi-norms. Here a semi-norm v on V is called G(Fx)-continuous if the map
G(Fx) x (V,v) = (V,v)

is continuous, where (V,v) is the vector space V' endowed with the topology induced from v. The

semi-norm v is called ||-||o-bounded if there is a positive number A such that

sup v(g-v)

< llgll%
veV,v(v)#0 V(”) >

for all g € G(Fx). By [ , Lemma 2.10], the Fréchet representation V' is an F-representation
if and only if it is of moderate growth, i.e. if for any continuous semi-norm v on V there exists

another continuous semi-norm v/ on V and a positive number A such that

v(g-v) < |lglls (v)
for all g € G(Fx) and v € V. An F-representation V' of G(Fu) is called smooth, or is said to be
an SF-representation if for each v € V' the map
G(lx) =V, g—g-v
is smooth, and if for every X € U(goo) the resulting map
V=V, v—=X-v

is continuous.

Remark 4.12. The ||-||cc-bounded condition is not included in [ , Section 2.5.3]. This is
because only reductive groups are considered there, where ||-||o is equivalent to the “maximal scale”,
cf. [ , Section 2.1], and thus the condition of ||-||s-boundedness is automatic. We however need

to work with representations of nonreductive groups, and ||-||.o-boundedness is crucial.

We now consider representations of G(A). An SLF-representation of G(A) is a vector space V

equipped with a G(A)-action, with the following properties.

e For each open compact subgroup J of G(A¢) the space V7 is an SF-representation of G(F,).
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e We have
v= |J v/
JCG(AJC)
where J runs over all open compact subgroups of G(Ay).

e If J' C J then the natural map V/ — V7 is a closed embedding.

4.3.2. Smooth functions and Schwartz space. We now let Z C G be a central unipotent subgroup.
Let ¢ : Z(F)\Z(A) — C* be a character. We define C*°(G(A),1) to be the vector space of
functions f : G(A) — C such that

e f is right invariant under a compact open subgroup J C G(Ay),
o for all gy € G(Ay), the function goo — f(gr9gsc) is a smooth function on the Lie group
G(Foo),
o f(zg) =9(2)f(g) for all z € Z(A) and g € G(A).
Remark that we do not require f to be left invariant under some compact open subgroup of G(A).
We denote by C°(G(A), ) the subspace of compactly supported functions modulo Z(A). If ¢ is
trivial we omit it from the notation in all function spaces.

Choose a height function ||-|| on G(A) which is the pullback of a height function on (G/Z)(A),
as described in Subsection 4.2.2. For a compact open subset C' of G(Ay) and a compact open
subgroup J of G(Ay), we denote by S(G(A),C, J,9) the subspace of C*(G(A),) consisting of
functions f that are bi-invariant under J, supported in G(Fx) x CZ(A) and such that for all N > 0
and X,Y € U(goo) the semi-norm

I fllxyn == sup [lg]|MR(X)LY) f(9)]
geG(A)
is finite. This family of semi-norms gives C*°(G(A), 1) the structure of a Fréchet space. Define
the space of Schwartz functions S(G(A), ) to be the union of all such S(G(A),C, J,¢) as C and
J vary, endowed with the natural topology of an LF space.

Remark 4.13. Note that L(Y') and R(Y") differ by the adjoint action, which is an algebraic repre-
sentation on G. Therefore, the topology of S(G(A),C, J,1) is also generated by the semi-norms

|| . HX,N where

Ifllxn = sup [gl¥[R(X) ()l
geG(A)

4.3.3. The subgroup T'. Let T be a subgroup of G(A) such that its intersection with Z(A) equals
Z(F). We let C>*(I'\G(A), 1) be the subspace of C*°(G(A),1)) of left I'-invariant functions. For
any open compact subgroup J C G(Ay), we denote by C®(I'\G(A),v)” its subspace of right
J-invariant functions.

We will say that I' satisfies the condition (SL) if the following holds: I' contains P(F') for some
D-parabolic subgroup P of G with the property that for any open compact subgroup J C G(Ay), there

exists an open compact subset C C G(Ay) such that the support of any f € C(P(F)\G(A), )’
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is contained in T'(C x G(Fx)). We will assume that I' satisfies this condition for the rest of this
section.

Let C be a set of representatives of P(F)\G(Af)/J. The (SL) condition implies that there is
a finite subset Cg of C such that C°(P(F)\G(A),v)” can be identified with a space of smooth
functions on Ugee, (P(F) NEJET\G(Fx), and C°(T\G(A),v)” is a subspace of it. If we didn’t
have this condition later when we define our various spaces of functions on I'\G(A), we would
need to work with Schwartz functions or functions of uniform moderate growth on manifolds with
infinitely many connected components, in which case no suitable formalism is available.

Note that this is not merely a condition on I', but that it also depends on #. If G is reductive and
P C @ are parabolic subgroups, then I' = P(F), Mp(F)Ng(A), or Mp(F)Np(A) satisfy condition
(SL). Other examples include the analogue case of Jacobi groups and their D-parabolic subgroups
(and nontrivial ), which will be explained in Subsection 5.1.

We slightly extend the definition of heights and weights to the case of I'\G(A) where T is as
above. We define a height | - || on T'\G(A) by

gl := inf [|vg].
~el

Note that ||g||p > 1 for all g. We define a weight on I'\G(A) to be a positive measurable function
on I'\G(A) such that there exist a positive number N and a constant C' such that

w(zg) < Cw(z)|gl|y, for all z € [G]p and g € G(A).

When I' = P(F) or M(F)N(A), these definitions coincide with the definition of weight on [G]p
given in (4.5).

4.3.4. Spaces of Schwartz functions. We keep I' to be as in Subsection 4.3.3, so that it satisfies
condition (SL).

Let SY(I'\G(A), %) be the space of measurable functions on ¢ on I'\G(A) such that p(zx) =
P(2)p(x) for almost all (z,x) € [Z] x T'\G(A), and such that for any N > 0

Illooy := sup [lz[[fp(x)| < oo.
2€T\G(A)

It is equipped with the family of seminorms || - [|s,n Which gives it the structure of Fréchet space.
Let SY(T\G(A),v) be the closed subspace of S°(I'\G(A),) consisting of continuous functions.

Let S(T'\G(A), 1) be the space of Schwartz functions on T\G(A). It is the subspace of C*°(I'\G(A), ¢)
consisting of ¢ satisfying that for all X € U(go) and integers N > 0,

lellx oo = sup lglly [R(X)e(g)| < oo

gET\G(A)
For each compact open subgroup J C G(Ay), S(T\G(A),v)” is a Fréchet space under the seminorms

| - [l x,N,00, and S(I'\G(A), 1) is an SLF representation of G(A) for the right translation R.
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Let w be a weight on I'\G(A). For each N > 0, let S, v(I'\G(A), ) be the space of smooth

functions ¢ € C*(I'\G(A), v) satisfying
oo, ~Nawrx == sup [|gllz¥w(g) [R(X)p(g)] < o0
geM\G(A)
forall7 > 0and X € U(goo). For each open compact subgroup J of G(A ), the space Sy, v (T\G(A), 1)/
is a Fréchet space, and hence S, v (I'\G(A), ®) is a strict LF space. Put
Sw(F\G(A)? ¢) = U Sw,N(F\G(A)v ¢)7
N>0

which is naturally a non-strict LF space. This is the t-equivariant weighted Schwartz space. In

particular, when w = || - ||, we recover the definition of S(I'\G(A), ).

4.3.5. Space of functions of uniform moderate growth. We retain the subgroup I' from the previous
subsection. Fix a weight w on T'\G(A), and denote by T2(I'\G(A),v) the space of complex Radon
measures ¢ on I'\G(A) with the properties that

/ F(9)elg) = ¥(2) / f(z0)09)
T\G(A) M\G(A)

for any integrable function f on I'\G(A) and z € [Z], and moreover that

ol = / w(g)le(g)] < oo.
I\G(A)

The space 7.0(T'\G(A), 1) is naturally a Banach space with the norm ||-||1,.,. We write T9(T\G(A), )
for the space T° _n(I'\G(A), 1), and set

[ P
TOM\G(A), %) == | TNI\G(A), ),
N>0
which is naturally an LF space.
We set

T(M\G(A),¢) = SI(T\G(A),$) = | Tv(T\G(A), ),
N>0
where Tn(I\G(A),v) = Si n(I'\G(A), ). It is the space of ¢-equivariant functions of uniform
moderate growth. It is equipped with the corresponding LF topology.

There is a natural pairing
(16)  SUM\G(A) V) x TPO\GALE™) 5 € (0 (o) = [ Gl @)
I\G(A)

It identifies 79(T\G(A), 1) with the topological dual of SY(T\G(A), ).
If p € TOT\G(A), %) and f € S(G(A),1), we define a function R(f)p on G(A) by

R(f)p(x) = / o).
Z(A\G(A)

Lemma 4.14. Let f € S(G(A),v™1), and ¢ € TO(T\G(A),v). Let w be a weight on T\G(A). If

w is bounded on the support of ¢, then R(f)p € Syu(T\G(A), ).
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Proof. The proof is the same as | , Lemma 2.5.1.1]. O

4.3.6. Spaces of weighted L?-functions on reductive groups. We now assume that G is reductive
and let P be a standard parabolic subgroup of G. By taking I' = Mp(F)Np(A) and Z = 1, we get
various spaces of functions on [G]p, including S([G]p), T ([G]p), etc. These spaces are related to
smooth vectors in weighted L? spaces as we now explain.

The space [G]p = Mp(F)Np(A)\G(A) is equipped with the quotient of the Tamagawa measure
on G(A) by the product of the counting measure on Mp(A) with the Tamagawa measure on Np(A)
(see Subsection 3.4). We denote by L?([G]p) the space of L? functions on [G]p. It is a Hilbert

space when equipped with the scalar product

<¢1,902>P=/[G] v1(9)p2(g9)dg.

More generally, if w is a weight on [G] p, we write L2 ([G]p) for the Hilbert space of square-integrable
functions with respect to the measure w(g)dg. We denote the resulting norm ||-||,, pz2. If N € R,
we will simply write L% ([G]p) for Lﬁ'll g([G] p). It is equipped with a continuous (non-unitary)
representation R of G(A) by right-translation.

The subspace L2 ([G]p)> of smooth vectors consist of smooth functions ¢ : [G]p — C such that
for every X € U(goo) we have R(X)p € L2 ([G]p). It is equipped with the family of semi-norms
|R(X)f|lw,pr2- For every open compact subgroup J C G(Ay), the subspace (LZ([G]p)>)” is a
Frechet space, and we equip L2 ([G]p)>® = U, (L2 ([G]p)>)’ with the corresponding structure of
LF-space.

By the Sobolev inequality ([ , (2.5.5.4)]) and the open mapping theorem, we have an
equality of SLF representations (where the right-hand side is equipped with the locally convex
projective limit topology)

S((6lp) = (] LA (GlP)™
N>0
Moreover, for every weight w on [G]p, S([G]p) is dense in L2 ([G]p)>.
By another use of the Sobolev inequality, we also have the equality of LF spaces
T(Glp) = |J L2 n((Glp)™.
N>0
It follows that S([G]p) is dense in T ([G]p) (but it is not dense in any Ty ([G]p) in general). Finally,
for every N > 0 there exist N’ > 0 and a continuous inclusion L2 \([G]p)* C Ta/([G]p).

4.4. Pseudo-Eisenstein series and constant terms. Let G be a connected linear algebraic
group over F' that satisfies (SR). Recall that in Subsection 4.1 we have fixed a Levi decomposition
G = U x H, a maximal split torus Ag C H and a minimal parabolic subgroup Py of H which contains
Ap. Let P,Q be two semistandard D-parabolic subgroups of G with P C Q. We keep Z to be a
central unipotent subgroup of G, and v a character of [Z]. Note that Mp(F)Np(A)NZ(A) = Z(F).

We may therefore take I' = Mp(F)Np(A) or T' = P(F) in the definitions of the various function
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spaces of Subsection 4.3. In particular, we get spaces of ¢-equivariant functions on P(F)\G(A) or
[G]p. The same holds for Q.

Like in the case of reductive groups, we have the construction of pseudo-Eisenstein series and the
constant terms, which we now explain. For ¢ € S°(P(F)\G(A),), we define a pseudo-Eisenstein
series

EZelg)= > @)

YEP(FN\Q(F)
Lemma 4.15. The pseudo-Fisenstein series ¢ — Eggp defines a continuous linear map
B : 8" (P(F)\G(A),¢) = S"(QIF\G(A), ¥),
where 7 =0, 00, or empty.

Note that by restriction we also obtain a continuous linear map Eg : S"([Gp, ) — SY([Glg, ¥)
for 7 =0, 00, or empty.

Proof. Tt is more convenient to use the height function ||-||" on G(A) instead of the one pulled back
from G/Z(A) (see Remark 4.9). So || -|| in the proof below will denote the height function on G(A).
Let di,dy > 0. For every v € Q(F) we have ||v]|p" < Z5GP(F)H(57H*‘12. Moreover, it follows
from | , Theorem A.1.1(1)] that there exists ¢ > 0 such that ||zy|¢ < ||z||||ly||. Therefore for
every p € SY(P(F)\G(A),) and g € G(A) we have

—di1—d —d —d
S letl< D> Ivalpt < glig™® DD Ihllp®

YEP(F)\Q(F) YEP(F)\Q(F) YEP(F)\Q(F)
<lglg™ > lgl™
YEQ(F)
< lglg®™lgh®™ > Iivl=en.
YEQ(F)
By [ , Proposition A.1.1 (v)], the sum }°. o p) |ly]|7¢% is finite for di large enough. As the

LHS only depends on the class of g in Q(F)\G(A), we see that

Yo e < lelaracollglg™ ™, ¢ € SUPFENG(A), ).
YEP(F)\Q(F)
By taking ds large enough, this shows that Eg sends SO(P(F)\G(A),v) to SY(Q(F)\G(A),), and

that it is continuous. By a similar estimate we see that Eg restricts a to continuous map from
SY(P(F)\G(A), ) to S (Q(F)\G(A), ), where ? = 00 or empty. O

Remark 4.16. If G is reductive and ¢ € S°([G]p) then we have Egcp € 8%([G]g). This is the usual

definition of pseudo-Eisenstein series in | , Section 2.5.13].
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We now define the constant terms. If ¢ is a Radon measure on P(F)\G(A), we define its constant
term @p to be its pushforward to [G]p along the projection map P(F)\G(A) — [G]p. Since the
fibers of P(F)\G(A) — [G]p are compact, if ¢ € TO(P(F)\G(A),v), then pp € T°([G]p,). Note
that this map is the transpose of the pullback of functions S?([G]p,¢~1) — SP(P(F)\G(A),»~1)
under the pairing (4.6), where we use the compactness of the fibers again to ensure that a function
on [G]p of rapid decay is of rapid decay on P(F)\G(A). On the subspace T (P(F)\G(A),v), the

constant term is given by

prla) = [ (o),

[NP]
and ¢p € T([G]p,v). Moreover ¢ — @p induces continuous linear maps 7 (P(F)\G(A),¢) —
T([Glp, ) and Tw(P(F)\G(A), 9) = T ((Glp, ¥) for all N.
By Lemma 4.15, the pseudo-Eisenstein series Eg gives a continuous linear map S (P(F)\G(A), ¢y~ 1) —
SYQ(F)\G(A),~1). Tts transpose gives a continuous linear map
TUQIPNG(A),¥) = TU(P(F)\G(A), ¥).

Therefore we have a series of continuous linear maps

(4.7) T([Gl. %) = T (QF)\G(A),¢) = TU(P(F)\G(A),4) = T°([Gp, v).
We denote the composition also by ¢ — @p and again call it the constant term. If G is reductive,
this is the definition of the constant term given in | , Section 2.5.13]. The composition in
(4.7) restricts to a continuous map T ([Glg,¢) — T ([G]p, ).

By construction we have
(48) (0, ERe) = (ep, ), 9 € 8°(Glo,v™), ¢ € T°(Glp, ¥),
where (—, —) stands for the pairing between S% and 7° defined in (4.6).

4.5. Reductive groups, reduction theory. In this section, we let G be a connected reductive

group over F.

4.5.1. Main notations. Let X*(G) be the group of rational characters of G. Put ag = Homyz(X*(G),R)
and af, = X*(G) ®z R. We have a canonical pairing

(—,—) a5 xag — R.
Let Hg : G(A) — ag the Harish-Chandra map, with the defining property that for any x € X*(G),

we have

(4.9) log|x(9)| = (x; Ha(9))-

Let P = MN be a parabolic subgroup and K be a good maximal compact subgroup of G(A),
i.e. such that we have the Iwasawa G(A) = P(A)K. We put ap = aps and ap = aj,. For any
mnk € G(A) with m € M(A), n € N(A) and k € K, set

Hp(mnk) = Hp(m) € ap,
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where H)y is the Harish-Chandra map defined in (4.9) with respecto to the reductive group M. We
define G(A)! to be the kernel of Hg, and set [G]L = M(F)N(A)\G(A)!. We extend this definition
by putting P(A)' = M(A)!N(A).

Recall that we have fixed a maximal split torus Ay of G and a minimal parabolic Py = MyNp.
We put ap = ap,, a5 = ap and Ho = Hp, to shorten notation.

Let P = M N be a parabolic subgroup. We denote by dp : M(A) — C* the modulus character,
and by pp the half sum of roots of Ap in N. Then pp € a}, and satisfies

5P(m) — e<pP7HI\/I(m)>’ m E M(A)‘

Let P C @ be parabolic subgroups. Then we have Ag C Ap. The restriction X*(Q) — X*(P)
induces the maps a;, — ap (which is an injection) and ap — ag, whose kernel is denoted by
ag. The restriction X*(Ap) — X*(Ag) induces the maps ag — ap (which is an injection) and

ap — C‘Zy whose kernel is denoted by a P’*. We have canonical decompositions
*
ap = ag ® a%, ap = ag dag”.

Define Ag C ang’* to be the set of simple roots of Ap in Mg N P. We have the set of coroots
Ag,v C ag. By duality, we also have the set of simple weights Ag C a?,’*. The sets Ag and
ﬁg define open cones in ayg whose characteristic functions are denoted by Tg and ?g respectively.
If P = Py then we replace the subscript Py in the notation by 0. If @ = G then we omit the
superscript G.

Let W be the Weyl group of (G, Ag), that is the quotient of the normalizer of Ay in G(F') by
My the Levi subgroup of Fy. For P = MpNp and ) = MgNg two standards parabolic subgroups
of G, denote by W (P, Q) the set w € W such that wA} = A((‘j?. In particular, for w € W(P, Q) we
have wMp = Mg.

4.5.2. Haar measures. We equip ap with the Haar measure giving the lattice Hom(X*(P), Z) covol-
ume 1, and 7a}p with the dual measure. If Q O P is another parabolic subgroup, then ag =ap/ag

and ia P’* = jay/ a’é are equipped with the quotient Haar measures.

4.5.3. Truncation parameters. The fixed minimal parabolic subgroup Py determine a positive cham-
ber in ag. By “T € ag is sufficiently positive” we mean that “for T such that infaen, @(T) >
max{e||T||, C'}”, where ||| is an arbitrary norm on the real vector space ag, C' > 0 is a large enough
constant and € > 0 is an arbitrary (but in practice small enough) constant. We say that 7" € qay is
sufficiently negative if —T is sufficiently positive.

For T € ag and a standard parabolic subgroup P, we write Tp for the image of T under the
projection map ag — ap. If P is more generally semistandard, we write Tp for the image of w - T

under the projection map ag — ap, where w is any element in the Weyl group satisfies wPyw~! C P.
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4.5.4. Reduction theory. Let wy C Py(A)! be a compact subset such that Py(A)! = woPy(F). Let
P = MN be a standard parabolic subgroup. By a Siegel domain s of [G]p we mean a subset of
[G]p of the form
s =wo{a € AX | (a, Ho(a) = T_) >0, a € ALK,
where T_ € ag, and such that G(A) = M(F)N(A)s”. We assume that for different parabolic
subgroups of G, their Siegel domains are defined by the same T_. In particular if P C @) then
s’ D 5@
For T,T_ € ay, we define

AG=(T,T) = {a € AF | (0, Ho(a)) > (0, T), Yo € AJ and (@, Ho(a)) < (w7, T),Vew € AT }.

We put s(T) = s(T_,T,wo, K) = woAéD’OO(T_,T)K and call it the truncated Siegel set. Let
FT(-,T) be the characteristic function on [G]p of the set Mp(F)Np(A)s?(T). For T sufficiently
positive and T sufficiently negative, we have the Langlands partition formula | , Lemma 6.4]:
(4.10) > > F94a,T)rh(Ho(yz) - T) = 1.
PoCQCP yeQ(F)\P(F)
Let A € af and P be a parabolic subgroup. A weight dp\ on [G]p is introduced in | ,
Section 2.4.3]. If g € s, then we have

dp(g) ~ eMHP@)

If P C @ are parabolic subgroups, two weights dg and dg on [G]p and [G]g respectively are
introduced in | , Section 2.4.4] and are given by

d(g) = min dpa(g). dG(g) = min dga(9),
Aev? PYSOnt

where g € [G]p and [G]g respectively. Consider the projections
P

(a.11) 6lr &2 PENG(ANG) ™ [Glo.
For C' > 0 define
WE[> C] = {g € P(F)No(A\G(A) | d(n}(9)) > C}.
We recall | , Lemma 2.4.4.1] which summarizes some classical results from reduction

theory.

Lemma 4.17. We have the following assertions.

(1) There is an € > 0 such that 775 maps wg[> €] onto [Glg.
(2) For any € > 0, we have

d2(g) ~ d5(9),  Nglle ~ ll9lq

forall g € wg[> €].

3) For all € > 0, the restriction of w, to w5|> €| has uniformly bounde ers.
For all h f 5 to WP h iformly bounded fib
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(4) For all € > 0, there is a C > 0 such that if (g1,92) € wg[> €] x wg[> C] and 7'['5(91) =
WS(QQ)’ then g1 = go.

(5) The map 7T5 is a local homeomorphism that locally preserves the measures. The map ﬂg
is proper and the pushforward of the invariant measure on P(F)Ng(A)\G(A) by it is the

invariant measure on [G]p.

4.6. Automorphic forms and Eisenstein series. We assume that G is reductive and connected

in this subsection.

4.6.1. Spaces of automorphic forms. Let P = M N be a standard parabolic subgroup of G. Equip
A% with the Haar measure da such that the isomorphism Hp : A¥ — ap is measure preserving
(see Subsection 4.5.2). Set [G]po = AF\[G]p. It is equipped with the quotient of the Tamagawa
invariant measure on [G]p (see Subsection 4.3.6) by da.

We define the space of automorphic forms Ap(G) to be the subspace of Z(go)-finite functions
in T([G]p). We define Apcusp(G) (resp. Apgdisc(G)) to be the subspace of cuspidal automorphic
forms (resp. discrete automorphic forms), i.e. functions ¢ € Ap(G) such that pg = 0 for all Q & P
(resp. such that |p| € L2([G]po)). We will simply drop the subscripts P when P = G.

A cuspidal (resp. discrete) automorphic representation m of M (A) is a topologically irreducible
subrepresentation of Acusp(M) (resp. of Agisc(M)). Let m be a cuspidal (resp. discrete) auto-
morphic representation of M(A). We define Ax cusp(M) (resp. Ax gisc(M)) to be the m-isotypic
component of Acysp (M) (resp. Agisc(M)), and set

II = Indggﬁg T, Apgxcusp(G) = Indggig Az cusp(M), (resp. Apr disc(G) = Indggig AmdiSC(M)> .

Here Ind stands for the normalized smooth induction. These spaces have a natural topology
described in [ , §2.7] which gives them the structure of SLF representations of G(A). We
identify II (resp. Apr.cusp(G), Aprdisc(G)) with the space of forms ¢ € Ap(G) such that the

function

m s e PPHPM) G (mg)  m e [M]

belongs to 7 (resp. Agr cusp(M), Ax disc(G)) for every g € [G]p.
Let A\ € a*P?(C. We define the twist ) as the space of functions of the form

(A Hp(m))

m e p(m), meMA), pem.

If 7 is cuspidal, for f € S(G(A)) we denote by I(), f) the action of f on Ap, cusp(G) obtained by
transporting the action on Ap r cusp(G) through the identification

AP,ﬂ',cusp(G) — AP,TK‘)\,CHSI)(G)’ P = 6<A7HP(')>90(')'

In the same way, if 7 is discrete we also get an action on Ap,, gisc(G) still denoted by I(A, f).
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If the central character of 7 is unitary, we equip II and Aprcusp(G) (resp. Aprdise(G)) with

the Petersson inner product

(4.12) (@1, 92)Pet = /[G] ¢1(9)p2(g)dg.

For every ¢ € Apqisc(G), A € ap e, we have the Eisenstein series

E(ge V)= > olyg)eMHrto,
YEP(F)\G(F)
This sum is absolutely convergent when R\ is in a certain cone, and E(g, ¢, A\) has a meromor-
phic continuation to all A which is regular on ia}. By | , Theorem 2.2], for every discrete
automorphic representation 7 of M (A) and for every A € ia}, the map ¢ — E(-,,A) induces a
continuous map I — T ([G]) that actually factors through 7x([G]) for some N > 0. The resulting
map IT — Tx([G]) is continuous by the closed graph theorem (see Remark 6.9).

4.6.2. Relative characters. Let w be an irreducible cuspidal or discrete automorphic representation
of M(A). In the following, we simply write Ap; for Apx cusp O AP disc-

Recall that we have fixed a maximal compact subgroup K of G(A). Let K be the set of all
irreducible unitary representations of K. For any 7 € K , we denote by Ap(G,7) the (finite
dimensional) subspace of Ap(G) spanned by the functions which translate by K according to
7. A K-basis of Ap,(G) is by definition the union over all 7 € K of orthonormal basis Bpxr-
of Ap,(G, ) for the Petersson inner product. The following proposition will be useful to define

relative characters.

Proposition 4.18. Let Bp, be a K-basis of Ap(G).
(1) Let f € S(G(A)). The sum
Y I NP

@EBP,W

1s absolutely convergent in AP,W(G)(@ARW(G). The convergence is uniform for \ when

R lies in any fired compact subset. Moreover, for any continuous sesquilinear form B on
Apx(G) x Ap=(G), the map

e Y BUONe,e)
PwEBP x

is a continuous linear form on S(G(A)).
(2) Let f € S(G(A)). For all X € ia}, there exists N such that the series

wEBP ~

is absolutely convergent in Tn (|G x G]).
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(3) Let f € S([G)). For all X € ia},, there exists N such that the series

(4.13) Z <fv ( P )>E('7907)‘)

SOEBP,W
is absolutely convergent in Tn([G]), where (-,-) is the pairing defined in (4.6).

Moreover, these sums do not depend on the choice of Bp .

Proof. The first assertion is | , Proposition 2.8.4.1]. The second is a consequence of (1) and
the existence of the continuous map ¢ € Il — E(p, ) € Tn([G]) for some N ([ , Theorem 2.2]).
The third is not explicitly listed as a theorem in [ |, but is contained in the discussion in
the first paragraph of | , Section 2.9.8], and in particular in the expression (2.9.8.14). Note
that in Loc. cit, the group is assumed to be a product of restrictions of general linear groups,
and 7 is assumed to be cuspidal, but the discussion in the first paragraph does not require these

assumptions. m
4.7. Cuspidal data and Langlands decompositions.

4.7.1. Cuspidal data. We continue to assume that G is reductive in this subsection. Let X(G) be
the set of pairs (Mp, ) where

e P = MpNp is a standard parabolic subgroup of G,
e 7 is an (isomorphism class of a) cuspidal automorphic representation of Mp(A) whose

central character is trivial on A% .

Two elements (Mp, ) and (Mg, ) of X(G) are equivalent if there is a w € W(P, Q) such that
wrw ™! = 7. We define a cuspidal datum to be an equivalence class of such (Mp, ) and denote by
X(G) the set of all cuspidal data. If x € X(G) is represented by (Mp,w) we define x to be the
cuspidal datum represented by (Mp,n"). Note that the natural inclusion X(M) C X(G) descends

to a finite-to-one map X(M) — X(G).
4.7.2. Coarse Langlands decomposition. For (Mp,m) € X(G), let Sz([G]p) be the space of ¢ €
S([G]p) such that
ox(z) == /oo e~ PP tAHP(@) (g1 da, = € [G]p,
belongs to Apr, cusp(G) for every A € apc-

Let P C G be a standard parabolic subgroup, x € X(G) be a cuspidal datum and {(Mg,,m;) | i €
I} be the inverse image of x in X(Mp). Denote by Li([G]p) the closure in L?([G]p) of the subspace

(4.14) > EL(Sx([Gla)-
i€l
We define similarly Li([G] po) C L?([G]po). The coarse Langlands decomposition (] , Propo-

sition I1.2.4]) states that we have decompositions in orthogonal direct sums

@ LG and L?*(|G @ LG
XEX(G XEX(G)
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For any subset X C X(G), set

13(G]p) = B2 (Glp),

XE€X
and define
Sx([G]p) = S([Glp) N LX([G]p).
Let w be a weight on [G]p. For any F € {L2,, Tn, T, Sw.n,Sw}, define Fx([G]p) to be the orthogonal
of Sx<([G]p) in F([G]p), where X¢ is the complement of X in X(G). By | , Section 2.9.4],

for F € {L2,T,S} there are canonical projections
(4.15) F(Glp) = Fx((Glp), = ox-
The following proposition is contained in | , Theorem 2.9.4.1].

Proposition 4.19. There exists an integer Ny, such that for all p € T, ([G]p) (resp. Sw.n([G]pP)),
the family (¢y)yex(q) is absolutely summable with the sum o in Ty N([G]p) (Tesp. Swn+N,([G]P))-

Moreover, we have the following result from [ , Section 2.9.5] (which follows from the
density of S([G]p) in L2 ([G]p)*> stated in Subsection 4.3.6 and the continuity of the projections

@ px).

Proposition 4.20. Let X be a subset of X(G). The space Sx([G]p) is dense in qu’x([G]p)"O.
4.7.3. Spectral expansion of kernel functions. The right convolution by f € S(G(A)) on the spaces
Li([G] p) and L?([G]p) gives rise to integral operators whose kernel are denoted by K p, and

Ky p respectively. If P = G we omit the subscript G. These kernel functions satisfy the following

estimates, cf. | , Lemma 2.10.1.1].

Lemma 4.21. There exists Ny > 0 such that for every weight w on [G]p and every continuous

seminorm ||-||w,n, on Tw,.n,([Glp), there exists a continuous seminorm ||-||s on S(G(A)) such that

for f € S(G(A)) we have
Y K pa(y)l

XEX(G)

wio < I flswy)™!,  yelGlp.

In particular

> B (s, y)] < llzlPw(@)wy) MIflls, =y € [Glp.
XEX(G)

Put
Kia) = [ Kpalwapia
G

For every standard parabolic subgroup P of G, let AORX’diSC(G) be the closed subspace of Ap gisc(G)
spanned by left A%¥-invariant functions whose class belongs to L2 ([G]po). We have an isotypic

decomposition

AOP,x,disc(G) = @ AP,Tr,disc(G)
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where the direct sum is indexed by a certain set of discrete automorphic representations 7 of
Mp(A), cf. | , Section 2.10.2]. Let Bpr be a K-basis of Ap qisc(G) (see Subsection 4.6.2)
and set Bp, = U;Bp; where 7 ranges over the representations appearing in the above isotypic
decomposition. Similarly, set Bpy,r = UzBpr . Recall that we have defined a measure d\ on
iaIGD’* in Subsection 4.5.2. The following spectral expansion is an extension of a result of Arthur

[ , §4] to Schwartz functions (see | , Lemma 2.10.2.1]).

Lemma 4.22. There is a continuous semi-norm ||-|| on S(G(A)) and an integer N such that for
all X,Y €U(goo), all z,y € G(A), and all f € S(G(A)) we have

Y D IP(Mp) 1/ D> RXE(z, I(A, e, A) (R(Y)E(y, ¢, A))| dA

XE%(G) PP T SOEBPX T
<ILEORM) Flll= 1 E &

where P(Mp) is the set of semi-standard parabolic subgroups Q of G such that Mg ~ Mp. Moreover
for all x,y € G(A) and all x € X(G) we have

@) K= PO [ S B0 e ) Bl e N
PyCP wap’ L,@EBPX
Remark 4.23. In this paper, we will only use Lemma 4.22 under the assumption that the cuspidal
datum x is regular, that is that if x is represented by (Mp,7), the only w € W (P, P) satisfying
wn ~ 7 is w = 1. Under this condition, the Langlands spectral decomposition [ | implies that
(4.16) reduces to
K9 (2,9) / S B, IO\ £ VE(, 2, VA,

P SOGBPW

4.8. Approximation by constant terms. If GG is reductive, functions of uniformly moderate
growth are approximated by their constant terms in a precise sense. This is the “approximation
by constant terms”, cf. | , Theorem 2.5.14.1 (1)]. We extend this to the case of possibly
nonreductive groups satisfying the condition (SR).

Let G = U x H be a connected algebraic group satisfying the condition (SR) as in Section 4.1.
Let P be a standard D-parabolic subgroup. Put Py = PN H, which is a parabolic subgroup of H.
For P C @, we define a weight function de; on [H]p, by

(4.17) d%(h) = min dp, (h), h e [H]p,.
ae@g

We recall that ‘I/g = Wp\¥q is the set of roots of Ay action on ng = np/ng. Note that P,(Q are

dgg which we recall

not parabolic subgroups of H, and the weight d?, is not to be confused with
is defined by

d3f(h) = min dp,o(h), he[Hp,.

However we have the following relation.
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Lemma 4.24. We have dg < dgH.
H

Proof. By definition, we have Np N H = Np,, and Ng N H = Ng,,, so that np, /ng, embeds into
np/ng as a subspace. It follows that \Ilgg C \I/jQD which implies de; < dgg . O

The “approximation by constant terms” refers to the following theorem.

Theorem 4.25. Assume that G satisfies condition (SR). Let P C Q). Let N > 0, r > 0 and
X € U(9so). There exists a continuous seminorm ||-|| = ||-||n.xr such that for any ¢ € Tn([Glg, )
and x € Py(F)Ng, (A)\H(A), we have

(4.18) R(X)p(x) = R(X)pp ()| < [z FdE(x) |-

By Remark 4.10, we can also use ||z|p, in right hand side of 4.18. It is however of critical

importance that the weight de; appears on the right hand side, not dgg .

We begin with an elementary lemma.

Lemma 4.26. Let V be a finite dimensional vector space over F and U C V(A) be an open compact
subgroup. Then there exists a homogeneous X € U(Lie(V(Fy))) such that for any f € C=([V])Y

and any sufficiently large integer r, we have
(4.19) I = [, F@aele < IROE) o

Note that, by our convention on measures, the measure on [V| is the Tamagawa measure, i.e.

vol([V]) = 1.

Proof. Let A = V(F) N U which is a lattice in V(Fy). Since V(F) is dense in V(A), the natural

embedding induces a V (Fy)-equivariant isomorphism

AV (Fa) = V(E)\V(A)/U.

Thus we are reduced to the same problem for A\V (Fu). We pick a suitable basis and identify it

with Z"\R" for n = dimg V. By classical Fourier series theory, X = 71" | £~ 22 suffices. O

Proof of Theorem 4.25. Up to replacing R(X)p by ¢, we can assume that X = 1. Since the
constant term map ¢ — @p is continuous from Tn([G]g,?) to Tn(P(F)Ng(A)\G(A),), there
exists a continuous semi-norm || - || on Tn([G]q, ) such that for all x € P(F)Ng(A)\G(A), we have

IR(X)p(2) = R(X)pp(@)| < [lz|Fllel.

Thus we only need to consider those  such that dg (z) > C for some C, hence z € wp T[> C]. For
C large enough, Py (F)s®# C wp,[> C], hence we can assume z € s@H at the beginning.
Note that

pp(x) = / p(nx)dn.
(N
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Take a filtration of Ng
{0} =NoC N, C---C N, =N¥

as in Lemma 4.6. For each 0 <i <k — 1, set
vi(x) == / o(nz)dn.
(V4]

Then pg = ¢ and ¢ = pp. It suffices to show that, for each ¢ with 0 < i < k — 1, there exists a

continuous semi-norm || - ||; on T ([G]g, ) such that for z € 597 we have

[pi() = pir1(@)] < ||zl BdB(2) " [l

Once we have this, the semi-norm || - || = sup, || - ||; satisfies the condition.
Since N;y1/N; is a vector space, up to enlarging r (which is possible as diQ;(l‘) > (), by

Lemma 4.26 there exists an X € Nj41,00/Mi 00 such that we have

wi(z) — / wi(nz)dn
[Nit1/Ni]

Take the complementary subspace n’ 41 of njinn;y; as in the Lemma 4.6. Let X € n§ 41 With image
X , then

(4.20) l0i(x) — pit1(z)] = < RXR@) D3| oo 1,11

R(X")R(z)p; = R(X")R(2)pi = R(2)R (Ad(2)(X")) @i

Therefore, as [N;11] is compact,

@2 ROORE g < ol e (J9l5 [R (A 0) w0)])-
yelGlQ

For z € s9H | 2., can be written in the form z., = ac, where a € AOQ (T-), and c lies in a compact
subset of H(F). Thus

Ad(2ZH)X = Ad(¢™HAd(a )X = Ad(cY)e (@ Hol@) x|

where « is the only root of Ay acting on nﬁﬂ. Pick a basis E; of U(geo)=", the elements in U(gso)

of degree < r. If we write

(4.22) Ad(z )X = ci(a)E;,

then we deduce that |c;(z)| < dp,.o(x)™", since we recall that we have

dpyg,al@) ~ €10,

when x € 577, The theorem then follows from (4.20), (4.21) and (4.22). O
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4.9. A mild extension of Arthur’s truncation operator. Let G be a connected reductive
group over F. Fix a minimal parabolic subgroup Fy. Let F be the set of standard parabolic

subgroups of G. We define a space of functions 7r(G) as

TF(G) = {(P%O) e [I T(PENGW)) | py —qv € S4q(P(F)\G(A)) for any P C Q} :
PeF

This space embeds as a closed subspace of the LF space,

[I 7enG@) < 1 S,e(P(F)\G(A)),
PeF PPQCEQ]-'

and as such inherits an LF topology.
We define S°([G]}) to be the Banach space of measurable functions on [G]} such that for any
N,

(4.23) 1 lloo,v = sup || F1f(2)] < ce.
z€[Gp
Proposition 4.27. Let ¢ = (pp) € Tr(G) be a collection of functions. For g € [G]p and T € ay,
define
ATp(g) = Z €p Z Tp(Hp(vg) — Tp)Pp(79).
PeFo ~yeP(F)\G(F)

and

(g) = F%(g,T) - c(g).

Then for every ¢ > 0, N > 0, there exists a continuous seminorm || - ||c,nv on Tr(G) such that
1T = T glloon < e~ Ml lc, v,

for ¢ € Tr(G) and T € ag sufficiently positive, where the norm on left hand side is as defined
in (4.23).

Remark 4.28. When ¢ € T([G]) and py = ¢p for all P € F, we have (¢g)p = ¢p, and hence the
family ¢ = (¢p)per is in T#(G) by the approximation by constant terms for G. In this case AT

is Arthur’s truncation operator defined in | ].

Following Arthur [ , Section 6], for standard parabolic subgroups P C @, we let ag be the

characteristic functions of H € ag that satisfies the following properties.
o (a, H) >0 for all o € A?,.

o (, H) <0 forall o e AP\A%

o (w,H) >0 for all w € AQ.

We will need the following lemma in the proof of Proposition 4.27.
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Lemma 4.29. Let G be a reductive group over F', then for every sufficiently positive T € ag and
every g € G(A)! with
FP (g, T)o B (Hp(g) — Tp) #0

there exists r > 0 such that

,
e”T”<<< min dp@) and

a€AF\AP
,
llgllp < max dpg | -
acAF\AP
Proof. The proof is similar to | , Lemma 3.5.1.2]. For the convenience of readers, we repro-
duce it here.
We can assume g € s, By | , Lemma 2.3.3.1], for any o € AOQ\AP, we have (a, Ho(g)) >
(o, T) > €||T||. Therefore
for any o € AP\ Agg, the first inequality is thus proved.
By [ , Lemme 2.10.6], when g € G(A)! we have
(4.24) |Hp(g) — Tl < | HE(g) — TE| ~ 1+ mas (o, Holg) — T),

a€Ap

where Hg(g) and T g stands for projection of Hp(g) and Tp into ag respectively. The condition

FP(Hy(g) — T) # 0 implies

(4.25) IH" (9)ll < |||,

where H'(g) stands for the projection of Hy(g) to af’. For a € AOQ \ A}, let a = ap + a” be
the decomposition of a according to aj = ap @ aéj * then ap runs through AiQD as « runs through
Ag\AéD. Since for any 8 € AL, (o, BY) = (a, B) < 0. Thus o is a non-positive linear combination
of Ag, hence

(4.26) (o, Ho(g) — T) = (ap, Ho(g) — T) + (o, Ho(g) — T) > (ap, Holg) — T).

Combining (4.24), (4.25) and (4.26), we obtain

(4.27) [Ho(g)[| < 1+ ||T]|+ max (e, Ho(g))-
a€AF\AEY

Combining with the first assertion, we have

[Ho(g)l <1+ max (e, Ho(g))-
acAZ\AL

Finally note that g € s”, thus for some r > 0,
T
lgllp ~ ellHo(9)ll < max e (e Ho(9)) max dp, | -
acAF\AY aeAG\AP

This proves the lemma. ]
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Proof of Proposition 4.27. Our proof follows the same line as | , Section 3.5]. Using Lang-
lands partition formula (4.10) and

T87R = Z ag

QDR
we have
-3 Y
ReF PCR
> > Fr(Hr(vg) — Tr)re(v9)F (679, )7 (Hp(579) — Tp)
YER(F)\G(F) §€P(F)\R(F)
=Y Y FPg.T)oE(Hp(b9) — T)poe(dy)
PCQ e P(F)\G(F)
where
raele) = Y. er-relg)
PCRCQ
Hence
ATyp(g) — =3 Z FP (89, T)o g (Hp(3g) — Tp) poy(dg).
PCQscP(F)\G(F)

Since EY§ is a continuous map from S°(P(F)\G(F)) to S°(|G]), we only need to show for every

¢ > 0,N > 0, there exists a continuous seminorm on 7z(G) such that

(4.28) paelg)l < e IlgI N el

holds every g with FP(g,T)Ug(HP(g) —Tp) # 0 and every p € Tr(G).

Fix a € Af)g \ AOR. For a parabolic subgroup R with P C R C Q and « € AOR, define R* such
that AF" = A\ {a}. Then there exists Ny > 0 such that for any r > 0, there exists a seminorm
| - || on T=(G) such that

poe@l < D |re(9) — ree@)] < llglPe D drealg) "ol
PCRCQ PCRCQ
acAl acAl

By first assertions of Lemma 4.29, g € wg[> C] C wB"[> '], hence dge o(g9) ~ dpa(g). Hence

lpoe@ < gl D dpale) el

PCRCQ
anAg“

Finally (4.28) follows if we let o vary and use the second assertion of Lemma 4.29, . 0
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4.10. Decomposition of Schwartz functions. We begin by some general considerations. Let G
be an algebraic group over F' with a morphism p : G — A'%. Here A7 stands for the m-dimensional
affine space over F', whose F-points will also be noted by F™. Let A C F be a full lattice (i.e.
discrete finitely generated abelian group which generate F' as an R-vector space).

Let U C F! be a neighbourhood of 0, such that UNA = {0}, choose any u € C°(F2) such that
suppu C U and u(0) = 1. For any o € A, define a function u, on G(A) by u(g9) = u(p(9o) — @),
and fo := f-uqy. For B € A, and g € G(A) with p(g) = 3, we have

flg) B=«
0 b # «

(4.29) falg) =

Proposition 4.30. For any f € S(G(A)), the sequence of functions (fa)aeca s absolutely summable
in S(G(A)).

Proof. The space S(G(A)) is a union of Fréchet spaces S(G(A),C, K) (cf. Subsection 4.3 with Z
being trivial), and if f € S(G(A),C, K) , then f, € S(G(A),C, K) for all a. It suffices to prove
that for all N > 0 and X € U(go)

> lifal

a€EA

X,N < 00.

(c.f. Remark 4.13).
By the Leibniz rule,

Xfa= cyy Yua-Y'f
Yy’

for some universal constants cy y-, thus it suffices to show for any Y,Y’ € U(g~)

> suwp |gllN [Yua(g)l [Y'(9)] < oo
aeAgeG(A)

By the chain rule,
Yua(g) =Y ez - (Zu)(p(goo) — @) - p2(goo)
Z

for some Z € U(g), where cz are constants and py are polynomials. Choose Nj such that
12(900)| < ||gso|™ < ||lg||™* holds for all Z. Then it suffices to show for any Y’, Z € U(goo)

> sup gl [ Zu(plgeo) — )| Y F(g)] < 0.

aeh 9EG(A)
Choose an norm || - || on FZ. There exists C such that u(z — «) # 0 implies ||z| > CJ«f,
by | , Proposition 18.1 (1)] there exists No such that Zu(p(geo)—a) # 0 implies || goo||V2 > |||

Since f is Schwartz, for any M > 0

sup [Y'F(o)] llgI™M ™ < [lgl™™ < [lgooll M.
geG(A)
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Combining these, for any N’ > 0
> sup gl Zu(p(goo) — )| [V F(9)| < Y Nl TN,
acA 9€G(A) acA

which is finite for N’ large enough. U

5. JACOBI GROUPS

5.1. Jacobi groups: general linear groups. Put L = E™ (column vectors) and LY = E,, (tow
vectors). The usual dot product gives a pairing between L and LY. If W is a linear subspace of L
we will write WY = {fz € LV | x € W} and W+ = {y € LV | xy = 0 for all z € W}. Denote by
(e1,...,en) the standard basis of E™, and (Yey,...,%,) its dual basis. We always consider G,, as
the subgroup of G, 11 acting trivially on e, the last vector of the canonical basis of E"1.

Let S = LY x L x E be the Heisenberg group over E whose multiplication is given by
r
(u,0,1) - (', 0, 1) = <U+u’,v+v’,t+t/+ wzuv> :

The center of S consists of elements of the form (0,0,t), t € E and is isomorphic to G, g. Put
S = Resg/r S.

The group G, acts on the left on S as group automorphism by g - (u,v,t) = (ug™', gv,t). We
define the Jacobi group to be the semi-direct product

Jp =85S x Gy,
The center of J,, is Z(J,) = Z(S) x {1} C J,, which is isomorphic to Resg,r G,. We denote Z for
both centers of S and J,.

Remark 5.1. The group J, is not exactly what is usually called a Jacobi group in the literature,

but rather the restriction of scalars of them.

The group J,, satisfies the condition (SR), therefore we can speak of its standard D-parabolic
subgroups as in Subsection 4.1. Here we recall that we have the upper triangular minimal parabolic
subgroup B,, of G, and standard D-parabolic subgroups of J,, are those that contains B,,. We denote
by F the set of standard D-parabolic subgroups of J,,.

We now give an explicit description of . For P € F, we put P, = PN G, and assume that P,
is the stabilizer of the flag

(5.1) 0=LpCLyC---CL,=L.
Then P is either of the form

(5.2) P=(L{ x Ly x E)x P,

for some 0 < k < r, in which case we call P of type I, or of the form

(5.3) P = (L x Lyy1 x E) x P,
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for 0 < k < r — 1, in which case we call P of type II. If P is of type I, the D-Levi decomposition
for P is
Mp=(0x0xE)xMp, Np= (L xLyx0)xNp,.

If P is of type II, the D-Levi decomposition for P is
Mp = (L /Ljq X Liy1 /L x E) x Mp,, Np = (Lj 1 x Ly x 0) x Np,.

It is readily checked that P is of type II if and only if P = P(\) with some component of A : G,,, = T
being the trivial character, otherwise it is of type L.

We also define the Heisenberg part of these groups. For X € {P, Mp, Np} put
X¢=XNS, Xpv=XnLY, Xr=XnNL.

Let Frg be the set of Rankin-Selberg parabolic subgroups of G, 11 x G, introduced in | ,
Section 3.1]. The set FRrg consists of semistandard parabolic subgroups P41 X P, of Gp41 X Gy,
such that P, = P,+1 N G, and P, is standard. Let P € F be a standard parabolic subgroup of
Jn. We construct a Rankin—Selberg parabolic subgroup P,11 X P, € Fgrs as follows. First let
P, = PN G,. Assume that P, stabilizes the flag (5.1). If P is of type I and is of the form (5.2),
then let P41 be the parabolic subgroup of G, 41 stabilizing the flag

(5.4) 0=LoC--+C Lk CLi®spang(ent1) C -+ C L, ®spang(eni1)-
If P is of type II and is of the form (5.3), then let P, 11 be the parabolic subgroup of G,, 1 stabilizing
the flag

(5.5) 0=LoC -+ C Lk C Liy1 ®spang(ent1) C -+ C L, ®spang(eny1).

Lemma 5.2. Let the notation be as above. The map P — P11 X Py, is a bijection from F to Fgs.
Moreover, for any P € F, the map

\I]Pn+1 —>\I/p, OU—)C!’AH

is a bijection. Here we recall that Wp (resp. Up, ., ) stands for the roots of A, (resp. Api1) on np

(resp. np,_ ).
Proof. This is clear from the above construction. O

Let P = MN € F. Let us now explain that the nontrivial additive character i) of Z(A), the
subgroup P(F') or M(F)N(A) of G(A) satisfies the condition (SL) in Subsection 4.3, and hence it
makes sense to speak of the various spaces of functions on P(F)\G(A) or [G]p (with the character
1) defined there. We will see in the argument that this crucially relies on the fact that v is
nontrivial. Since N(F)\N(A) is compact, it is enough to explain that M (F)N(A) satisfies the
condition (SL). For simplicity of notation, we assume that P is of type I. The type II case can be
treated in the same way. Assume that

Ly = spang(ei,...,eq), L) =spang(ter,..., es).
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We view them as subgroups of S. We write an element in J,,(A) as
(u+ v, u 40V, 1)9¢ 900

where g5 € G(Af), Goo € Jn(Af), u € Lp(Af), v € L (Ay), u¥ € LY(Ay), v¥ € L} (Ay). First we
know that there is a compact subset C of G(A) such that

P (F)(C1 x G(Fx)) = G(A).

Thus we need to explain that for any open compact subgroup U of J,(A¢), there are compact
subsets Cy C LY (Ay) and C5 C LZ’L(Af) such that if ¢ € C°(M(F)N(A)\J,(A),¢¥E) and

d((u+v,u’ + vv,t)gfﬁoo) +0,

then v¥ € Cy and v € C3. This can be seen as follows. First we may assume that gy € C1. Then
consider
M 97Ug;"
greCr
Since U is an open compact subgroup of G(Ay) and Cp is compact, this is essentially a finite
intersection and hence an open subgroup of G(Ay). It follows that

U= () 9sUg;" NN (&)
greCi

is a nontrivial open compact subgroup of Npv(Ay). We pick (x,y,0) in U’. Then we have

P((u+v, v’ +v",1)g95000) = ((2,,0)(u+v,u’ +v”, )97 7o)

= p(u’z +yv)p((u+v,u’ + 0", t)(2,y,0)g790)

= o((u+v,u” + v, 1)ggoo)-
Here the first equality is because ¢ is left M (F)N(A)-invariant, the second is because ¢ is -
invariant by the central element, and the third is because g;l(:):,y,O)gf € U be our choices. It
follows that if ¢((u+ v, u” +vY,t)gfgsc) # 0 then ¢(u”z 4+ yv) = 1. As (z,y,0) varies in the group
U’, we conclude that v" and v should lie in an open compact subgroup of LY (Af) and LZ’L(Af)
which only depends on U’. Note that this is where the fact that ¢ is nontrivial is used. This proves

that M (F)N(A) satisfies the condition (SL).
For P € F, the embedding G,, — G, +1 induces an embedding

(Gnlp, = [Gnr1]pg-

We can then restrict any weight function on [G),11]p, ., to obtain a weight function on [G,]p,. The

embedding also induces an embedding A7® — AP ;.

Lemma 5.3. For P,Q € F, we have dg ~ dQ"““Gn}Pn. Here dg is the weight on [Gy]p, defined

Pt
in (4.17).
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Proof. It is enough to prove that
d3(a) ~ da), ae AY.

By the definitions of dg:f and dg (see also Remark 5.4 after this proof), for all a € AS° we have

1

de;"“(a) ~ min «fa), dg(a) ~ min a(a).
n+1 Qn+1 \IJQ
ae@Ph+1 acVy
The lemma then follows from Lemma 5.2. O

Remark 5.4. We temporarily denote by G a reductive group with a fixed minimal parabolic sub-
group Py = MyNy and a maximal split torus Ag C My. Let P,Q be two standard parabolic
subgroups. In general, by definition we have

dP,a(x) ~ e(a,Ho(:c)>7 HAES 5Pa

and

dg(x) = min dp,(z), =€ [G]p.
aGWg

Put W¥ = Norm 7y (Ao)/Mo(F) and let A C ag be a WP invariant subset. Then for all a € AS°,

we have

] ind ~ min eMHo(a))
(5.6) min dp(a) ~ mine

So in particular, for all a € AF°, we have

(5.7) dg(a) ~ min e{®H0(@)

aewg

As a consequence, (5.7) holds for all semi-standard P, Q.

5.2. Theta functions: general linear groups. We now introduce theta functions on J,(A).
Recall that we have fixed a character p : E*\Aj — C* whose restriction to A* equals 7. Define
an action of J,(A) on S(Ag,) by

(5.8) R,-1((u,v,t)g)®(z) = p(det g)~"|det g\}g/Q@((x +u)g)vE («’EU + % + t)

This is an SLF-representation of J,(A).
For P = MN a standard D-parabolic subgroup of .J,,, we define the theta series pO(:,®) on

[Jn]p as
(5.9) b0 %) = [ X BeRm et mn, € Ll

When P = J,, we omit the left subscript and write simply ©. If g € G,,(A), we have
_ 1
O(g, ®) = p(det g)"'|det |2 Y D(xg),
ek,
This is closely related to the mirabolic Eisenstein series, cf. | , Section 4.1], which differs essen-

tially by a term corresponding to x = 0 and an integral along the center.
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Lemma 5.5. There is an N > 0 such that pO(-, @) € Tn([Jn]p, ¥E) for @ € S(A,).

Proof. The fact that pO(-, ®) is invariant under Mp(F)Np(A) and transform by ¥ g under multi-
plication by Z is a direct calculation.

We next show that O is of uniform moderate growth. Recall that a height function |[|-|| is fixed

on Ag, by (4.3). By | , Proposition A.1.1 (v)] we can pick a large Ny such that
/ S Jlmnl~Mdn
Npv(4) meMv (F)

is convergent. For any ® € S(Ag,) and N; > 0, we put
I1@[ln, = sup ]| |@(2)]
QTGAE’”
Then we are reduced to showing that we can find an Ny such that for all X € U(joo) (where
j = Lie(Jy,)) and ® € S(Ag,,) we have
sup 5] 2R, () (R(X) @) | v, < 0.
JEJIn(A)

This can be checked directly from the definition (5.8) the action R ,-1. U
Lemma 5.6. For P C (Q € F, we have
[ @i w)in = 0. ) S 001 ®) = 460, ).
[Npg] YENpg (F)\Ngg (F)

Proof. This is a direct calculation using (5.8). O

5.3. Jacobi groups: unitary groups. Let (V,qy) be a nondegenerate n-dimensional skew-
Hermitian vector space over E and U(V') the corresponding unitary group.

Let Res V' be the symplectic space over F' whose underline vector space is V', and the symplectic
form Trg/poqy. Let S(V) = ResV x F be the Heisenberg group, where the multiplication is given
by

(v1,81) - (v2,t2) = <Ul +v2, 11 + 12 + %TTE/F QV(ULUZ)) :
The group U(V) acts on S(V) by x - (v,t) = (zv,t) for x € U(V) and (v,t) € S(V). Define the
Jacobi group to be the semi-direct product
J(V)=8(V)xU(V).
The center of S(V) and J(V') are both isomorphic to G,, we use Z to denote either of them.

Let m be the Witt index of V', and V,;, be an anisotropic kernel of V. Choose a basis

Vv

%
€1,y Cmy €15y €

of the orthogonal complement of V;,, such that

qv(eiej) =qvie,ef) =0, qu(esef) =6, 1<i,j<m.
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Let Py be the minimal parabolic subgroup of U(V') stabilizing the flag
(5.10) 0 C spang(e1) C spang(e1,e2) C --- C spang(e, -, €m).

Let Ag be the maximal split torus contained in Py. As in the general linear group case, the Jacobi
group J (V) satisfies the condition (SR), hence we can speak of the standard D-parabolic subgroups
of J(V). Let Fy be the set of standard D-parabolic subgroups of J(V) and Fj, be the set of
standard parabolic subgroups of U(V). If P € Fy, then we put P = PNU(V) € Fi,.

Lemma 5.7. The map
.;EV — f‘//, PP
s a bijection.
Proof. By definition, P’ € Fi, is standard parabolic subgroup. Assume that it stabilizes an isotropic
flag of the form
(5.11) 0=XgCcX;C---CX,
in V. Then there is a unique P € Fy such that P+ P’ given by P = (X;* x F) x P'. O

Assume that P € Fy and P’ = P N U(V) stabilizes the isotropic flag (5.11). Assume that
X, =spang(eq,...,eq,.). We put

XY =spang(eY,...,el), W,=(X,+ X)L
Then the D-Levi decomposition for P is given by
MPZ(WTXF)XMP/, NP:V;«NNP/

In particular, Mp is a product of general linear groups and of the Jacobi group attached to the
skew-hermitian space W,.
We also define the Heisenberg part of these groups. For X € {P, Mp, Np} put

XS:XQS(V), Xy=XnNnVWV.
Then we have
PV:XT+WT7 MPV :W’I‘7 NPV :Xr-
Recall that we have defined weights dg and deD: at the end of Subsection 4.1.
Lemma 5.8. For P,Q € Fy with P C Q, then as weights on [U(V)]ps, we have
min{d%,, (d%)?} < d% < d%,.
Proof. By Lemma 4.24 we have d?) < d?,;, which gives the second inequality.

Assume that P’ stabilizes the flag (5.11), and that Q' stabilizes another flag

OZXoCXkl-"CXkS,
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with 1 < k; < --- < kg < r, obtained by deleting some of the terms in the flag (5.11). If X} = X,,
then one checks that ng = ng, and hence the lemma holds automatically. Assume that X, # X,

and write

Vi, = spang(ei,...,eq.), Vi =spang(e1,...,e€q,).
Then ng = ng @spang(€q,+1,---,€q,). Fori=as+1,...,a,, let \; € \I/g be the root that appears
in spang(e;) C spang(€q,+1,---,€q,). Then we observe that 2\; € \Ilg, for all 7. It follows that we

have

N

P/

oinHo(2)) (e@)""HO(m))) > dQ:(az)%, T ES

Therefore for z € s we have
dg(x) ~ min{dg(:z), a5+r{1<11i1<ar ePiHo@) s, min{d% (z), dg:(gj)%}

This gives the first inequality and concludes the proof. O

5.4. Theta functions: unitary groups. Let V be a nondegenerate n-dimensional skew-Hermitian
space. Let S(V) be the associated Heisenberg group. Fix a polarization ResV = L& LY, i.e. L and
LV are maximal isotropic subspaces of Res V' such that the pairing Trp /F qv is nondegenerate when
restricted to L x LY. We denote by p = py, the oscillator representation of S(V)(A) on S(LY(A)).
For ¢ € S(LY(A)), it is characterized by

(5.12) p((L+1,2))p(z) = <z + (z,0) + %TrE/F qv(l',l)> p(x+1), e LA), z,I'eLA).

A different choice of the polarization gives another model, and the isomorphism between the two
models are given by a partial Fourier transform, cf. | , Chapitre 2, I. 7].

Let Mp(Res V')(A) be the metaplectic group attached to Res V', which sits in a central extension
1 — C!' = Mp(ResV)(A) — Sp(Res V)(A) — 1,

where C! stands for the complex numbers of norm 1. Note that even though we use this notation,
Mp(Res V') is not an algebraic group, and indeed does not make sense on its own. A theorem of

Weil implies that the oscillating representation canonically extends to a representation of the group
S(V)(A) x Mp(Res V')(A).

By definition there is an embedding U(V) — Sp(Res V). Recall that we have fixed a character
p: EX — A% extending the quadratic character 1. Given such a pu, there is an explicit lift of this
embedding ¢, : U(V)(A) — Mp(ResV(A)), cf. | ]. In this way we obtain a representation of
J(V)(A), realized on S(LV(A)). This representation depends on two characters v and p, and we
denoted it by wy, ,, or simply w when the characters are clear from the context.

We define the theta function

(5.13) Opu(i®) = > weu()o(@), JEJTV)A), ¢eSELY(A).
x€LV(F)
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As the different models are related by partial Fourier transforms, the Poisson summation formula
ensures that the theta function is independent of the choice of polarization.

For our purposes, it is more convenient to choose a specific polarization V' = L@ L" and interpret
the model S(LV(A)) as a mixed model, where the actions of parabolic subgroups are transparent.
We follow the exposition in | ]. Though only local non-Archimedean cases were considered
in | ], the formulae listed there are also valid in the Archimedean case, and taking product
gives the formulae in the global situation. Recall that we have fixed a minimal parabolic subgroup
Py of U(V) stabilizing the maximal isotropic flag (5.10). We fix a polarization Res Vo, = Lan © LY,
Put

L = L., ®spang(ey,...,em), LY=L, @®spang(ey,...,el).

rm

Then ResV = L @ LV is a polarization of Res V.
Let 1 <k < m be a fixed integer. We put

X =spang(e,...,ex), X' =spang(ey,...,ey),

Y =spang(ept1,---,em), Y =spang(ef,y,...,en).

Set Vo =Y @ Van @ YV. We have a decomposition V = X @ Vo @ XV. We view X, XV,Y, YV as
F-subspaces of Res V. Put

Lo=Lm®Y, L{=LY &YV

Then Res Vo = Lo @ L is a polarization of Res Vj.

We denote by wy the Weil representation of J(Vp) , realized on Sy = S(LY(A)). Via the canonical
isomorphism S(LY(A)) ~ S(XV(A)) ® Sy, we view elements in S(LV(A)) as Schwartz functions on
XV(A) valued in Sy. We now describe the action. Let P’ = M N C U(V) be the maximal parabolic
subgroup stabilizing the isotropic subspace X in V. We write elements in P as mp(a)gonp(b)np(c)
where go € U(Vj), a € GL(X), b € Hom(Vp, X ), ¢ € Herm(X", X), and

a 1x b —%bb* 1x O c
mP(a) = ]-Vo 5 TLP(b) = ]-Vo —b* ; TLP(C) = 1V0 0 5
(a*)_l 1xv 1xv

and
Herm(X", X) = {c € Hom(X", X) | ¢* = —c}.
Here a* € GL(XV), b* € Hom(X", V) and ¢* € Hom(X"V, X) are defined by
qv(az,2"’) = qv(z,a*z"), qv(bv,z") = qv(v,0"2"), qv(cz’,y") = aqv(z’.c"y"),

forv e Vp, x € X and z¥,y" € XV. We list the actions of various elements in J(V') on S(LY(A)).

Take ¢ € S(LY(A)) and x € XV(A). The action of element in P are given as follows.
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(5.14) w(go)d(w) = wo(go)(@(x)),

(5.15) w(mp(a))p(e) = p(det a)ldet af2 ¢(a"),
(516) w(np(B))6(x) = wol (b2, 0)) (6()).
(5.17) w(np(e)olw) = (5 Tre p av (e, ))(9(x)).

Define an isomorphism Ix : XV — X by Ix(e/) = e;, and put

—Ix
wp = 1y, S U(V)
It
Then
(5.18) w(wp)d(z) = . (=1 ) (Trg) v (y, ©))dy.

Finally elements in S(V') acts as follows. For u € X, u" € XV, vy € Vj and ¢ € S(XV(A)) we have

(519) w((u-+vo +uY,0))6(r) = (Tegyr v (e,w) + 3 Tegye av(u”w))eol(v0,0)) 6z + ).

We write San = S(LY,(A)) for a model of the representation wy, of J(Vay)(A). In a similar
fashion, via the canonical isomorphism S(Ly(A)) =~ S(X{ (A)) ® San, we may interpret elements in
S(Ly(A)) as Schwartz functions on X((A) valued in San and S(LY(A)) as a mixed model.

We now define theta functions in general. Let P € Fy be a standard parabolic subgroup of J(V')
and let X € {P,Mp, Np}. We set

Xr=XnL, X;v=XnL".

We define
PP 0) = D wi)e(), jeTV)A).
xeMp, (F)
Proposition 5.9. For any ¢ € S(LY(A)), we have pb(-,¢) € T([J(V)]p,). Moreover for any
j € J(A), we have
| o opin = r0(s.0)
[Np

v

In particular, for any ¢ € T([U(V)]), the constant term of the function o(-)8(-,¢) on [J(V)] along
P equals opr() (-, 0).

Proof. The invariance of the theta function by M (F)N(A), and the constant term calculation can
be checked directly using mixed models. That it is of uniformly moderate growth can be proved in

exactly the same way as Lemma 5.5. (|
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For P € Fy, we also put

(5.20)

P0G = Y W),

:ISEMPLV (F)

Then p6Y € T([J]p,1»~!) and exhibits similar properties as in Proposition 5.9. We have

P8 (j,9) = pO(j, d).

6. THE COARSE SPECTRAL EXPANSION: GENERAL LINEAR GROUPS

6.1. Notation. We first list notation that will be used throughout this section.

Put L = E" and LY = E,,.

Put G = G, x Gp, G’ = G, x G}, and H = G, which embeds in G diagonally. If g € G
or G', we always write ¢ = (g1, ¢92) where g; € G,, or G),. We view G as a subgroup of
Gp+1 X Gy, via the embedding G,, = Gp41.

We fix good maximal compact subgroups (see Subsection 4.5) K¢g, Ky and Kg of G(A),
H(A) and G'(A) respectively.

Define two characters of G'(A) by

)n+1 n+l

Nn+1(91,92) = n(det g1go N (g1, 92) = n(det g1)"n(det go)

For k = n,n + 1, we have the subgroups By, T}, A of Gy, and subgroups B;, T} of G},
cf. Subsection 3.3.

For k =n,n+ 1, put a5 = ap, and aj, = apg;. A truncation parameter 71" is an element in
LA N

Recall that we define the Jacobi group J, = S x G, and we put G = J, x G,,. There
is a natural embedding J,, — G which is identity on the first coordinate and the natural
projection on the second coordinate. The image is denoted by H.

Recall the convention that if @) is a D-parabolic subgroup, without saying the contrary, we
write Q = MgNg for its D-Levi decomposition.

Recall that F is the set of standard D-parabolic subgroup of J,. Let

P+ Py x P,

be the bijection defined in Lemma 5.2, where Pj is a semistandard parabolic subgroup of
Gk, k=n,n+1, and P, = P,11 N G, is standard.
If P e F, we put

P=PxP, P:=PNG=P,xP, Py=PnNH.

and

PG/:]BHG', P,Q:PnﬁG;w ,Q+1:Pn+1ﬁG',L+1.
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They are parabolic subgroups of G, G, H,G’ ,G7,, G | respectively. We also put Mg =
M, x M, and No = N,, X N, and hence P; = MaN¢ is a Levi decomposition.
e Put Gy = G x E,. This is viewed as a group over F', with the groups structure given
by simply the product of the group G and the additive group E,. Note that this is not
a subgroup of C~¥, but merely a subvariety of it. For P € F, we define Mp, = Mg x
Mrpv, Np4 = Ng x Npv, and Py = Pg x Prv, where Mpv, Nrv and Prv are defined in
Subsection 5.1. An element in P; is often written as (x,u) where z € Pg and u € Ppv, or
as myny where my € Mpy and ny € Np. Note that the product mn, is taken in G,
not in G.
e There is a right action of H x G on G given by
(z,u) - (h, g) = (K™ zg, uh),
and it restricts to an action of Mp, x Mp, on P, for any P € F.
6.2. Technical preparations. Let P € F be a standard parabolic subgroup of J, and w be a
weight on [G]p,. We pull w back to a function on [G] 5, which we still denote by w. Let N be
a nonnegative integer. Let Z ~ Resg/p G, g be the central unipotent subgroup Z x 1 C G and
Y : [Z] — C* be a non trivial character. We then have various spaces of functions as defined in
Subsection 4.3.
For P,Q € F and P C @), we define weights on [G]p, by

A — inf -1 7 dQ’A — mi dQ ,dQ"
POV =y oy o eell dpTle) mln(p(gl) pn(gz))

Pulling back under the natural projection [G]
still denote by Ap and dg’A.

The “approximation by constant terms” for the group G takes the following form.

5 — [G]p,, we get two weights on [G] 5, which we

P P’

Proposition 6.1. Let N > 0,7 > 0 and for P,QQ € F with P C Q. There exists a continuous
semi-norm ||-||n,x» on TN (Q(F)\G(A), ) such that

Ay
R(X)e(9) = R(X)ep(9)] < g 5,d2 % (9) "Il x.r
holds for all ¢ € TN([é]@,w) and g € G(A) C G(A).
Proof. For g = (g1, 92) € [G]p, we have
d2(g1,92) ~ dp(91)d3! (g2) > dP (g1, 92)°.
Hence the result follows from Theorem 4.25. O

We recall some function spaces introduced in | , Section 3.4.1]. Let Tx(Gy)(resp. Tr(G))

be the space of tuples of functions

(pe)per € | T(Gulp,), resp. (po)per € [] TUG)E,)

PeF PeF
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such that
P = (@¥)p, € Sa([Gnlp,),  resp. po = (Q¥)p;, € Sa((Grley),
for all P C @ € F. These spaces agree with the spaces Tz, (Gp) (resp. Trys(GL)) defined in defined

in [ | by similar formulae, where the product ranges over Frg and the weights are dg::ll and

dQ;hLl
PI
n+1

n Qn
(cf. Lemma 5.3), and dgn:thM% ~ dP;L:11|[G’rL]P;L (cf. [ , Lemma 2.4.4.2]).
By the approximation by constant terms for the groups G' and G’ respectively, cf. Theorem 4.25,

respectively. This is because there is a bijection between F and Frg, and dg ~ dg::ll ’[Gn] .

a family of functions (py)per is in Tr(Gy) (resp. Tr(G%,)) if and only if there exists an integer
Ny > 0, such that for all P C Q € F and for any g € G, (A) (resp. G,(A)), X € U(gn.0) (resp.
U(gn.00)), and 7 > 0 we have

(6.2) IR(X) p(g) = R(X) gelg)| < llgl30dB(e)™" vesp. gl ppdR(g) "

As explained in | , Section 3.4.1], Tr(G,) and T£(G,,) are LF spaces.
Let ’T]_-A(é) be the space of tuples of functions

(pe)per € [ Sar(Glp,¥)
PeF

such that py — (ng) € SdQ A([é]ﬁ,w) for all P C Q € F. By Proposition 6.1, this condition is
equivalent to the existence of Ny such that for all § € G(A), all X € U(§oo) and all r > 0 we have

(6.3) [R(X) pe(9) = R(X) o2(@)] < 193743 (9) "
In the same vein we define 72 (G) to be the space of tuples of functions

(p)per € H Sap([Glrs)
PeF

such that pp—(o¢)ps € Sea([Glp,) if P C Q € F. By Theorem 4.25, this condition is equivalent
P
to the existence of an Ny such that for all g € G(A), all X € U(goo) and all r > 0 we have

(6.4) IR(X) p(g) — R(X) ov(9)] < llgllpod@(9)™"

The space T;A(é) embeds in

H Sap((G H V)

PeF PCQeF

as a closed subspace, and hence inherits an LF topology. Similarly T]_é(G) is an LF space.
Lemma 6.2. If (pp)per € TA(G G), then
(Pw\[c}pG>P€f € TA(G).

Proof. This follows directly from the characterizations (6.3) and (6.4). O
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Let w be a weight on [G]p, and « € TO([G]p,) be a Radon measure. We define a Radon measure

a- pO(-,®g) on [é]lg as follows. For f € C.([G]3), we put
(6.5) (0000 £) = [ [ f(s9) pOsgr Ba)dsalo)
[G]PG [S]PS
where [S]p, = Npy(A)Mpy(F)\S(A), and where we recall that g = (g1, 92), 91,92 € Gn(A).
Lemma 6.3. There is an Ny > 0 such that for all &g € S(Ag,,) we have

a- pO(, ) € Ty, ([Gl 5, 1)

Moreover the map

To([Glre) = Tun ([Glp, %), a s a- pO(, o)
18 continuous.
Proof. We may pick an Ny such that for all &g we have
sup a7 [ 1o, Bo)lds < .
P

91€[Gn]p, [STpg

It follows that

/[~ w(g) gl 7Y o (9)] O (591, @0)ds

P

< s ol [ p0mlas [ wlo)ato)l < .
P P

91€[G P S Glrg

The assertion on continuity follows from the same estimate. O
Lemma 6.4. If PC Q € F and o € T°([G]p,), then

(a-@O(; ®0))p = ar; - pO(:, o).
Proof. This follows from a direct computation using Lemma 5.6. U

Lemma 6.5. If o € TY([H]), ®0 € S(Ag,), and f e S(G(A), 1), then the family

P = R(f)(¢py - pO(, o))

belongs to TA (G).

Proof. We first note that the support of pp, - pO(:, o) is contained in [H]pﬁ, and Ap is bounded
on it by definition. Thus by Lemma 4.14 we have

R(f)(¢ry - pO( o)) € Sap([Glp,).

We need to show that

R(}V) (QDPH ’ P@('7(p0) - (SOQH ’ QG)(v Cbo))ﬁ) € SdgvA([é]ﬁaw)'
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Indeed we have a slightly stronger result. Define on [G]p, a weight

d227(g) = min{d" (g1),d2" (92)},

which pulls back to a weight on [é}ﬁ. We have dg’A < dg’A" by [ , Lemma 2.4.4.2]. We
will show that

R(f) (#pu - pO( Do) = (¥ - O P0))p) € S.a. (G5, ).
By Lemma 4.14, it suffices to show there is a positive real number C such that ¢p, - pO(-, ®g) and
(PQu - @O+ o)) p coincide on the set {g € [6]13 \ deg’A"(ﬁ) > C}.

By Lemma 6.4 we have

(SOQH ’ Q@('aq)o))ﬁ = (QDQH)PG : P@('>(I)0)'

We are thus reduced to show that there is a constant C' such that ¢p, and (¢, )p, coincide on
the set {g € [Gp, | A4 (g) > C}.

This is proved in the same way as [ , Proposition 3.4.2.1(1)]. Using the adjunction
relation (4.8), we are reduced to show that if A € S°([G]p,) is supported in {g € [G]p, | deD’A" (g9) >
C'}, then we have

EZH(A\u) = <E§§>\) limg,, -
This in turn is equivalent to the fact that there is a C' > 0 such that for g € Pg(F)Ng,(A)\G(A)
with dg’A”(g) > C, ng(g) € [H]g, implies g € Py(F)Qu(A)\H(A) (recall 7'('56('; is the map
defined in (4.11)). By definition, deD’A"(g) > C' means d%:(gi) >C,i=1,2, and ng(g) € [Hloy,
means 71'5:1 (g1) = Wgz (92). By Lemma 4.17(4) (applied to Gy,), if C is sufficiently large, this implies
g1 = g2, or equivalently g € Py (F)Qu(A)\H(A). O

Let (pp)per € TA(G) and let ¢’ € TO([GL)]). For g1 € Gy, (A), we define a pairing

(6.6) (st o) = [ pelons by (o
n P,,’l

We note that by definition for any weight w on [G,]p,, there exists Ny > 0 such that

(6.7) w(ge) < w(gl)Ap(g)NO.

By taking w = || - ||p, in (6.7), we see that Ap(g)™ N0 <« HglﬂanggH;,i. Therefore, there exists
N1 > 0 such that for any N > 0

pe(91,92) < llgillz g2l p) -

Since ||g2(|p, ~ |lg5|lp;, we see that the integral in (6.6) is convergent.
Lemma 6.6. Let the notation be as above. Then the family

P (pp, CP/P;)

belongs to Tr([Gh)).
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Proof. Using Dixmier-Malliavin theorem for the smooth Fréchet representation TJ,TA(G)J for suf-
ficiently small open compact subgroup J C Gp(Ay), we see that any (pp) € TA(G) is of the
form (R(f)py1) for f € CX(Gy(A)) and py1 € TA(G). Thus we are reduced to prove the same
statement, but for

(1, R(f)#pr)
where f € CX(G,(A)). By | , Proposition 3.4.2.1 (2)], the family of functions

P e F o R(/)eh,

satisfies

(6.8) R(f*)¢p, € T((Gnlp,)

with

(6.9) R(I)Pr, = (R()eg, )P, € Sggn((Galp,), for PCQEF.

Note that there is a slight inconsistency of notation in | | here. In the notation of | ],
we indeed apply | , Proposition 3.4.2.1 (2)] to the case G = G4 and replace n + 1 by n

at all places.

For each P € F, we define a function pfS on [G]p, by

pB(g1,92) = pe(g1,92)R(fV)¢pr (92)

By the characterization (6.4) and (6.8), (6.9), the family of functions 8 = (pf)per belongs to
TA(G). Thus we are reduced to show that the family of functions

P (gl H/[ ] p/?’(gl,g2)dgz)
n|Pp
belongs to Tx(G,).

Again by the characterization (6.4), we will need to show that there is an integer Ny > 0 such
that for all (pf) € TA(G), P C Q, all X € U(gso), and r > 0 we have

(6.10) <rx gl 0dR ()"

/ R1(X)pB(g1,92)dge —/ R1(X)@B(g1,92)dge
[Gn]Pn [Gn]Qn

Here R; stands for the action of the universal enveloping algebra action on the first variable g;. Up

to replacing 8 by Ri(X)f3, we can assume X = 1.

The rest of the argument is similar to [ , Proposition 3.4.3.1]. By (6.7) applied to w =
Il p,, and w = dg; we see that there exists Ny > 0 such that for any N > 0 and r > 0,
(6.11) pB(9) < ol lgal N dBr (g2 dFr (o) ™
and

(6.12)  |oB(g)l < lgillyL N llgallgh diy (g2)"df (91) ™" < gnllyi N llgallgh dey: (ge)dRr (91) ™"
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Here in the second inequality of (6.12) we have made use of the fact that dg’; < deD:, cf. | ,
(2.4.4.19)].

For C >0, let w =wc = {g € Po(F)Ng, (A)\Gn(A) | dg:(g) > C}. Let wp and wg be the
image of w under the projections wg: and WSZ respectively. By Lemma 4.17(1)(2), dgjb and dg:
are bounded above on [G,]|p, \wp and [Gy]g, \wg respectively. Thus by (6.11), for any r > 0

/ PB(g1, 92)dga < gl N AR (91) ™" < gl N dP(gn)
[Gnlp, \wp

for N large enough. Here the second inequality follows from the fact that dg ~ dg::ll < dg:,

cf. Lemma 5.3 and | , Lemma 2.4.4.2]. Similarly by (6.12), for any r > 0, we have

/ QB(g1,92)dgz < gl N dB(g1) "
[G”}Qn\wQ

It remains to estimate

/P5(91792)d92—/ QB(g1, g2)dgo.

We choose C' large enough so that w — wq is injective. This is possible by Lemma 4.17(4). Thus

the above difference equals to
(6.13) /pﬂ(gl,m) — @B(g1,92)dga.

We assume g3 € w for the rest of the proof. Since d%: ~ dg: on w by Lemma 4.17(2), thus
by (6.11) and (6.12), we have for any » > 0 and N > 0

N1+N —N n n — Ni1+N —N n —
1pB(9) — 0B < gl B ™ llg2ll 5N der (g2)"d2r (91) ™ < gallB NV [l g2ll 5N B (g2)"d B (g1) "

In particular, taking » = 0 in the first inequality, we have

N1+N

1PB(9) — 0B(9)l < llgrllp N llg2llp

Thus we conclude that
1PB(9) — @B < llgnll B Nllgall 5 max{1, d(g1)dP (92) ™'} "
Since the family (p3) € T2 (G), there is an Ny > 0 such that for any 7 > 0 we have

1pB(9) — oB(9)| < ||g||ggdg’A(g)_T.

Note that for any real numbers a,b > 0, we have max{1,b/a} min{a,b} = b. Thus there is an Ny
such that for any » > 0 and N > 0, we have

1PB(9) — @Bl)| < gt lgall 5 (max{1, dB(g0)dF (92) 132 (9))

Na+N —N _
= lgull32 ¥ llgl N dB(g1) -

Fix a large N. It follows that there is an N3 such that

'

(6.13) < lg1 |52 d@(g1) "
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for any r > 0. This proves the estimate (6.10). O

6.3. A modified kernel. For f € S(G(A)), x € X(G), and P € F, we let K¢ p, and Ky p, , be
the kernel functions defined in Subsection 4.7. If ® € S(Ag,,), we have the theta series pO(-, @)
on [J]p defined in (5.9). For (h,g) € [H|p, x [G]|p, we define kernel functions for the test function
f®® by

(6.14) Kioo,p(h,g9) = Kip.(h,g)- pO(h, @), Kreaepry(h,g) = Ky psx(h,g)- pO(h,®).

We will need to extend these definitions to all test functions fi € S(G4(A)), not necessarily

pure tensors. The case of Ky, p is straightforward. Put

_ 1
Ky, p(h,g) = p(deth)'deth[z )~ / fr(myny - (h,g))dn..
myeMp, (F) 7 NP+ (4)

Then it is clear that if f, = f ® ® then Ky, p(h,g9) = Ky p.(h,g) pO(h,®). Moreover, for fixed
h, g the linear form on S(G1(A)) given by fi — Ky _p(h,g) is continuous. The case of Ky _p,

needs some work. First we note that for all Ny > 0 there is an Ny and a semi-norm |||, n, OB
S(G(A)) such that for all f € S(G(A)) and h € [H]p,, g € [G]p, we have

(6.15) Y K px(hog)l < lgl B2 lgzllp  1lmy 1 llv v

XEX(G)
and a similar estimate with g; and go swapped. This is a consequence of Lemma 4.21 applied to the
weight w = AZV[-|~NM. As p© € T([H]p,), we arrive at the following estimates: for all N; > 0
there is an Ny and a semi-norm ||| 5,5, on S(G4(A)) such that for all f, € S(G(A)) ® S(Ag,)

(algebraic tensor) we have

(6.16) > 1K s phag)| < gl B2 g2l IRl N v v
XEX(G)

and

(6.17) > K s plha )| < llgallp ™ gzl o 2 RIS 4l e
XEX(G)

If fy € S(G+(A)) is approximated by a sequence of functions fy; € S(G(A)) ® S(Ag,), by
the estimate (6.16), the sequence Ky, , p, is convergent to a function on [H]p, x [G]p,, and this
convergence along with all the derivative is locally uniformly for (h,g) € [H]p, % [G]p,. We denote
this function by Ky p,. It is clearly independent of the choice of the sequence approximating
f+. Because the convergence of all the derivative is locally uniform, Ky, p, is a smooth function.
Moreover the estimates (6.16) and (6.17) continue to hold for Ky _p,.

We now give another interpretation of Ky _p,. Fix a Schwartz function ®, € S(Ag,) with

|®ollrz= = 1. For any ¢ € T°([H]p,), we push forward ¢ to a measure on [G]p, and we let
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¢ - pO(-,Pg) be the measure on [CNJ]Ig defined in (6.5). If fi € S(G4+(A)) we define a function
f+ € S(G(A)) by

}:(gs) = <f+(g_1v ')7 R,ufl(s)(I)O('»LQv g e G(A)v s € S(A)

This notation means that we evaluate fy at ¢g~! to obtain a Schwartz function on Ag, and then
take the L%-inner product with R ,-1(s)®. If f = f ® @, then fi(gs) = fY(9)(®,R,-1(s)Po),
where we recall that fV(g) = f(g71).

We first note that the composition of the right translation

o= R(f4)(¢ - pO(, o))

and restriction to [G]p, induces a continuous linear map

(6.18) RE(f1) : T°([H]py) — T([Glpe),

Let x € X(G) and define Rg(}:) to be the composition of RG(}:) followed by projection to the
x-component 7y ([G]p,).

Lemma 6.7. The maps RG(}:) and Rg(ﬁ) are represented by the kernel functions Ky p and
Ky, py respectively, i.e. for all o € TU([H]p,) and g € [G]p, we have

019 RIEID@ = [ Krrhgeh). REEIO@ = [ Kpalhgolh)

[H]PH [H]PH
In particular the map RS(E) is independent of the choice of @g.

Note that the integrations appear in the first variable of the kernel function because we used ¢g~—*

in the definition of E

Proof. Since both sides of (6.19) are continuous linear forms in f, we may assume that f, = fR®
where f € S(G(A)) and ® € S(Ag,).

Let us prove (6.19) for RE(f;). The equality for Rg(}:) follows from it. For ¢ € TY([H]p,)
and g € [G]p,, we have

RE(f1) (¢ / / f (g~ uh) pO(uh, ®o)duep(h).
H(A) JZ(A\S(A
Then by the definition of f+, this equals
/ / F(R 1 g) (@, Ry (W uh)®o) pO(uh, @o)dup(h),
H(A ANS(A

which simplifies to
[ Kpalhog) s @)p(h)
(H] Py

This proves the lemma. O]
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If PCQ, P,Q € F, we define a sign
GjQJ _ (71)dimatpn+1 .

We simply write ep = €. Let T € a,41 be a truncation parameter and (h, ¢') € [H] x [G']. We

define a modified kernel

ijfl (hﬂgl) = E €p E ?Pn+l(HPn+1 (5191) - TPn+1)Kf+,P(7h759/)'
PeF ~YEPy (F)\H(F)
seP'(F\G' (F)

For each x € X(G), we also define
K};’X(h, gl) = Z €p Z ?Pn+1 (HPn+1 (5193) - TPn+1)Kf+,P,X(’7h’ (59,)'
PEF  yePy(F)\H(F)

SeP'(F)\G'(F)

By | , Lemma 5.1], for (h,¢’) fixed, in each sum the component ¢; can be taken in a finite set
depending on g}. The absolute convergence of the sums therefore follows from the estimate (6.15).

Let FCn+1 (-,T) be the characteristic function of Arthur (characteristic function of the truncated
Siegel set) for G7, | ; defined in Subsection 4.5. For a fixed T', it is compactly supported modulo the

center of G, ;(A). In particular it is compactly supported when restricted to [G7,].

Theorem 6.8. For every N > 0, there is a continuous semi-norm ||-||s,y on S(G4+(A)) such that

(6200 Y |KF (o) = FOi(gh DK (g < e MR 196N 1+ ls.a
XEX(G)

holds for all sufficiently positive T'. In particular, for T sufficiently positive

2 /[H1 /[ g o9

XEX(G)

dg'dh

is convergent and defines a continuous seminorm on S(G4+(A)).

Proof. We first note that the second statement follows directly from (6.16) and the estimate (6.20)
by the fact that FOn+1(-,T) is compactly supported when restricted to [G1]. So we only need to
prove the estimate (6.20).

We recall that S°([G",]) is the space of (measurable) rapid decreasing function on [G}], and it is

a Fréchet space with the seminorms

N
[¢lloo,y = sup [lgllc: l¢(g)l-
g€[Gr]

We also recall that 7#(G),) is an LF space. Two relative truncation operators

NG TG T(GY) — SU([GL).
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are defined in [ , Section 3.5]. For ¢ = (p¢)per € Tr(G,,), and ¢’ € [G,], we have
AP =Y ep > Fp(Hp,, (09) = Tp,,, ) pe(0g),

PEF  §ePL(F)\G,(F)
" %p(g') = F9i (g, T)(5,9)(9)-
By | , Theorem 3.5.1.1], for every ¢ > 0 and N > 0, there exists a continuous seminorm

(G')) such that for all sufficiently positive truncation parameter T € a,,+1 we have

(6.21) [ATCn o — TG || o v < €7

where [|*]|oo v is the norm on SY([G}]).

For fy € S(G(A) x Ag,) we consider the composition of the following sequence of linear maps:

) e s
TH) @ T([Gr]) —— TRG) @ TUGL]) —= Tr(Ga) — T#(G}) S((G])
~_
HT

where the first map is RE(f4)®1 (defined using any fixed &y € S(A En)), the second is the pairing,
the third is the restriction, and the last is the truncation ATCn (resp. IIT:Cn), cf. Lemmas 6.2, 6.5,
and 6.6 for the description of these maps. Their composition will be denoted by L?Jr (resp. PfT+ ).
The fact that these maps are continuous is an easy consequence of the closed graph theorem, see
Remark 6.9 after the proof.

By the definition of Ky, p we see that the function Kﬁ (resp. FGn+1’(-,T)Kf+) is the kernel
function of the map L7 (resp. P} ). More precisely for any ¢ © ¢ € T([H]) @ T°([G}]), we have

L} (¢ @) (dh) = / K}, (high. g5)e(h)¢' (g5),
(H] J[GY]
Fleoes = [ [ O Ty (sofgp e (0

For x € X(G), define
L, s Pfoo  TO(IH]) @ TY(IGR]) = S((GL)

the same way as L:]a and P}; respectively, except that we replace the first map by Rg(ﬁ) ® 1.

T
Then Ler X

kernel functions of the operators L}Z,X and Pﬁ,x respectively.
Fix N > 0. By (6.21), for all p ® ¢’ € TR([H]) @ TR([GL]), we have

P;;’; , are separably continuous, and the functions K;‘Qr ,, and FCnv (. T)Ky,  are the

< e~ NITI

Lt (p® ¢ P! X=X4
S H J+:x ) = f+7x( ) N
X€X(G)

Asin | , Section 3.6], the uniform boundedness principle (applied to ¢ and ¢’) implies that

< e Ml -

HL (po¢) =Pl (pad)|
XEX(G)
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holds for all ¢ @ ¢’ € TH([H]) ® TH([GL]) and T sufficiently positive. We apply this estimate to
¢ = 6p and ¢’ = g and conclude that

S |KF alheg) = FO (gl DK p o) << MR g6
X

By the uniform bounded principle again (applied to f; ), we see that there exists a seminorm ||-||s n
on S(G(A)) such that

S |KF hng) = FSes (0, VK f (s )] < e MITIAIEY I 16V 15+ s v

X

This proves the estimate (6.20). O

Remark 6.9. We explain how the closed graph theorem is used in the proof to check continuity.
We temporarily denote by X and Y two topological spaces, and by F(X) and F(Y") certain spaces
of functions on X and Y respectively. Let T': F(X) — F(Y) be a linear map. Assume that

e T is continuous when F(Y) is equipped with the pointwise convergence topology,

e the topology on F(Y') is finer than the pointwise convergence topology,

e F(X) and F(Y) satisfy the closed graph theorem, i.e. T is continuous if and only if its
graph is closed (which is the case if F(X) and F(Y') are LF spaces).

Then we claim that 7' is continuous. Indeed, if (f,) is a net in F(X) such lim,ca f, = f and
limgea T(fa) = g, then we have for all y € Y the equality T'(f)(y) = limgea T'(fa)(y) = g(y), which
implies that T'(f) = g and therefore that T is continuous.

6.4. The coarse spectral expansion. Let fi € S(G4(A)) and x € X(G). We put
1M (fy) = / KT (h, g )nnsa(g')dg'dh
(H] J]G&']
and
B = [ [ KE g (g)gdn,
X i Jien f+:x
By Theorem 6.8, these integrals are absolutely convergent.

Theorem 6.10. For T sufficiently positive, the functions I (fy) and I;{(j;) are the restrictions
of exponential-polynomial functions whose purely polynomial parts are constants. We denote them

by I(f+) and I (f+) respectively. Then I and I, are continuous as distributions on S(G(A)) and
for any f+ € S(G4+(A)) we have

Z L(f+) = I(f+),

XEX(G)

where the sum is absolutely convergent.
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Before we delve into the proof of this theorem, let us first explain a variant of the construction of
the modified kernel for parabolic subgroups. For f| € S(Mg, (A)) and P C Q € F,and T € a1,

we define a kernel function Kpr pr, (mu,ma) on [Mqy]pynmg,, % [Mqglponmyg,, to be

p(det mpy) Z / fjr(m+n+ - (myg,mg))dny, Q is of type I;
Np ﬁMQ
m+€MP+ +
1
| det mr | 2~ (det myy) Z / fjr(m+n+ - (mg,mag))dny, @Q is of type IL
Np ﬂMQ
m+€MP+ +

Here we assume that @, stabilizes the flag (5.1). The Levi subgroup of Qg ~ @, is isomor-
phic to [[;_; GL(Li/Li—1), and we write myg € Mg, (A) as (mg;,...,mu,) where my,; €
GL(L;/L;—1)(Ag) , and det my means taking the determinant of my as an element in G,,.

Similar to what we have done in Subsection 6.3, K F PNMg (mpg, mg) is the kernel function of a
continuous map 7°([Mqy|pynntg,, ) = T([Moglrsnig,,)- For X' € X(Mg,), composing this map
with the projection to the x’-component of T ([Mg,]pr.n Mg, ) is given by another kernel function,
denoted by Ky prng,x/ (mm,mg). Recall that there is a natural finite-to-one map X(Mg,) —
X(G) which we temporarily denote by ¢g. Then for x € X(G), we define

Kyt povig o (mi, ma) = Z Kyt povg,y (mm, ma).
X'€g' ()

For T € any1 and (mg,m') € [Mg,] x [Mg,,] we put
Mg, T
Kf@x

= Z 6% Z ?lgn:ll (HPn+1 (51’)71’1) —Tp, ., )Kfjr,PﬁMQ,x(’ymH7 5m,)
BEE e(Pu(F)nMay (F)\Moy, (F)

(mH, m,)

The group Aﬁg which embeds in Mg, x Mg, diagonally. Note if Q = J,, then Aﬁg is trivial.
By the same method of proof of Theorem 6.8, one can show that for any f! € S(Mg (A)) and T

sufficiently positive, the expression

(6.22) Z / K;‘,J%(’T(mH,m’) dmgdm/
xex(@) ? Afip \MoylxMog, 11

is finite and defines a continuous seminorm on S(Mg, (A)). Define a distribution on S(Mg, (A))
by
M T Mg, T
([ = / Kf,Q (myg,m")npe1(m')dmydm'.
AEQ\[MQH]X[MQG/]
Here and below in the proof, 7,,+1(m’) means that we evaluate 1,11 at m’ when m’ is viewed as an

element in G'(A).
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Proof of Theorem 6.10. By | , Section 2|, there exist functions I‘jpnﬂ on ag”rll aIGD”:II, for

P € F, that are compactly supported in the first variable when the second variable stays in a

compact set and such that

(6.23) Pru (H—X) = > eqip™t (H)Ty, , (H.X), H,X €apt
QeF
QDOP

Here following Arthur, by F’Qn+1(H , X ) we mean evaluating F/Qn+1 at the projection of H and X

We set po, = pQuir = PQn € aQ":: If @, stabilizes the flag (5.1), then for m € Mg, (A) of the
form m = (mq,...,m,) with m; € GL(L;/L;—1)(Ag), one checks directly that

1 _1
H |det my;| 7 - H |det m;| 5>, Q is of type I;

(624) €<BQ’HQn+1(m)> — i<k ) >k 1
H |det m"’?ﬂ ) H |det mz’];i , @ 1is of type II.
i<k i>k+1

Define a function pg on ag”+1 by

H
(6.25) po(X) = / o o™y, (H,X)dH.
a

Qn+1

1

By | , Lemma 3.5], pg is an exponential polynomial on ag:L whose exponents are contained

in the set {p,, [ R D @} and whose pure polynomial term is the constant GQ§Q (p,)~ L. Here 5@ is

2
the homogeneous polynomial function on ag::f defined in | , Section 2]. We do not need its
precise definition.

For f, € S(G4(A)) we define for (h,g’) € [H]g, x [G']q., a modified kernel function

T ~Qn
KJC%_ % 79,) = E 6]Q—" Z 7-1652 :11( Pni1 (5193) - TPn+1)Kf+,P,X(7ha 59,)7
PeFr  yePr(F)\Qu(F)
PCQ  5ePg (F)\Qur (F)

By (6.23), for T, T’ € a,+1, we have an inversion formula
T
K} (hg)=> > Lo (Houi: (0190) = Th, 1 Toni — 1o, 1) K]C;i " (vh, 8g').
QEF ~eQu(F)\H(F)
6€Qe (F\G'(F)

We integrate both sides over [H] x [G’]. For T sufficiently positive, the integral of Kﬁ’x(h, J)
is absolutely convergent by Theorem 6.8. Moreover, when T" is also sufficiently positive, the
computation below will show that the integral of each terms in the sum over @ is also absolutely

convergent. It follows that I}ﬂ+ X equals

(626 Q / Q /G ]Q PQn+1 (HQn+1 (gl) TQn+17TQn+1 TQn+1)K‘% X(h,g,)’f]n_l,_l(gl)dhdg/
eF H el
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We now relate K]C;?’T and KA/%’T
+5X flox

compact subgroups Ky and K¢ of H(A) and G’'(A) respectively. For fi € S(G4+(A)), we define
its parabolic descent as a function on Mg 1 (A) given by

via parabolic descent. Recall that we have fixed good maximal

Fra(m, 1) = elPacHac(m)

6.27
(6.27) / / / fo(ktmnk!, (L + w) k) o1 (K u(det ky) ~tdudndk g dk’.
KHXKG/ NQG(A) NQL\/(A)

Here m € Mg(A) and | € Mpv(A), and we take the convention that [ = 0 if @ is of type I. Then
fr.0 € S(Mg +(A)). For (mpg,m') € [Mg,] x [Mg,] we have

/ Ky, px(mukpg, m'E )nn 1 (K )dkgdE
KH XKG/

H "V+H, (P HG, 1 (mm))
—elPeg Hog (M) +Hog (mm)) . \Pot Qnya Ky, o prdign(mi,me).

Indeed, using (6.24), we directly check this identity without the y. The argument in | ,
Lemma 1.3] shows that this implies the identity with the x. Therefore for T € a,,11 and (mg,m’) €
[Mgy] x [Mg,,], we have

T
(6.28) /KHXK K@ (mgkg 'K Yo (K) Ak
. »

:e<pQG1HQG (m/)""HQG (mm)) | €<BQ7HQn+1 (mH)>KMQ»T

er7Q7X(7mrj(,m’).

Fix a @ € F. By the Iwasawa decomposition, the summand corresponding to @ in (6.26) equals

/ / (=200 1 Hayy (min)) (=200, Ha g, (m))
[MQH] X [MQG/] KaxKgr

/

Qn+1 (HQn+1 (mll) - T(/Qn+1 ’ TQTL+1 - Té?n+1)

Kﬁg(mHkH, m' K ) np1 (m K )dm'dm g dk dky.

By (6.28), it equals

(P Hay 1 (MmH))
/[M X [M, ]eiQ R /Qn+1(HQn+1(m,l) _Té?n+1’TQn+1 _Té?n+1)
QH Qg
Mo T

fr.0:x (mm, m/)nn+1 (ml)dedm',

We break the integral into an integral over the split center Aﬁ@ and another over Aﬁ@\[MQ ul X
[Mg,,] to write the above integral as

€<BQ’HQ7L+1 (mH)iHQ”rkl»l (m,1)>KMQ7T,

H g Y ()

/Aj\“}Q\[MQH]X[MQG/]
(6.29)
/oo e<BQ7HQnH(am1)>F/Qn+1(HQn+1 (amll) - Té)n+1’TQn+1 - Té?n+1)da’ dmgdm’

Mg
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Note that the composition of the embeddings ag C ag, C ag,,, with the projection ag, ., —

Gn+1
AQn

in (6.29) thus equals

n+1

yields an isomorphism ag ~ ag whose Jacobian we denote by cg. The inner integral

(poX+Hq, (M)
co /Gwm Wt ML (X 4 Hg, o () = T, Tana — Th,. )AX.

Qn+1

Changing the variable X — X — Hq,,,(m}) + T, , . we obtain that this equals

(o, X+T, )
cQ /Gn+l e'tQ Qny1 FQ +1(X 191 — Té?n+1)dX'

Qn+1

By definition, cf. (6.25), this equals
cqel?a ™ po(T —T).
In particular it is independent of m/. We then have
(6.29) = cge'ee™ ) po (T — T')

e(BQ’HQ'rH»l (mH)_HQn+1 (mll»KMQ’T,

T+.@:x (mp, m" ) g1 (m)dmpgdm’.

//WQ\[MQHMMQGA

This integral is absolutely convergent by (6.22). If we define

From, 1) =2 t™ o 1), (m,1) € Mg, (A),

then
(630) K]ch‘:{%j; (mH7 m/) —_ €<BQ7HQn+1 (mH)_HQn+1 (mll)>K;\f?Q’?; (7,',”{7 ml).
Thus

T Mo, T, 7—
(6.29) = coel™ po(T = T (f, ).

In conclusion, we have

7 T
IT(fy) = Z cqe g >pQ(T L (frq).
QEF

That is, Ig (f+) is an exponential-polynomial in 7" and the pure polynomial term is the constant

(6.31) L(fy) =Y caeabalpy) e LT ().
QEF

This proves the theorem. O

Remark 6.11. Using the same method, one can show that for any @ € F, and any f| € S(Mg, (A))

and T sufficiently positive, as a function of T', I, Mo T( fi) is an exponential polynomial whose
exponents are contained in {p,, — Py | P C @} and only depend on the image Ty, ., of projection

of T' to ag,,,,, but the pure polynomial term is not necessarily a constant.
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Proposition 6.12. The distribution I, is left H(A)-invariant and right (G'(A), ng)-equivariant.
More precisely for all f+ € S(G+(A)), h € H(A) and ¢ € G'(A) we have

L((hyg") - f1) = Mar1(g") I (f)
where ((h,g') - f+)(g,u) = |det b} >u(det B) ™ £ (W gg', uh).

Proof. Fix an (hg, gy) € H(A) x G'(A). Let T € a,41 be sufficiently positive. By (6.23) again we

have
?Pn-u (HPn-H((SlgigE),l) - TPn+1) = Z 6Q7-1§n+1(}11:'71-5-1 (519/1) - TPn+1)
PCQ

F/Qn_H (HQn+1 (519,1) - TQn+1 ) HQn+1 (519,1) - HQn+1 (619196,1))'

Therefore we see that Kf+7x(hh0, d'g() equals

SN Y gt (Hp, (016h) — Tr, ) K, pa(vhho, 89'g))

PeF PCQ ~ePy(F)\H(F)
P (F)\G'(F)

FQ +1 (HQn+1 (5191) - TQn+1 ’ HQn+1 (5191) - ‘HQn+1 (619/196,1))
Note that
Knog)-11,Px (. 9') = Ky, px(hho, g'gp)-

Thus by summing over P € F first in the above expression, we see that it simplifies to

Z Z F,Qn+1 (HQTH»I (619/1) - TQ7L+1 ) HQn+1 (619/1) - HQ7L+1 (519396,1))

OTF ~eQu (FI\H(F)
(6.32) SEQon (FNG'(F)

Q,T /
K gt £o (V1 097).

We integrate K?+,X(hh0,g’g[’))77n+1(g’) over [H] x [G']. On the one hand by definition it equals

[ K o, g (9 dh = s (66) 1T (£+).
[H]x[G]
On the other hand, by (6.32), it equals the sum over all @ € F of the terms

/ /G] T, . (Howr(6h) — Tanirs Houor (6) — Hon s (dhgh)
(6.33) on /@ ag,

T
K(C’210 96) -+ X(ha g')nnﬂ(g’)dhdg’,

We calculate this as in the proof of Theorem 6.10. By the Iwasawa decomposition it equals

/ / (=200 Hapy (min)) (=200 Hay ()
[MQH] X [MQG’} KH XKG/

6.34
( ) FQ7L+1 (HQnJrl (mll) - TQn+17 _HQn+l (kllgé),l))
QT o gk, K Y1 (K AR kg dm’dm.
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For (m,l) € Mg, +(A), we put
Fi.@unosg, (M, 1) = elPcHac(m) / / / ((ho, gb) - £1) (ki mnk!, (1 + w)kg)
KuxK' JNq Napv @)

PQ(—HQ, 1 (K190.1)) 11 (k) (kpr)dndudk g dk’.

One check directly that for an (mg,m’) € [Mg,] x [Mg_,], the expression
~2pq,., Ho, ., (am’
/ / e Han i) 20 Hea NG (Ho,,o (0mh) = To, s —Ha, (F6,))
KHXKG/

K(ho,g(’))-er,P(amHkH) am'knpe1 (am’k'Ydadk g dE'

equals to

(vaHQn+1(mH) HQn+1( ))ch<pQ T>K

/
It ho.9(° PmMQ(mH7 m )

Then for any x € X(G),
/ / o{—20qy Hay (amm)) (=200 Ha g, (am’)>F’Qn+l(HQn+1(am'1) —T0,1- —HQn+l(kigf)71))
KHXKG/

K nogt) 11, Px(amukm, am'k ) np1 (am’kYdadk g dk

equals to

!/
F1.q.ng.g4 P”MQ:X(mH’m )-

Therefore (6.34) equals
7T M, T —_~—
CQ6<BQ >Ix ¢ (f+.Quho.gp):

where

JH m
f+’Q’h0796 (m’l) = €< fo 2 () f+ ,Q,h0,90 (m l) (m> l) € MQ,—F(A)

In conclusion, we have

Ty Mo, T, ,~——
st (@)L (1) = 3 coe @ RN (£ o )
QEF

Each Iin’T(f+7Q,h07gé) is a exponential polynomial, whose exponents are in the set {BP — Py | P C
@}. Since p,, is not trivial unless P = J,, the only term on the right hand side that has a (possibly)
nonzero purely polynomial part correspond to @ = Jy. In this case fi g neg = (ho, gy) - f+ and
the pure polynomial part of the right hand side equals I, ((ho, () - f+)- O

6.5. A second modified kernel. For later use we will need another modified kernel. For f, €
S(G+(A)), T € ayy1, and (h,¢') € [H] x [G'], we define

fE g =S ep S Fp(He, (1h) — Te,,) K, pa(hy64)).
PEF  yePy(F)\H(F)
SeP'(F)\G'(F)
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Proposition 6.13. For every N > 0, there is a continuous seminorm ||-||s n on S(G(A) x Ag,)
such that for all h € [H| and ¢’ € [G'] we have

(6.35) S ‘ﬁ}gx(h, g') = FOw1 (b, TVK;,  (h, g)
X

Proof. As in the case of Theorem 6.8, we only need to prove the estimate (6.35), and second

< e MR NG e 1+ s,

In particular

dg'dh

ﬁ?+7x(h7 gl)

for T sufficiently large.

assertion on the absolute convergence follows from it. The proof is very similar to (and in fact
simpler than) that of Theorem 6.8, so we will only sketch the differences.

We first note that we only need to prove that there are continuous semi-norms ||-||s,1 and ||-||s.2
on S(G(A)) and S(Ag,,) respectively, such that

Y IKfsen (b g) = FE 1 (h, T K pga (b, )| < e MBIV IS 1Y 1F s 0]l @]ls 2-
X

Once we have this, the estimate (6.35) holds for fy € S(G(A)) ® S(Ag,,). For fixed h and ¢’, the
left hand side of (6.35) is continuous with respect to f by definition. Thus the estimate (6.35) is
obtained by taking limits.

We assume fy = f @ ® from now on. Define T;(G) to be the space of tuples (p¢)per such that

pp € T([Glps), pe—(g¥)ps € Sdgg([G]Pc)-

Let us consider the series of linear maps

R(f) X0 o S
TUG) —= THG) —— Tr(G) —— Tx(H) S([H])
~_
HT’H

The first map is
(IO = R(f)@PG, N

The second map is given by

pp = ((J,92) = pp(d, 92) pO(J, ®)),

where (j,92) € Jn X Gy, and ¢ is the image of j in G,,. The third one is the restriction to [H]|p,,.

The last map is one of the two truncation operators
AT TIH T2 (H) — SO([H)).

defined in | , Section 3.5]. The fact that the family P +— R(f)pp,, belongs to Tx(G) follows
from [ , Proposition 3.4.2.1.2]. The fact that rest of the maps make sense follows directly

from the definition. Continuity of these maps follow from the closed graph theorem, cf. Remark 6.9.
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The compositions of these maps are given by integral kernels ﬁ:]f@q) (h,¢') and FE+1(h, T)k tg0(h, g')
respectively.

Let x € X(G). We modify the maps slightly, by using the map R, (f) in the first one, where
R, (f) is the composition of R(f) followed by projection to the x-component. The kernel function
associated to the resulting maps are H?®¢’X(h, ¢') and FC&n+1(h, T)k tod,x (R, ') respectively.

The rest of the proof is exactly the same as that of Theorem 6.8. O

Let T € a1 be sufficiently large and put
A= [ [ g meate)agan

Proposition 6.14. As a function of T, the function iz;(er) is the restriction of an exponential

polynomial function whose purely polynomial part is a constant and equals I,(f4).
Proof. By (6.23), we have
?Pn+1 (HPn+1 (/Yh) - TPn+1) = Z EQTEQ’”J:EI (HPn+1 (519/1) - TPn+1)
QDOP

F/Qn_H (HQn+1 (519,1) - TQn+1 ) HQn+1 (519/1) - HQn+1 (’Yh'))

Plugging into the definition of /ﬁa » We obtain that

H‘C]Z:_'.,X(h? g/)

= Z Z an+1 (HQn+1 (519/1) — 19,41, Hguin (519/1) —Hq, (Vh))KQ T (7h 59 )-
QeF yeQu(F)\G(F)
0€Qu (F)\G'(F)

Define f ¢ by (6.28) and ]?;/Q by (6.30) as in the proof of Theorem 6.10, then the same computation
as in the proof of Theorem 6.10 gives (we follow the same notation there)

= cqe Lol T (1),

QeF
As in the proof of Theorem 6.10 and Proposition 6.12, cf. also Remark 6.11, we see that ig(ﬂr) is
an exponential polynomial function of 7. The only term on the right hand side with a (possibly)
nonzero purely polynomial part is the one that correspond to Q = J,,. This term equals I ( f+)

and the purely polynomial part is the constant I, (fy). O

7. THE COARSE GEOMETRIC EXPANSION: GENERAL LINEAR GROUPS

7.1. Geometric modified kernels. We keep the notation from the previous section. We will

need in addition the following list of notation.

e Recall that L = E™ and LV = E,. Let L= and LY~ be the purely imaginary part, i.e.
L= =FE"and LYV~ = E, . If Ais asubset of LY x L, we define A~ to be its intersection
with LV~ x L™.
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e We put G™ = G x LV~ x L™, the group structure being the product of G and LY~ x L~.
Note that this is not a subgroup of é, but merely a subvariety. The group H x G’ acts from
the right on GT by

(7.1) (g:w,v) - (h,g') = (h™ g9’ wat, 97 0).-

o Let P= MN € F. Put M+ = Mg x My, x M;, N* = Ngx N, x N, and P+ = M+ N+,
We often write an element in P+ as m™n™", but one should note that the product is the
one in G+, not the one in G.

e Let ¢ : Gt — A= G"//(H x G) be the GIT quotient. We define a morphism G* :—
Resg/r Aon,p by

(7.2) ((91,92), w,v) — (a1, ... ,an;b1,...,by),

where Ag, g denotes the 2n-dimensional affine space over I, and we put

s = (gl_lgg)(gl_lgg)c’fl, a; = Trace A's, by =ws'v, i=1,2,...,n.

This map descends to a locally closed embedding A < Resg/rAsg, g. We always consider
A as a locally closed subscheme of Resg/r Agn -
o If o € A(F), we define G to be the inverse image of a (as a closed subscheme of GT). For
P=MN € F,weput M} =GINnMT.
Let us now introduce the geometric counterparts of the modified kernels. For o € A(F), f+ €
S(GT(A)), and P € F, we define kernel functions on [H]p, x [G']p,, by

bperalnd) = X [t (hgant
and

mteM~+

bpepling) = [ ot (g an
(F) NT(A)

Lemma 7.1. There is an N > 0 and a seminorm ||-||s on S(GT(A)) such that for all (h,g') €
[H]py x [G']p,, we have
S [ At (g dndt < s B, 1,
mteM+(F) 7 NTA)
In particular the defining expressions of k¢+ po and kgt p are absolutely convergent and we have
Z kaf,P,a(h‘ag,) = kf*,P(hvg/)'
acA(F)
Proof. For any large enough d and N, we can find a continuous seminorm ||-||; on S(G*(A)) such
that

—d
[0 (R gD < lm 01158 ) 1 lallbll B, 9,
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where ||| p+(4) stands for a height function on P*(A). The lemma then follows from | )
Proposition A.1.1.(v-vi)]. O

We make the following key observation. We identify Resg,r Ao, g with the 4n-dimensional affine
space A" over F, and denote the morphism GT — A%" again by ¢. We extend the definition of
kit po toall a € F4 by setting krt po =0if a & A(F).

Let C C GT(Apys) be an open compact subset such that supp f C C x GT(F). Since
q(C) C A}l,flf is compact, there exists d € F' depending only on C such that ¢(C) N F*" C (dOp)*".
Then if ks+ p, is not identically zero for some o € F* and P € F, then a € (dOfp)*".

Put A = (dOp)** which is a lattice in F2". For each o € A, take u, € C2°(F4") and define the

functions fI = fT - u, as in Subsection 4.10 .
Lemma 7.2. We have

kf;r7P(h’g/) = kf;r’P,oz(h”g/) = kf*,P,a(hmgl)
for all (h,g") € [H]p, X [G']p,. In particular, k+ p(h, g') is independent of the choice of the bump

function u,.

Proof. Take 8 € A(F). For any (h,g¢') € [H]p, x [G']p,,, and any m™ € Mg(F), nt € NT(A), we
have m*nt - (h,g') € ¢~ 1(8). By the definition of fI, we have fF(m*n® - (h,¢)) = fH(mTnt.
(h,g")) if @ = 8 and 0 if o # 8. The result follows. O

The kernel Ky p introduced in Subsection 6.3 is closely related to ky+ p. First we recall that
the action R,—1 of Gy,(A) on S(Ag,) given by
1
R,-1(9)®(z) = p(det g)~'|det g 5@ (zg), g € Gn(A), @€ S(Apn).

We define a Fourier transform S(Ag,) — S(Ag, X A%7) by
(7.3) f (w,v) = / ®(z +w)p((—1)"rzv)de, (w,v) € Ag, X A%
Then there is a unique action ijl of Gp,(A) on S(Ag,, x A7) such that the Fourier transform is
equivariant. Direct computation gives that if ¢’ € G}, (A) and ® € S(Ag,,) then
R! 1 (¢)®(w,v) = n(det ¢') T (wg', g "v).

This Fourier transform extends to a continuous linear isomorphism

S(G(8) = SGH(A)), fr 1L
given by
(7.4) FL(gw,0) = (RE (71400, )1) (w,0), (9,w,0) € GF(A).

Here the expression on the right hand side is interpreted as follows. We evaluate f, at g first to

obtain a Schwartz function on Ag,, then take the Fourier transform —, then make g; Lact on it
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via RL,l, and finally evaluate the result at (w,v). We denote by —; the inverse integral transform
of —T. If f1 = f ® ® where f € S(G(A)) and ® € S(Ag,,) then we have a cleaner expression

f(g.w,0) = f(9) Ryum1(9rH®) (w,0) = F(@R! . (97 (w, v).
Lemma 7.3. For all (h,g') € [H]p, x [G']p,, and fy € S(G(A)), we have
Ky p(h.g') = ki p(h, g')n(det gi).

Proof. By Lemma 7.1, for fixed h and ¢’, both sides are continuous linear forms on f,. Therefore
we only need to prove the lemma when fy = f ® ® where f € S(G(A)) and ® € S(Ag,,). To best
illustrate the ideas, we prove the lemma in the case P = G. The general case follows by the same

computation but with messier notation. By definition K ;gq(h, g’) equals
S > F( TR (B)B(x).
’YEG(F) zeEE,

This equals

S D Fh T g Ry (g1 )@ (agh ) det g n(det gf ).
’YEG(F) SCEEn

The Poisson summation formula then gives

> S FT )Ry (gh iy T)@) (wgr, g7 tv)n(det gh),
YEG(F) (ww)eE, x Em—

which equals kaP(h, g )n(det g7). O
Lemma 7.4. Let fT € S(GT(A)). We have
n(g1)((h,g') - )i = (h.g') - (F D)y,

where on the left hand, the action is the one induced from the action (7.1), and on the right hand

side the action is the one defined in Proposition 6.12.
Proof. This is a direct computation. O

Let T € a,41 be a truncation parameter, and let o € A(F). We define

k};’a(h, g/) = E €p § ?Pn+1 (HPn+1 (519/1) - TPn+1 )Kf+,P,a ('th 59,)7
PeF YEPy (F)\H(F)
€ Pt (F)\G' (F)

and

k?+ (h, g/) = Z €p Z ?Pn+1 (HPn+1 (519/1) —Tp,., )Kf+,P (vh, 5.9,)'
PeF YEPy (F)\H(F)
P (F)\G'(F)
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Lemma 7.5. For f+ € S(GT(A)), if T is sufficiently positive the integral

/ ’k?ﬁ— (hag/)
[H]x[G]

is convergent and defines a seminorm on S(GT(A)). Put

i(f7) = / K- (hyg")ncr (9))dhdy'.
[H]x[G]

dhdg/

Then iT (1) is the restriction of a polynomial exponential whose purely polynomial part is a constant

that equals I((f1)+).
Proof. Tt follows from Lemma 7.3 that if f* € S(G4(A)) then
ki+(h,g")n(det g7) = K;‘%(h, g
for all (h,g") € [H] x [G']. The lemma then follows directly from Theorem 6.8. O
7.2. The coarse geometric expansion. We now develop the coarse geometric expansion.

Theorem 7.6. We have the following assertions.

(1) For T sufficiently positive, the expression

> [ ]|
acA(F) /G /H]

is convergent and defines a continuous semi-norm on S(GT(A)).

(2) For a € A(F), we define

i) = /[ q /[H} kfv o(hy g )ner(g')dhdg',

dhdg'

Then as a function of T, when T is sufficiently positive, il (f) is the restriction of a poly-

nomial exponential function whose purely polynomial part is a constant. We denote this
constant by io(f1).
(3) The distribution f™ — io(fT) satisfies the invariance property that

ia((h,g") - f7) = na(g)ia(f1),
where the action (h,q') - f1 is induced from the action (7.1).

Proof. Recall that we introduced a lattice A C FZ, and defined functions u, and f;f for a € A
before Lemma 7.2. By Proposition 4.30, (f)aca is absolutely summable in S(G*(A)). Therefore

07

2 /[m/[ 1 0.9

aeA

by Lemma 7.5, we have

dhdg’ < oo.

By Lemma 7.2, we have
K (hg') = Kf o(h.g).
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By the construction of the lattice A we conclude that
> / / / ‘Kﬁ,a(h,g’) dhdg' = > / / | K. (h.g)| dhdg'.
acA(F) ’ H G acA Y H] V]G]

This proves the first assertion on absolute convergence. By the uniform boundedness principle, it

defines a continuous semi-norm.

By Lemma 7.2 and Lemma 7.3 we have
(1) =i = I7((Dy).

This implies the second assertion. The third assertion follows from Lemma 7.4 and Proposition 6.12.
O

7.3. Synthesis of the results: the coarse relative trace formula. We now summarize what
we have done. For fi € S(G4(A)) we put

I{(f) = il (fD), Ta(fe) = ialfD).
Then Theorem 7.6 tells us that if 7" is sufficiently positive then IZ(f) is the restriction of a poly-
nomial exponential and its purely polynomial part is a constant that equals I,(f+). By Lemma 7.4,
the distribution I,, is left H(A)-invariant and right (G'(A),n)-equivariant in the sense of Proposi-
tion 6.12.
We summarize the coarse relative trace formulae on the general linear groups as the following

theorem.

Theorem 7.7. Let f1 € S(G1(A)) be a test function. Then we have
Z Ix(f+) = Z Ia(f—i—)'
X€X(G) acA(F)
The summations on both sides are absolutely convergent and each summand is left H(A)-invariant

and right (G'(A),n)-equivariant.
This is simply a combination of Theorem 6.10, Proposition 6.12, Lemma 7.5 and Theorem 7.6.

8. THE COARSE SPECTRAL EXPANSION: UNITARY GROUPS

8.1. Setup. The following notation will be used throughout this section.

e Let (V,qy) be a nondegenerate skew-Hermitian space of dimension n. Put Uy = U(V) x
U(V). If g € Uy, without mentioning explicitly the contrary, we will denote by g = (g1, 92)
where g; € U(V). Let U}, C Uy denote the diagonal subgroup, which is isomorphic to
U(v).

e Let S(V) be the Heisenberg group attached to V, and J(V) = S(V) x U(V') be the Jacobi
group (see Subsection 5.3). Put Uy = U(V) x J(V). If g € U(V), an element in J(V)
whose image in U(V) is g is usually denoted by g. An element in UNV is usually denoted by

z. This means ¥ = (x1,72), * = (x1,x2) € Uy and the image of 7 in Uy is z.
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e The group U/, diagonally embeds in 6; Its image is again denoted by Uj,. There is a
natural map J(V) — Uy and we let I}?/ its image.

e We keep the notation from Subsection 5.3. In particular, we fix a minimal parabolic sub-
group Py of U(V) which fixes the maximal isotropic flag (5.10). Standard parabolic sub-
groups of U(V) are those containing Fy. Let Fy be the subset of standard D-parabolic
subgroups of J(V), and let F{, be the set of standard parabolic subgroup of Uj,. We put
P'=PnNU(V) for P € Fy. Then by Lemma 5.7, the map P — P’ is a bijection from Fy
to Fyr.

e Let P € Fy. We denote by P; and P, respectively the subgroup P’ of the first and second
factor of Uy. We put

(8.1) P=P xP, Pu=P xP,,

which are D-parabolic subgroups of I/J\;/ and Uy respectively. The notation P’ usually
specifically means the parabolic subgroup of U, .

e Let ResV be the symplectic space defined in Subsection 5.3. We fix a polarization ResV =
L@ LY as in Subsection 5.4. We have the Weil representation w = wy, ,, of J(V)(A) realized
on S(LY(A)). For ¢ € S(LY(A)) and P € Fy we have theta theta function pf(-,¢). We
also have w" = wy-1 ,-1 and p(-, ¢) defined in terms of w".

e Put Uy = Uy xL" x LY. The group structure is given by the product group structure of
U(V) and the additive group LY x LY. Let P € Fy. We put

Mp,_;_:MPUXMLvXML\/, Np7+:NPUXNLvXNLv:NPU, P+:Mp,+NP7+,

where we recall that M;v and Nyv are defined in Subsection 5.4. These are subgroups of
Uy.+. We often write an element in Mp 4 as (m,l1,l2) where m € Mp, and l1,ly € LV.

e Put ap = ap,. A truncation parameter is an element in ag.

8.2. Technical preparations. Let P € Fy and w be a weight on [6‘;] 5. We can define various
function spaces as in Subsection 4.3. Of particular interest to us are Sy, ([Uy/] 5, 1) and To([Uv] 5 ).

The “approximation by the constant term” for the group ﬁ; takes the following form.

Proposition 8.1. Let N > 0,7 >0, X € U(uy ) and P,Q € Fy. Then there exists a continuous
seminorm || - ||n x,r on TN([{J\\//]@, V), such that
IR(X)e(9) = R(X)e5(9)| < lglBdRY (9) " el v xr

holds for all ¢ € Tn([Uy]g, ©) and g € Uy (A).

Proof. For g € Uy (A), we have d%(g) = dgll (gl)d?,(gg) and ding (9) = dgll (gl)dgj (g92). Therefore by

Lemma 5.8, we have 1fnilr1{dj(‘géI (9), dgll (gl)d%2 (92)%} < d%(g) < dIQJS (9), and hence the proposition

follows from Theorem 4.25. O
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Similarly to what we have done in the case of general linear groups, we introduce various auxiliary
spaces of functions.

Recall that we have the space of functions T;(/(U’V) introduced in Subsection 4.9. Because
there is a bijection between Fy and F{,, we denote it by 7z, (U},) and use Fy as indices. By
Theorem 4.25, the space Tz, (U},) consists of tuples

(pe)per € [ T(UVIP),

PeFyv
such that

(8.2) po = (g¥)pr € S, (V1)

for any P C Q € Fy.

Lemma 8.2. If (py) € Tr, (Uy) and ¢ € S(LY(A)), then the family of products
P = (pp pl(- ¢))

belongs to Tr, (Uy,).

Proof. By Proposition 5.9 and the above characterization (8.2), the family P — ,6(-, ¢) belongs to
Tr, (U},). We thus prove a stronger statement: if (p¢), (p¢’) € T, (Uy,), then the family

P (pppy)

belongs to Tz, (U},). Using the Leibniz rule, we are reduced to that there exists Ny > 0 such that
for any X,Y € U((1},)oo) and any r > 0, we have

IR(X)pe(9)R(Y)p¢ (9) — R(X)e(9)R(Y )oe (9)| <xyvo llglFdS(9)™"
for any g € [Uy,]pr. The left hand side is bounded by
IR(X)pe(g) (R(Y)r¢'(9) = R(Y)o¢'(9)) | + [R(Y)@#(9) R(X)pie(g) — R(X)qe(g))| -
The desired inequality then follows. O

For P € Fy, define a weight function Ap on [Uy|p, by

A = inf —1 .
r(9) 7EMP/%g)NP/(A)Hgl Y92/l p

For P,Q € Fy with P C @, define a weight dg’A on [Uy]p, by
A5 (g) = min{d (1), 47 (92))
Pulling back under the projection [Uy] 5 — [Uv]py, we get two weights on [Uy]
denoted by Ap and dg’A.
We define the space 7}% (Uy) (resp. ’Tﬁ/ (Uy, 1)) to be the space of functions

(8.3) (pe) € [ Sar(Uvlm) resp.  [[ San(Uvlp,w).

PeFy PeFy
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such that for any P C QQ € Fy, we have
py = (@v)p € Saa(lUvlpy) resp. py—(v)p € Spa A([Uy] 3, 9).

Since d%A < dQ7 by Theorem 4.25 and Proposition 8.1 respectively, that a family (py) belongs to
T;AV (Uy) (resp. T;AV (Uy, 1)) is equivalent to p € Sap([Uy]p,) (resp. SAP([ﬂ\\//]ﬁﬂﬁ) for each P
and that for all P C ) € Fy, there exists an N > 0 such that for all X € U((uy)oo) and all r > 0,

we have

(8.4) IR(X)pe(g) — R(X)ge(9)] <rx llgl¥d2™(g) "
holds for all g € [Uy|p, (resp. [Iff‘//}];)

Lemma 8.3. We have the following assertions.

(1) For(pyp) € 'T]%/ (Uy, ), then the family of restrictions P — (Pel[uy)p, ) belong to 'T]%/ (Uy).
(2) For (py) € 7']%/ (Uv), then the family of restrictions P — (p¢liy,,,) belongs to Tr, (U}).

Proof. The first follows from the characterizations (8.4) of elements in Tﬁ/ (Uy) and T}év Uy, ).
The second follows from the additional fact that d%A“U/V Ipr = deD:. O

We fix a ¢ € S(LV(A)) such that ||¢o|[z2 = 1. For f € S(Uy(A)) and ¢ € S(LY(A)), we define
a function f € S(@(A), 1Y) by

(8.5) Fgs) = Flg™ ") w(s)do, @1), s € S(V)(A), g €Uy(A),

For ¢ € T°([Uy]p, ), as in the case of general linear groups, we define a measure ¢ - p(-, do) €
TO([Uv]p, %) by
(5.6 o )= [ [ B0l s

where (3 € C’c([UNV]};).
Lemma 8.4. Let ¢ € T°([U}/]), then the family
P e Fy = R(f) <<PP’ - pt( ¢0))

belongs to T]%/ (Uy,v1). Moreover if y € [Uv]p, we have

R(f)(¢ - pO( $0)(y) = / Kr.p(z,y)0" (x, 1)¢().

(U 1pr
In particular the composition of this map followed by the restriction to [Uy|p,

o 45 independent from
the choice of ¢q.

Proof. This is proved in the same way as in the case of general linear groups, and in particular

Lemma 6.3, Lemma 6.5 and Lemma 6.7. (|
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8.3. A modified kernel. Let x € X(Uy) be a cuspidal datum. For fi = f ® ¢1 ® ¢2 as above,

we put

(8.7) K te61000.Px (T, 0) = K1y (2, y) p0 (2, 61) p(f, d2), 7,7 € [Uv]p.

Where we denote z,y to be the image of Z,y in [Uy|p, respectively and Z2, 2 € [J(V)] are the
second component of  and y. Let us now explain that the function Krge, o4¢,,py €xtends continu-
ously to a smooth function Ky, _p, for all fi € S(Uy,4(A)). By Lemma 4.21 and Proposition 5.9,
there exists an Ny > 0 such that for any N > 0 and X € U(uy ), there is a continuous semi-norm
|I-[|ls on S(Uy4(A)) such that

(.8) S R K, pa(@ )] < 1 I35V 172,
x€X(U)
holds for all f1 € S(Uy(A)) ® S(LY(A)) ® S(LY(A)) (algebraic tensor product). Now let fi €
S(Uy4(A)) and f1, € S(Uy(A) @ S(LY(A)) @ S(LY(A)) a sequence of functions approaching f.
Because of the estimate (8.8), the sequence Ky, , p, is convergent to a function on [@]ﬁ X [@]ﬁ,
and this convergence is locally uniform for (Z,3) € [Uy] B X [Uv] 5. We denote this function by
K¢, py. It is clearly independent of the choice of the sequence approximating fi. Because the
convergence is locally uniform, K _ p, is a smooth function. Moreover the estimate (8.8) continues
to hold for Ky _p,. By the symmetry of # and ¥, the estimate (8.8) holds when = and y on the
right hand side are switched (and with a possibly different || - ||s).
For T € ag, x € ¥(Uy), and 2,y € [Uy], we define modified kernels

Kﬁ,x(x7 y) = Z €p Z ?P'(le(éy) - TP/)Kf+,P,X(’Y:L’> 5y)
PEFy  veP!(F)\ Ul (F)
SeP/(F)\ Ui, (F)

and

K}i(m,y) = Z €p Z Tp (Hp (0y) — Tp) Ky, p(yx, 6y).
PeFy yeP'(F)\ UL, (F)
SeP'(F)\ U, (F)
Here ep = (—1)4™% and 7p/ is the characteristic function of a certain cone in aps defined in
Subsection 4.5. In these definitions, the convergence of the inner sum can be seen as follows.
For fixed z and y, there are only finitely many § € P/(F)\ U}, (F) (depending on y) such that
Tp (Hp(0y) —Tpr) # 0, cf. | , Lemma 5.1]. Hence the estimate (8.8) implies that the summa-

tions defining K ﬁ and K;ﬂ \ are absolutely convergent.

Proposition 8.5. For every N > 0, there exists a continuous semi-norm || - ||s.y on S(Uy 4 (A))
such that for every fi € S(Uy.4(A)) and T sufficiently positive, we have

69 Y |KE @) - Ko ) P @ 1) < e a5l s
X€X(Uy)
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In particular for f1 € S(Uy 4 (A)) and T sufficiently positive, the expression

/ ‘K;‘Z_’X(.Z‘, y)‘ dzdy
xEX(Uy) [Uy]x[Uy]

is finite and defines a continuous semi-norm on S(Uy, 4 (A)).

Proof. First, since the center of Uj, is anisotropic, for a fixed T’ the function z — F Uy (x,T) is
compactly supported. Therefore the second assertion on the absolute convergence follows from the
estimate (8.9).

Next we note that each summand in (8.9) is continuous in fy. Thus by continuity we only need
to prove (8.9) when f, = f ® ¢1 ® ¢ where f € S(Uy(A)), ¢1,¢2 € S(LY(A)). We will assume
that this is the case from now on.

We fix a ¢g € S(LY(A)) with ||¢g|/;2 = 1. Consider the following sequence of map

AT
o |U ‘U/ 0 /_\
TO(UY]) —— TA Uy o) = TA (Uy) — Tr, (U)) —2 Tr, (U)) SO0,
~_
HT

where the first map sends ¢ € T°([U//]) to the family
P R(F) (op 00, 0))

We recall that f is defined in (8.5). The second and the third maps are to restrict the family

(p®)per, to (P(‘O‘[UV]Pu>p€fV and then further to (P(p‘[UHP/>P€]:V' The fourth map sends a
family (p¢)per, to the family (p¢ p0(-, ¢2))per,- By Lemma 8.4, Lemma 8.3 and Lemma 8.2,
the targets of these maps are as described. Using the closed graph theorem, one checks that all
these maps are continuous, cf. Remark 6.9. The last map is one of the truncation operators defined
in Proposition 4.27. We denote by L4, ¢, (resp. P4, ) the composite of the sequence of the
maps above, where we use AT (resp. II7) in the last step.

Similarly, for x € X(Uy ), we consider the same chain of continuous linear maps as above, but we
project to the x"-component before restricting to Uj,. The resulting maps are denoted by L 4, ¢, x
and Py 4, 4, respectively.

As in the proof of Theorem 6.8, the functions K}F®¢1®¢2 (z,y) and K tg¢, 04, (T, y)FYv (2, T) are
the kernel functions of Ly 4, 4, (resp. Prg, ¢,) respectively. The same is true with a x € X(Uy) in
the subscript. By Proposition 4.27, for any fixed N and for all ¢ € T°([U},]), we have

—N||T
D I fr60x () = Prowanx (@)l < e M)y _y.
X€X(U)

The rest of the argument is to show that the implicit constant in this estimate can be taken to be

continuous seminorms of f, ¢1 and ¢o. This is a consequence of the uniform boundedness principle,

and the argument is the same as the proof of Theorem 6.8. O
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8.4. The coarse spectral expansion. For x € X(Uy), fy € S(Uy4(A)) and T € ag a truncation

parameter, we put
P = [ Ky, S = [ K (eg)dedy,
(UL 1x[Uy] (U 1x[Uy]
By Proposition 8.5, these integrals are absolutely convergent when T is sufficiently positive.
We define an action Ly of U}, (A) on S(Uy.4(A)) by

Ly (h)f(m, b, lo) = (@Y () fr(h ™ m, - 1)) (), m e Uy(A), I,ls € LY(A).

The right hand side means that we first evaluate f, at h~!'m and I to obtain a Schwartz function
in the variable [;. We apply the Weil representation w"(h) to this Schwartz function and finally
evaluate at ;. We similarly define an action R of Uj,(A) on S(Uy4(A)) by

R (h) f(m, i, l2) = (w(h) f+(mh,11,-)) (I2),  m € Uy (A), li,la € LY (A).

The right hand side is interpreted similarly as in the case L.
Using the action Ly and Ry, for P € Fy and fi € S(Uy,4(A)), the kernel function Ky _p can

also be written as

8.10 K y) = L, ()R d
(8.10) (@) m@%m /N oy LHIR O

where z,y € [U},].

Theorem 8.6. As a function of T, the functions J* (fy) and Jg(ﬂr) are the restrictions of expo-
nential polynomials whose purely polynomial term are constants denoted by J(fy) and J,(fy) re-
spectively. The linear forms fy — J(f+) and fy — J(f+) are continuous and bi-Uy, (A)-invariant,

i.e.

(L (h)Ry (h2) f+) = T (f+), J(Ly(h)Ro(ho) f1) = J(f+), i, ha € Uy (A).
Finally we have
J(f) =D Ju(f)

x€X(Uy)
where the sum is absolutely convergent.

Before we delve into the proof of this theorem, let us first explain a variant of the construction of
the modified kernel for parabolic subgroups. Let us take Q = MgNg € Fy. Then Qu = Q1 X Q2
where Q1 = Q9 are parabolic subgroup of U(V) and Q' = Q1 = Q3 is a parabolic subgroup of U,.
Assume that @’ is the stabilizer of the isotropic flag

(8.11) 0=XoCX;C---CX,

in V. Recall that we constructed a decomposition V = X @& V'’ @ XV in Subsection 5.3, where

X =X,,V'=Mg,, and V' is perpendicular to X & X" . We have a polarizations ResV = L& LY
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and another polarization ResV’' = L' @ L’V where L' = V' N L and L'V = V' N LY. In particular
L=L®X and LV =L" + XV.
The Levi subgroup Mgy is isomorphic to

[ GL(X:/Xi1) x U(V).

i=1
We write m € Mg as (ma, my) where me = (mq,...,m,), m; € GL(X;/X;-1), and m, € U(Vp).
Recall that in Subsection 8.1, we have defined

MQ27+ = MQ2 X MQLV X MQL\/ = <H GL(XZ/XZ_l) X U(V’)) X le X L/V.
=1

We have the D-Levi component M o= Mg, x Mg of @, where

-
Mg =[] GL(Xi/X; 1) x J(V)
i=1
is the D-Levi component of Q. If m € Mg, we still denote by m, its component in J(Vp).

Take a P € Fy with P C Q. Then PN Mg, is a parabolic subgroup of Mg,,. Denote temporarily
by g, @ X(Mg,) — X(Uy) the natural finite-to-one map. For x € X(Uy) and f € S(Mg,(4)),
we put

Ky Moy x = Z Ky pagy, v
X' €ug, ()
where Ky prng, v 1 the kernel function on Mg, . Let ¢1,¢2 € S(LV(A)) and ff. = fR 1@ ¢2 €
S(Mg,+(A)) be a test function. We define

Ky panigx(T:y) = Kf.pamg, x (T, y) - P8 (@, 1) - prs) By, p2)p " (det zq) p(det ),

where (z,y) € [Mq/]pam, % [Mq/]pnm,, , and the intersection PN J (V') is taken inside J(V). As
in Subsection 8.3, we define Ky pryg,, for all fi € S(Mg, (A)) by continuity.
For T € ap, define
Mg, T 0!
Ko (my)= Y €} > 75 (Hpi(8y) — Te ) Ky py (2, 5y).

Fhx
" PCQ YE(MgNP")(F)\Mg: (F)
PEFv  5e(MginP')(F)\ My (F)

where (z,y) € [Mq/] x [M¢]. Using similar methods as the proof of Proposition 8.5, we can show
that when T is sufficiently positive, for any f| € S(Mg, (A)), the integral

Mg, T
K.,°
fhox

/ (z,y)|dzdy
AOQO,\[MQ/} X [MQ/]

is convergent and defines a continuous seminorm on S(Mq, (A)). Here A7) embeds in M¢ x My
diagonally. We thus define a distribution

Rt = | K97 (5, y)dady.
A\ Mg x[Mgr] T+
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Proof of Theorem 8.6. We define o be the unique element in ag, such that for any m € Mg/(A)

we have
e'Lotlorm)) _ |det m|.
One check directly that p 0 concides with the definition of [ , Lemma 4.3].
By | , Section 2|, there exist functions F’Q, on agy X aQ, , for @ € Fy, that are compactly
supported in the first variable when the second variable stays in a compact and such that
(8.12) TpH-X)= > e Q, v [(H)Ty (H, X).
PCQeFy

Define a function pg on agr by

(8.13) po(X) = / e T, (1, X)dH.
llQ/
By | , Lemma 4.3] pg is an exponential polynomial on ag with exponents contained in the

set {p, | B D @} and the pure polynomial term is the constant ngQ/ (p,)~1 where @Ql is a

)7
—Q
homogeneous polynomial on ag defined in | , Section 2].

For Q € Fy, fy € S(Uy+(A)) and T € ap, define

T PN /
EPl (ry)= > €2 > FE(Hp(dy) — Tp) Ky, py(y1,0y),

PCQ  ~eP'(F)\Q'(F)
PeFy SEP(F)\Q'(F)

. Qf ,
where (z,y) € [U},|pr X [U}/]pr. Here eg = (—1)4me and ?1652, is the characteristic function defined

in Subsection 4.5. Using the inversion formula (8.12), for T, 7" € ap we have
7T/
Kf (zy)= ) Z T/ (He (0y) = Thr, T — To) K (v, 6y).

QEFv veQ (F)\U'(F)
seq’ (F)\U’( )

We now relate Kﬁz to K%QQT via parabolic descent. For f, € S(Uy4(A)), we define its

parabolic descent as
— ’ 1 , r(m
Frglm bty = e e taza it [ | (G lRR (21 (g, 1)l
/ / NQ A

where m € Mg, (A), l1,lo € L'(A) . The element m; stands for the first component of m and
we regard it as an element of Mg under the natural identification Mg, = Mg. We have f, g €
S(Mg, (A)), and for x,y € [Mq/] and P C Q € Fy, we have

/, y Ky, py(xki, yko)dkdky = e<2PQI,HQI($)>e<2pQ/+EQ’HQ/(y)>Kf+’Q7PmMQ7X(x7y).

Indeed using (8.10) and the mixed model described in Subsection 5.4, direct calculations give the
identity without y. The argument in [ , Lemma 1.3] shows that this implies the identity with
the x. It follows that

’ 1 (z)) (2pqrtp, Hgr Mg, T
// K Kﬁ,x(xklaykﬂdkldkz = el2rarHo (@) 20ariq Mo (y»Ker,Q@X(m’y)’
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The rest of the calculation is the same as that in the proof of Theorem 6.10. We omit the details
and only record the final outcome. We have
T 1
T = > e po(Ty - TH) Iy T (fra).
QEFy
It is an exponential polynomial in 7" whose purely polynomial term is a constant that equals
0 1 (P > Mo T [ 7
Y al(py) et po(To = To) I @ (fr.q)-
QeFv
The invariance of the linear form J, is shown as that of Proposition 6.12. This concludes the

proof. O

8.5. An alternative truncation operator. For later use we will need another truncation op-
erator for Fourier—Jacobi periods. It is an analogue of the regularized periods of Ichino and Ya-
mana | ]

Take P € Fy. Then U(V) x P is a D-parabolic subgroup of Uy. For ¢ € T([Uy],4), we can
speak of the constant term ¢y )y p. This amounts to viewing the function ¢ as a function in two
variables (z1,z3) € [U(V)] x [J(V)], fixing x1, and taking the constant term along P in the second
variable x5.

For ¢ € T([Uy], ) and z € [U}/], we define

(814) AZ;()O(JZ') = Z €p Z ?p/(Hp/(de) — TP’)QDU(V)XP((S'%')'
PEFy  §eP/(F)\ U, (F)

Proposition 8.7. We have the following assertions.

(1) AZp € SO([UY]). And the map ¢ — AL induces a continuous map T ([Uy], 1) — SO([U}]).
(2) For every N > 0, there exists a continious seminorm ||-||x on T([G{/],d}) such that for all
z € [Uy] and ¢ € T([Uv],%), we have

Avo(x) = FV (@, T)p(x)| < e M 2]Vl ol

Proof. First note d E g X6 v, = dQ Thus by Theorem 4.25 and Lemma 5.8, there exists an Ng > 0

such that for any P C Q € Fy and X € U((u},)x), we have

(8.15) IR0y p(@) = RIX)Puvyxg (@) < dB (@) 7" ]|}

By (8.2), this is equivalent to the fact that the family P ((,DU(V)XP) |[U'vh>/ belongs to T;{/(U’V).
The second assertion follows from this by Proposition 4.27. The first assertion follows from the

second since the function z — FUv (x,T) is compactly supported. O

Recall that for fi € S(Uy,4+(A)) and x € X(Uy), we have a kernel function Ky _,(Z,y) for
7,7 € [Uy] (cf. (8.7) for the definition for pure tensors). Applying AZ to the second variable, we
get a function on [Uy] x [U},] denoted by K AL

Proposition 8.8. We have the following assertions.
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(1) For f4 € S(Uy4(A)) and T sufficiently positive, the expression
Z / }Kf+,x (z,y ’dxdy
xex(Uy) Y UvIx[Uy]

is finite and defines a continuous seminorm on S(Uy 4 (A)).

(2) For any r > 0, there exists a continuous seminorm ||-| on S(Uy 4 (A)) such that

Jf(f+)—/ Ky, A (a2, y)dady| < e T £
(U} )% [0}

for all T sufficiently positive and f € S(Uy.1(A)). In particular, the absolutely convergent

integral
/ Kf+7XA (z,y)dzdy
(UL 1x[Uy]

18 asymptotic to an exponential-polynomial in T, whose purely polynomial term is a constant
that equals Jy (f4).

Proof. By Proposition 8.7, for every N > 0 there exists a continuous semi-norm ||-||7 on T ([Uy], %)
such for all z,y € [U},], we have

> ‘Kf+,x1\f(w,y)—FUV(y,T)Kf+,x<w,y) < e MG D7 1K (@)l
X€X(Uy) x€X(Uy)

where Ky _,(x,-) is regarded as an element in Tn([Uy],¥). By (8.8), there exists Ny > 0 and a

continuous semi-norm || - ||s on S(Uy 4 (A)) such that
—N+N,
Do K n @)l < N f+llslFlZ
x€X(Uy)

Combining the above two equations we obtain
’ — — N+ N, —N
[ AT () = FO (VK g )| < MV £l 0y 62
x€X(Uy)

This proves the first assertion. The second assertion follows from the first and Proposition 8.5. [

9. THE COARSE GEOMETRIC EXPANSION: UNITARY GROUPS

9.1. Geometric modified kernels. We keep the notation from the previous section. We also
need the following additional notation.
e We put U{, = Uy xV. The group structure is given by the product of those of Uy and of
the additive group V. Note that this is not a subgroup of 6;/ but merely a closed subvariety.
The group Uj, x U}, acts on U, from the right by (g,v) - (z,y) = (z gy, y 'v).
e Let P € Fy, we put

Pt =Py x Py, M} =Mp,xMp,, Nt =Np, xNp,.

+
These are subgroups of U{,.
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e By | , Lemma 15.1.4.1] the categorical quotient Uj; //(U}, x U},) is canonically identi-
fied with A = GT//(H x G’). The canonical morphism qy : U}, — A is given by
((91,92),v) = (a1,...,an; b1, ..., by)
where
a; = Trace A'(g; ' g2),  bi = 2(=1)" 17 qv (g7 L gov, v).

Here A is viewed as a locally closed subscheme of Resp/r Ag, g as in Subsection 7.1.

e For a € A(F), let U}, , be the preimage of v in U}, as a closed subscheme. We also put
M;a = U‘Jza NME.
For f* € S(U{(A)) and P € Fy, we define
kpe,pla.y) / (e )dnt, ay € Uyl
N + N*(A
mteMp
For o € A(F'), we define similarly

_ mnt +
kaF,P,a(xay) Z /JV+ n (Jj‘,y))dn .

m*GM""

Lemma 9.1. There are an integer N and a semi-norm ||-||s on S(U{;(A)) such that for all
) / £ (- ()] dn < 5 sl Tyl
m€M+

In particular the defining expressions of k+ po and ks+ p are absolutely convergent and we have
Z kar,P,a(xay) = kf*,P(xvy)'
acA(F)
Proof. The proof is the same as Lemma 7.1. O
Similar to what we have done in Subsection 7.1, we identify Resg/p A2, g with the affine space
A*" over F, and denote again by ¢ the morphism U¢ — A*". We extend the definition of k f+.Pa
to all @ € F*" by setting krt po = 0if a ¢ A(F). There is a d € F'* such that if kv p, is not

identically zero for some a € F4" and P € Fy, then a € (dOp)*™. Put A = (dOp)*" C F". For
each a € A, take u, € C°(FI) and define the function fi = f*u, as in Subsection 4.10 .

Lemma 9.2. We have
kf+ ( y) k‘f(;ﬁpa(x?y) = kf"',P,a('ray)

for all z,y € [Uy]pr
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The proof is the same as Lemma 7.2.
We now relate the kernel function k¢+ p and the kernel function Ky, p defined in Subsection 8.3.
We first define a partial Fourier transform, cf. [[i92, Section 2]. For ¢1,¢2 € S(LY(A)) we define a

partial Fourier transform

(9.1) S(LY(A) © S(LV(A) = S(VA)), b1 ® o (61 ® ),

by

(9.2) (61 ® ¢2)'(v) = / o1(2 + ) ba(x — U)(~2 Trgyp qv(, ))de,
LY ()

where we write v = + 1’ where | € L(A) and LY(A). In particular we have

(61 ® ¢2)H(0) = ($1, P2) 12

where (—, —)2 stands for the L?-inner product on LY(A). We also have

(@ (g)g1 @ w(g)g2)H(v) = (61 @ d2)*(97"v)
for g € U(V)(A) and v € V(A).
The partial Fourier transform (9.1) extends to a continuous isomorphism
S(Uv4(4)) = S(UY(A)),

which we still denote by —*. Let f* — fi+ be its inverse. Concretely for f1 € S(Uy.4(A)), we have

(93) fi((glv 92)7 U) = /[:\/ wzll) (gl)f-‘r((glv 92); T+ l,v L= l/)w(_z TrE/F qV($7 l))dl‘,
where we write v = [ + 1" where | € L(A) and LY(A). The notation is interpreted as follows.
We first evaluate fi at (g1,g2) to obtain a Schwartz function on LY(A) x LY(A). Then the Weil
representation w"(g1) acts on this Schwartz function on the first variable (this is what the subscript

(1) indicates). Finally we take the partial Fourier transform.
Lemma 9.3. For all z,y € [U}/]p/, we have
Ky, p(2,y) = kgt p(@,y).

The proof is the same as Lemma 7.3.

Recall that we have defined in Subsection 8.4 the actions Ly and Ry of Uy, (A) on S(Uy4(A)).
We also have the left and right translation of Uf,(A) on S(Uj>(A)) which we denote by Lt and R™
respectively. More precisely we have

LY (g,0) = fH(h7 g,0), RY(h)fF(g,0) = [T (gh,h™ v),

for h € Ul (A).
Lemma 9.4. Let f+ € S(GT(A)) and z,y € U, (A). We have

(LT @R () ")y = Le(@)Re () (F7).
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Proof. This is a direct computation. O

For T € ag and z,y € [U},], we define the modified kernel

Efo(ry) = ) ep > TP (Hp (8y) — Tp)ky+ p(yz, 0y),
PeFv  yeP/(F)\ Uy (F)
SeP (F)\ U, (F)

and for a € A(F) we put
ki olzy)= > ep > TP (Hp (0y) — Tp)k s+ o, p(y2, 0y).

PEFy  ~eP!(F)\ U, (F)
5€P!(F)\ Uy, (F)

Lemma 9.5. For T sufficiently positive, the integral

/ ’k% (, y)‘ dzdy
(U4 1x[UY]

is absolutely convergent and defines a continuous seminorm on S(U{;(A)). Put
= [k dedy,
Uy 1% [Uy]

Then jT is the restriction of an exponential-polynomial function of T whose purely polynomial term

is a constant that equals J((f1)).

Proof. The absolute convergence follows from Lemma 9.3 and Proposition 8.5, the second follows
from Lemma 9.3 and Theorem 8.6. ([l

9.2. The coarse geometric expansion. The following theorem gives the geometric expansions
of relative trace formulae on unitary group.
Theorem 9.6. We have the following assertions.
(1) For T sufficiently positive, the expression
> / o ’k%,a(w,y)‘ dzdy
acA(F) Y [UvIx[Uy]
is finite and defines a continuous seminorm on S(U{(A)).
(2) For a € A(F) and T sufficiently positive, put
Ja () = / kit oz, y)dady.
(U ]x[Uy]
Then jI coincides with the restriction of an ewponential-polynomial function of T whose
purely polynomial term is a constant jo(f7).

(3) The linear form f* — j(f1) is continuous and satisfies the invariant property that
JLT @R () 1) =4(f7)
for all z,y € Uy, (A).

The proof is the same as Theorem 7.6 and make use of Proposition 4.30.
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9.3. Synthesis of the results: the coarse relative trace formula. We now summarize what

we have done. For f, € S(Uy 4 (A)) we put

JL(f) = 35D, Jalfy) = jalfD).
Then Theorem 9.6 tells us that if T is sufficiently positive then JI(fy) is the restriction of a

polynomial exponential and the purely polynomial part is a constant that equals J,(f+). By

Lemma 9.4, the distribution J, is bi-Uf{, (A)-invariant, i.e. for z,y € U}, (A) we have

Jo(Li (2)R4-(y) f+) = Ja(f+)-

We summarize the coarse relative trace formula on the unitary groups as the following theorem.

Theorem 9.7. Let f € S(Uy4(A)) be a test function. Then we have

Z Jx(f-i-): Z Ja(f+)-

x€X(Uy) acA(F)

Each summand on both sides are bi-UY, (A)-invariant.

This is simply a combination of Theorem 8.6, Lemma 9.5 and Theorem 9.6.
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Part 3. Spectral expansions of automorphic periods
10. PERIODS AND RELATIVE CHARACTERS ON GENERAL LINEAR GROUPS

10.1. Preliminaries. In addition to the groups we encountered in Part 2, we will use in this part

the following notations.

e Set n > 1. Define Gy, = Resg/r GL;,, G = Gy, X Gy, H = G,, embedded diagonally in G,
G’ = GL,, r x GL,, r seen as a subgroup of G and G4 = G x E,,.

e Let e, = (0,---,0,1) € E, and let P, be the mirabolic subgroup of GG,, which consists of
matrices whose last row is e,,.

e Define B= B, xB,, T =T, xT,, N =N, X Ny, and P, ,, = P, x P, seen as subgroups
of G.

e If A is a subgroup of G, set Ay := ANH.

We defined various spaces of functions in Part 2. We will use only use the following spaces,

whose definitions are given in Subsection 4.3.

e The Schwartz spaces S(G(A)), S([G]), and S(Ag).
e The space T([G]) = Uy Tn([G]) of functions of uniformly moderate growth.
e For y € X(G) a cuspidal datum, the spaces Sy ([G]) and T, ([G]) (see Subsection 4.7).

In addition to these spaces, at one point in the proof of Theorem 10.4, we are going to make
use of the Harish-Chandra Schwartz space C([G]) defined in [ , Section 2.5.8]. The precise

definition is not needed in our argument and we will only use the two following facts.

1) There is a continuous inclusion - , Equation (2.4.5.25)]).
h 1 c(|G T(G
2) For all f € C(|G]), we have f(9)]*dg < oo, and moreover the map f € C([G x G]) —
[G]
f[G] f(g,9)dg is continuous (| , Equation (2.4.5.24)]).

The inclusion C([G]) C T ([G]) induces by restriction of (4.6) a pairing C([G]) xS([G]) — C. For any
subset X C X(G), define Cx([G]) to be the orthogonal of Sx<([G]) in C([G]), as in Subsection 4.7.
Denote characters of [N,,] by

n—1
(10.1) e (i(—l)n Zui,i+1> , u € [Ny,
=1

and define a character of [N] by ¢y = ¢,y M), . This is a generic character trivial on [Ng].

The (—1)™ factor is for compatibility reasons in the local comparison of the relative trace formula.

10.2. Regularity conditions on cuspidal data for GL,. Let I be an irreducible automorphic
representation of G, (A). Set I =Iloc= {poc|¢ €I} and IT* = (II°)".

Let x = (xn, X,,) € X(G) = X(GL,,) x X(GL,,) be a cuspidal datum. Take (M,,7) and (M), «")
to be representatives of x,, and x}, respectively. Write M,, = [[ GL,,, M,, =[] Gan_ and 7 = X7,

7' = K’ accordingly. We shall say that
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e X, (resp. X)) is regular if all the m; are mutually non-isomorphic (resp. all the 779 are

mutually non-isomorphic),
e y is G-regular if x,, and x/, are regular,
o xis (H,p !)-regular if p~!
Js
e xis (G, H, = 1)-regular if it is G and (H, u~!)-regular.

m; is never isomorphic to the contragredient (7‘(‘3-)\/ for any ¢ and

Let x,, € X(G,,) be a cuspidal datum. Assume that it is represented by (M, ) which admits
the following decomposition

(10.2) M, = HGZZZ X HG% X H GZ’Z, T = ®7rlgdi X ®7r;-gdj X ® W,?d’“,

icl jeJ keK icl jeJ keK
where the 7;’s are distinct irreducible cuspidal automorphic representations of the Gy, (A) such that
we have the following conditions.
e Forallicl, m 2.
e Forall j€J, mj =7 and L(s,wj,As(fl)nH) has no pole at s = 1.
e For all k € K, m, = 7}, and L(s,wk,AS(_l)n+l) has a pole at s = 1.

We say that x,, is Hermitian if for all ¢ € I there exists i* € I such that m= = (m;)*, and if for
all 7 € J, d; is even. Therefore ,, is Hermitian and regular if in the above decomposition we have
J =10, for all I € I UK the exponent d; is 1, and if for all 7 € I the index ¢* is uniquely defined
and the map 4 — 7* is an involution of I with no fixed point. In this case, let I’ C I be a subset
such that I = I' U (I')* and define
(10.3) Lr =[] Goni x [] Gns-

il keK
This is a Levi subgroup of GG, containing M,,.

For x € X(G) with decomposition x = (xn, X)), we shall say that x is Hermitian if x, and

X,, are Hermitian. In this case, we take (M,, ) and (M}, ') to be representatives of x, and x},

respectively, and define L g = L; X Ly which is a Levi subgroup of G.

Remark 10.1. We have defined in Section 1.1 the notion of regular Hermitian Arthur parame-
ter, which is an irreducible automorphic representation 11 = II,, X II}, of G(A). If I = I§~ is
a (G, H, u~Y)-regular Hermitian Arthur parameter, then (Mp, ) represents a (G, H, u~!)-regular
Hermitian cuspidal datum x of G. The requirement that II,, is discrete corresponds to I = () in
(10.2). Therefore, if IT is a semi-discrete Hermitian Arthur parameter, then II and y are auto-
matically (G, H, u~!)-regular, as otherwise some L(S,ﬂk,AS(_l)l) would have a pole at s = 1 for

Il =n,n + 1 which is not possible.

10.3. Rankin—Selberg periods. For f € T([G]) set

(10.4) Wi(g) = /[N] F(ng)t(n)dn, g € G(A).
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Recall that we have defined in Subsection 5.2 a representation R,-1 of G;,(A) realized on S(Ag,)
and given by

1
(R,-1(h)®)(z) = |det h|% u ' (det h)®(xh), h€G,, =€ E,.

m

Then for f € T([G]) and ® € S(Ag,,), we set

(105) 25 (f,®, 1, ) = Wy (h)|det bl (R, (1)) (en) D,

/NH(A)\H (4)
for every s € C such that this expression converges absolutely. Beware that det h is the determinant
of h seen as an element of G, (A) and not G(A).

If ¢ is a real number, set H~. := {s € C [ R(s) > c}, and if ¢ < C, set Hj. o :={s € C|c<
R(s) < C}.

Lemma 10.2. Let N > 0. There exists cy > 0 such that the following holds.
o For every f € Tn([G]), ® € S(Ag,) and s € Hscy, the defining integral of Zi}s(f, D, 1, 8)

converges absolutely.

o For every s € Hscy, the bilinear form (f, ®) € Ty([G]) x S(Ag,) — Z{Z}S(f,q),u,s) 18
separately continuous.

o For every f € Tn([G]) and ® € S(Ag,), the function s € Hsey = Z};‘S(fﬁb,u, s) s

holomorphic and bounded in vertical strips.

Proof. The proof follows the same line as that of | , Lemma 7.2.0.1]. Denote by Vg the
F-vector space of additive characters N — G, and fix a height function |[|-||y,, on Vi(A) as in (4.3).
The adjoint action of 7" on N induces a dual action of T" on Vg, which we denote by Ad*. We also
fix a height function ||-||a, on Ag.

Define an additive character [ € Vg by

n—1 n—1
l(u, u’) = TI'E/F ((—1)” (Tzui7i+1 — TZU{L"iJ’,l)) , (u7u’) € N.
i=1 i=1

Then vy = ¢ ol. It is readily checked that there exists Ny > 0 such that

n—1
(106) TT itk g << AR ¢ € Th(A).
i=1
By [ , Lemma 2.6.1.1.2], for any N; > 0, there is a continuous seminorm ||-||x on Tn ([G])
such that

* (g — —N
(WO < [A D eI 1 f v,
for all t € T(A) and f € Ty([G]). As ® is Schwartz, for all Na > 0 there is a seminorm ||-|| such
that
|@(ent)] < Itullan @l

for all t € T,,(A).
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By the Iwasawa decomposition for H and the estimates above, we are reduced to showing the

existence of ¢y > 0 such that for every C' > cy there exists N’ > 0 such that

n
[ TDI0 1615, 0, (0 et
Tn (A) =1
converges uniformly on vertical strips for s € H)., ¢[- This is an elementary calculation. O

For every f € S([G]) and ® € S(Ag,,), we define
O'(h,®) = >  (R1(h))(x), hel[G,
z€E,\{0}

and

(10.7) ZES(f, @, p, s / f(h)©'(h, ®)|det h|*dh.

Since f € S([G]) and |©'(h,®)| < ||h||E for some D (cf. Lemma 5.5), we conclude by | ,
Proposition A.1.1 (vi)] that the integral converges absolutely for all s € C and yields an entire

function bounded on vertical strips.

Remark 10.3. Our definition of ©'(., ®) mirrors the Epstein-Eisenstein series of | , Section 4]. It
differs from the theta function ©(., ®) defined in Subsection 5.2 by the term yu(det g)~!|det g|%<1>(0).
When f € 8, ([G]) with x a (H,u!)-regular cuspidal data, we have for all s € C

F(h)u(det h)~t|det h|"F2dh = 0
[H]

It follows that for such an f we have

ZBS(f,®, 1, s / f(h)O(h, ®)| det h|*dh.

Theorem 10.4. Let x € X(G) be a (G, H, u=1)-regular cuspidal datum.
(1) For every f € Ty ([G]) and ® € S(Agy), the function s — ng(f, O, 1, s), a priori defined

on some right half-plane, extends to an entire function on C of finite order in vertical strips.
(2) For alls € C and ® € S(Ag,), the restriction to Sy ([G]) of

f € S(G) = Z3(F, @, 1, 9),
extends continuously to a linear form on Ty ([G]).

Moreover, if we keep the same notations for these continuations, then for all f € T ([G]), ® €
S(Agy) and s € C we have

(10.8) Z§(f, @, 1,8) = ZR5 (£, D, p, ).

Proof. We first claim that if f € S, ([G]), ® € S(Ag,,) and Rs > 0, then the identity (10.8) holds.

Assuming this for the moment, we fix a ® and consider Z25 and Z};S as (families of) linear forms

in f.
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We temporarily set w = (wy,, wy,) € G(F), where w,, the longest Weyl group element in G,,(F).

For f € T([G]), set f(g) = f('g™") = f(w'g™") € T(G.
For s € C, we consider the linear form on 7 ([G]) given by

(10.9) f Z8S(f,@,0,8) = Z85(F, @, 171, 9),

where we denote by ® the Fourier transform of ® defined as
B) = [ @@)rle'y)de
AE,n

Note that if f € T, ([G]) then so does f. By Lemma 10.2 we see that ZES and ng enjoy the

following properties.

1) For all N > 0 there exists Cy > 0 such that for all s € Hucy, Z35(-, ®, pu,s) and
Ny “y H

ng(-, P, 11, ) are continuous linear functionals on Ty ([G]). N

(2) For all N > 0 and f € Ty ([G]), s — ng(f,(I),,u, s) and s — ng(f,(b,,u, s) are holomor-
phic functions on H~ ¢, , bounded on vertical strips.

(3) By the claim that (10.8) holds for f € SX([G~]) and Rs > 0, we conclude that for f € S, ([G])
the functions s — Z}Z‘S(f, O, p,s) and s — Z};S(f, ®, 1, s) have analytic continuations to all
s e C.

(4) By remark 10.3 we may replace © by © and use the Poisson summation formula to obtain

for any f € S, ([G]) the functional equation
Zi8(F. 2,1y 8) = Z35(F. @07 —s).
Therefore it follows from (10.8) that
(10.10) Z55(f, @, p,8) = ZES(f, @, 1, —5).

Let N’ > 0 and choose N > 0 such that we have a continuous inclusion L? ,,([G])*® C Ty ([G])
(see Subsection 4.3.6). By Proposition 4.20, the space S, ([G]) is dense in LQ_N,7X([G])°°. It follows
that the two functionals f — Zg”s(f,@,ﬂ, s) and f — Z};S(f,q),u, s) defined on the LF-space
Sy ([G]) satisfy the hypotheses of | , Corollary A.0.11.2]. As T, ([G]) = Un'>0 L%N,%([G])OO,
this corollary shows the analytic continuation of Z};‘S to C for all f € T,([G]), and the continuous
extension of ZRS to T, ([G]). Since the equality (10.8) is true for f € S, ([G]) and Rs > 0, it is true
for f € T, ([G]) by density, and finally for all s by analytic continuation. This concludes the proof.

It remains to prove our claim that the identity (10.8) holds for all f € S,([G]), ® € S(Ag,)
and Js > 0. The proof is a variant of the unfolding calculation in the classical Rankin—Selberg
convolution.

Let us introduce the following notation. Let 1 < r < n and denote by [V, ,, the unipotent radical of
the standard parabolic subgroup of G,, with Levi component (G,) x (G1)"". Set NTG = Ny X Ny,

and N1 := N9 N H. Let P be the mirabolic subgroup of G, whose last row is e,.
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For f € S(|G]) we define
Ingw(9) = /[NG] Flugibn(w)~du, g€ GA).
For s € C and ® € S(Ag,,) we set
28 o) = [ T (W) Ry (W)@) (e et hlfpdh.
Pr(F)NH(A)\H(A)
For r = 1 we get ZPS(f, ®,pu,s) = Z};S(f,CI),u, s). The same argument as in the proof of

Lemma 10.2 shows that for every 1 < r < n there exists ¢, > 0 such that the following asser-
tions hold.
e For all f € S([G]) and ® € S(Ag,), the expression defining ZXS(f, ®, u,s) converges
absolutely for s € H~.,.
e For all s € Hwe,, (f, ®) — ZRS(f, ®, 1, 5) is separately continuous.
e For every f € S([G]) and ® € S(Ag,,), the function s € Hs,, = ZRS(f, ®, 1, 5) is holo-
morphic and bounded in vertical strips.
The desired identity (10.8) then follows from the following claim: for all 1 < r < n — 1, for all
f e S([G]) and ® € S(Ag,,) there exists ¢ > 0 such that for all s € H~. we have

(10.11) Z,Bfl(f,q),u,s) = Z85(f,®, 1, 5).

We now prove identity (10.11). First for r, f and ®, we pick ¢ > 0 such that Z&Sl(f, D, p,s)
and ZBS(f, ®, u, s) are well-defined for s € H~.. Let U,;1 be the unipotent radical of P.. Then
Ny = Urp1Nry1n. Set UEH =Ur41 X Upy1 < G and Uﬁ_l = U,41 < H. We then compute

258 (1 oms) = [ P (W) (Ry1 (1)) ()| det fh
Prp1(F)NE [ (A)\H(A)

- /GT<F>N$I ()\H(4) /[UH

7‘+1]

(Rt (10)®) (en)]| det Al / )

r+1

fNrGHﬂf’ (uh)(R,-1(uh)®)(en)| det uh|pdudh

/ fne 171/)(uh)dudh
Gr(F)NH(A)\H (A) ]

By Fourier inversion on the compact abelian group US, (F)UL (A)\US,(A) we get

Jo Prtstiman= 5[ g i [ (e
WA ~EP (F)\Gr(F) [US4] US, 1]
= Z fNS,w(’Yh)+/G fNH,l/,( h)du.
YEP,(F)\G:(F) (U7l

Therefore we have
Z3(f, @, p,8) = Z7S(f, @, 1, 8) + Fr(s),
where

Fu(s) = (R,i-1 (h)®) (e)] det A, /[UG g o) udn

/GT(F)NTH (A)\H(4)
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As our functions are holomorphic for f(s) > 0, it remains to show that F, vanishes on some
right half-plane of C. Let @, be the standard parabolic subgroup of G with Levi component
Ly = (GrxGp_p) X (GrxGp_y), and set Q7 = Q,NH. Let K, be a good maximal compact subgroup
of G,,(A) as in Subsection 4.5. Let x” be the inverse image of x in X(L,). We write any element

in X(L,) as (x1, x2) where x1 € X(G?) and x2 € X(G?_,). Then by | , Section 2.9.6.10] we
have the decomposition
(10.12) CellL)= P CullGl)BCyu(Gh-))-

(x1,x2)€xE

Define for all s € C and k € K,

.
foks =0 ERMIG |
where fg, is the constant term of f with respect to Q.. As x is G-regular, | , Corol-
lary 2.9.7.2] applies and for fts > 0 and k € K, we have (fg, k,s) o € Cyr([Ly]). Finally, for
ke K,, set O,y = (R(k‘)@)‘{o} K € S(Agn—r). Then using the Iwasawa decomposition
X E,n—r
H(A) = Q1 (A)K, we get just as in the proof of | , Proposition 7.2.0.2]:

1 2s +1
F.(s) = /n (PMA ® ZS‘E’T <., Qs ey 1, S + 2r4n — 4r>> (fo,.k.s)dk,
where

o P, Al stands for the period integral over the diagonal subgroup G, of G2, against the char-
~1 which defines a continuous linear form on C([G?]) ([ , Equation 2.4.5.24)),
o ZRS g ZRS for Gp—p, with ¢" = ¢((—1)".). By Lemma 10.2, for every ® € S(Ag,_,) it

is a continuous linear form on 7 ([G2_,]) provided that s lies in some right half-plane of C

acter 7]

(that can be chosen independently of @),
e the completed tensor product is taken relatively to the decomposition (10.12), recalling the
continuous inclusion C([G2_,]) € T([G2_,]).
Since x is (H, u~!)-regular, for every preimage (x1,x2) € X(G?) x X(G?_,) with x1 = (x}, x)
we have p=1x} # x/V. Thus, P Ga " vanishes identically on Cy. ([G?]), which implies that F,(s) =0
whenever R(s ) > (. This proves the identity (10.11) and hence finishes the proof of the theorem. [J

The linear form ng given by Theorem 10.4 depends on a fixed Schwartz function ®, but it is

possible to obtain uniform bounds when varying ® as asserted by the following lemma.

Lemma 10.5. Let N > 0. There exist continuous semi-norms ||.||n and ||.| on Tny([G]) and

S(Ag) respectively such that
232 (f. @, 1. 0)| < (If v @ll, f € T ([G]), © € S(Apa).

Proof. Take ¢y given by Lemma 10.2, and let D > cy. Recall that ZI;S is defined in (10.9). By

Theorem 10.4, the functions s +— es2Z};S(f,<I>,u, s) and s — 63225S(f,(1>,u, s) are entire and of
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rapid decay in vertical strips, and moreover by the proof of Lemma 10.2 there exist continuous

semi-norms ||.||x and [|.|| on Ty ([G]) and S(Ag ) respectively such that

RS

|Zy>(f, @, 8) < [Ifllv @],

For every f and ®, consider the function

it)2 . ) it)2 7 ;
- /Oo o(D+it) ng(f’q)’u’D+lt)dt+/ o(D+it) Z}Z»S(f’QN,D—Ht)dt
27 o D+it—s oo D+it+s ‘

Z(f,®,p,5) =
Z is well defined and holomorphic on H,_p p[. Moreover, by (10.13) we have

(10.14) Z(£,0,1,0)| < [flInlI @, € Twn(G)), ® € S(Apn).

By the functional equation (10.10) and Cauchy’s integration formula, we see that Z(f, ®, u, s) and
Z{’/}{S(f, ®, i1, 5) coincide on Hj_p p[. Therefore, (10.14) concludes the proof of the lemma. O

10.4. Flicker—Rallis periods. Let x € X(G) bea (G, H, u~')-regular cuspidal datum, represented
by (Mp,m). Put II = Ig((ﬁ))w and for all A € iaIG;* set Il = Ig((ﬁ))ﬂ')\. Assume that all the
IT) are generic and let W(IIy,v¢n) be the corresponding Whittaker models for ¢y, cf. (10.1).
For ¢ € II, g € G(A) and X € apc the Eisenstein series E(g,p,\) is absolutely convergent for
R in a suitable cone, and admits a meromorphic continuation to a}’c which is regular on iap.
By | , Theorem 2.2], for every A € ia} the map ¢ — E(-,¢,A) induces a continuous map

IT — Tn([G]) for some N > 0. If ¢ € IT and X € ia},, set
Wi(g,p,A) = /[N] E(ng, ¢, Ny (n)dn, g € G(&).

Then W (-, o, \) € W(IIy, ¥n).
If feS([G]) and X € ia}, we define as in (4.13)

(10.15) fHA: Z <f,E(‘,<P,)\)>E(',<,D,>\)~

QDGBP,TA'
Here Bp is a K-basis of Aprcusp(G), cf. Subsection 4.6, and (-, -) is the natural pairing between

S([G]) and T ([G]) defined in (4.6). By Proposition 4.18 (3), there exists an N > 0 such that this

series converges absolutely in Tn([G]). We define a function
(10.16) Wi (9) = Wy, (9) = /[N] finy (ngyon(n)dn, g € G(A),

which is the same expression as in (10.4) but with ¢ for compatibility reasons. Note that Wiy, €
WL, ')
If f € S(G(A)), we denote by Ip(A, f) the action of f on IT we get by transport from the action

of S(G(A)) on I via o € I+ eMHP() ) € T,
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If feS(G)), set

(10.17) Pary(f) = o F(9)m+1(g")dg,

where 7,11(g1, g2) = n(det g1g2)"*!. The integral is absolutely convergent and defines a continuous
functional on S([G]) by [ , Theorem 6.2.6.1]. Let P, ,, = P, x P,, be the product of mirabolic
groups, Pﬁ,n = P,,, NG, and for S a sufficiently large finite set of places of F' and A € ia}, put

(1018) Bﬂ(W) = (ASG:T)71L57*(17 H7 ASG)/ W(pS)nn-‘rl(pS)dpSa w € W(H)\u 7~p]\f)
N'(Fs)\P}, ,,(Fs)

where we have set

n+1
)

L(s,II, Asg) = L(s, I, AsCD") L(s, T, AsC)

with II = II; X IIs, and where Az:f is defined in Subsection 3.4. This expression is absolutely
convergent and independent of S as soon as it is sufficiently large by [ ] and | ]. The same
definition also applies to any W € W(II}, w;,l)

Recall that a Levi subgroup L, attached to (Mp, ) was defined in (10.3). We equip iaﬁ/};* with
the measure described in | , Section 6.2.8], which is just a normalization of the usual Lebesgue

measure on the induced R-vector space. The following is [ , Corollary 6.2.7.1].

Theorem 10.6. Let x € X(G) be a G-regular cuspidal datum represented by (Mp,7), and let
f e SJ(G]). If x is Hermitian, then the function A € ia]L\jr: = By(Win,) is Schwartz, and the

resulting map
S((G) = SGagi). fr (A= By (Wrn,))

s continuous. Moreover, we have

g—dimag, / By(Wem,)dA, if x is Hermitian;
Pory(f) = o
G’,n(f)

= AMp

0, otherwise.

10.5. The relative character Irj,. Assume that y € X(G) is a (G, H, u~!)-regular and Hermitian
cuspidal datum represented by (Mp, 7). For f € S([G]) and ® € S(Ag,,) we put

(10.19) Pulf,®) = /[H] F(1)O (g, ®)dh.

It is absolutely convergent and for a fixed ®, it defines a continuous linear form on S([G]). As
x is (G, H, u~')-regular, Theorem 10.4 says that the restriction of Py (-, ®) to Sy([G]) extends
continuously to 7, ([G]) and we denote this extension by P (-, ®). By Theorem 10.4 we have

(10.20) PH(E(, 9, )),®) = Z3(W (g, A), 1, @,0).

Let ||-|| be a norm on the R-vector space iaL”I;*.
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Lemma 10.7. Let f € S(G(A)). There exists N > 0 such that for every \ € zaL’” the function
(10.21) g > E(g,Ip(\ £, M) By(W(p, \)
EBPTI'

is defined by an absolutely convergent sum in Ty ([G]). Moreover, for every continuous semi-norm

vy on Tn([G]) and every d > 0 there exists a continuous semi-norm ||-||¢ on S(G(A)) such that

(10.22) vn | Y ECIe(h N, VB (W, N) | < [flla(L+ AN~ f € S(G(A)), A € iayf.

QOGBP,T«'
Proof. Let us write I1V, for (II))Y = (IIV)_,, and x" € X(G) for the cuspidal datum represented
by (Mp,7V). It is (G, H, p~1)-regular and Hermitian.
By (10.15) and (10.16) we have
(10.23) Wi oy, = D (Kpx(g:), EC3,=0)W (o, ),
QOEBP,T«'

where the right hand is absolutely convergent in W(TIY,15') by Proposition 4.18 (1). Note that

<Kf,x(g7 ')7 E('7¢7 _A)> = <Kf(g7 ')7 E('7¢7 _A)> = E(gv IP()‘7 f)SD? )‘)
Therefore by continuity of /3, applied to (10.23) we see that for all g € [G]
(10.24) By (Wicprigom, ) = D Elg, Ip(0, o, NB, (W (i, V).
‘pEBP,‘ir

It follows from Proposition 4.18 (1) and the fact that there exists N such that the map ¢ € II —
E(p,\) € Tn([G]) is continuous ( | , Theorem 2.2]) that, as a function of g, the RHS sum of
(10.24) is absolutely convergent in Ty, ([G]).

Let d > 0 and X € U(gso). By Lemma 4.21, for every continuous semi-norm v on S([G]), there

is an N, > 0 and a continuous semi-norm |||, on S(G(A)) such that
V(Kp(g,) < gl I fll, g €G], f e S(GA)).

Note that Ry(X)8, (Wfo(gv'):HYJ =5y (WKL(X)f,X(Q»'):H\i)\)’ where we use Ry(X) for R(X) ap-
plied to g — S, (Wfo( SR ) The first part of Theorem 10.6 then implies the existence of
Ng > 0 and ||.||4 such that

B0 (Wit 9%, )| << I lallglF L+ 1N g € G, f € S(G(A)).

Combining this with (10.24) this proves the desired estimate (10.22). O

It follows from Lemma 10.7, the continuity of P (-, ®) on 7y ([G]) and (10.20) that we can define
for every \ € ZaL’” , f€S(G(A)) and ® € S(AE,H) the relative character

(1025) IH)\ f®<I) Z IP f7 ) ) o s 1y )BW(W(QD7 )‘))7

QOGBP ™

where this sum is absolutely convergent and does not depend on the choice of Bp .
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Lemma 10.8. For every A € iaﬁ};, feS(G(A)) and ® € S(Ag,) we have

(10.26) In, (f @ ®) = Py <g — By (WKfyx(g,.)vnzA) ,cI>) .

Moreover, the distribution Iy, extends by continuity to S(G1(A)) and the linear functional fi —
Jiatrs Iy (f)dX is well defined and continuous.
Mp

Proof. Equation (10.26) follows from applying Pj;(-,®) to (10.21), and the second part of the

statement is a consequence of Lemma 10.5 and the estimate (10.22) of Lemma 10.7. t

10.6. Spectral expansion of I,. Let f € S(G(A)) and ® € S(Ag). Let x € X(G) be a cuspidal
datum. Recall that we have defined in (6.14) the kernel K;gs . Let us put

Kfbp (9) = /[ . Kpgan(h,g)dh, K (9) = /[ o Ky (9,9 )mms1(g)dg’, g €G]
We now write a spectral expansion of I, the relative character defined in Theorem 6.10.

Proposition 10.9. Assume that x is (G, H,u~')-regular. We have the following assertions.

(1) If x is not Hermitian, then Kﬁ;{(g) =0 for every g € |G]. Moreover I,(f ® ®) = 0.
(2) Assume that x is Hermitian. Then

(10.27) L(f®®) = /[G,] Ko (9 (g))dg' = Py (Kff;x q’) )
where the middle integral is absolutely convergent.
Proof. Let us assume first that x is not Hermitian. By definition we have
KfG;c(g) = Par iy (Kyx(9:))-
Recall that YV € X(G) is the (G, H, u~!)-regular cuspidal datum represented by (Mp, V). Since

v
X
follows that K]g;( (9) = 0. By Proposition 6.13 we conclude that

is not Hermitian, the linear form P, vanishes identically on S,v([G]) by Theorem 10.6. It

liL(f ® @) < e NI

for some N > 0 and all T sufficiently positive. By Proposition 6.14, the function 7"+ zz;( f@®P)is
exponential polynomial with constant term I, (f ® ®). It follows that I, (f ® ®) = 0.

We now assume that x is Hermitian. By definition we have

Kf®¢’,x('7 g/) = Kf,x('7gl)@(‘7 (I))'
By | , Lemma 2.10.1.3], the family of functions ¢’ — K (-, ¢’) is absolutely integrable over
[G'] in Tn([G]) for some N. By Theorem 10.4, the linear form Py (-, ®) extends continuously from
Sy ([G]) to Ty ([G]). Since

K]{{(X@,X(g,) = Py (Kfux(.7g,)’ (I)) = PI’; (Kf,x(’ag/)a (b) s
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we conclude that the integral
(10.28) o Koo, (941 (g)dd

is absolutely convergent, and equals

Py (/{Gq Koo x(9)mm+1(g)dg, <I>> = Pp (fo <I>> :

The absolute convergence of (10.28), together with Theorem 6.8 and Theorem 6.10 implies that
this integral equals I, (f ® ®). O

Theorem 10.10. Assume that x € X(G) is an Hermitian and (G, H, p=')-reqular cuspidal datum,
represented by (Mp, ). Then for all fy € S(G4+(A)) we have

(10.29) L) =2 e [ g (fodn

o T
iy

where the integral on the right is absolutely convergent.

Proof. By Theorem 6.10 and Lemma 10.8, the two sides of (10.29) are continuous in f, and the
RHS is absolutely convergent. We may therefore assume that f, = f® ®. Let us continue with the
notations of Proposition 10.9. As xV is Hermitian and (G, H, u~!)-regular, Theorem 10.6 applies
and yields for all g € [G]

(1030) Kf,;((g) — PG/»U(KﬁX(g? )) — 2_dimClLﬂ— /Lﬂ_,* ﬁn (WKf,x(gv')vl_[!A) d\.

iayrs

By Lemmas 10.7 and 10.8 we have

Py (g - / B (Wi om,) d>\,<1>> - / L I (f)d
iayr Yaprg

It now follows from Proposition 10.9 and (10.30) that
1(f 0 ) = Py (Kf o) =2 e [y (7)an
zaM"P’

This proves the theorem. O

11. PERIODS AND RELATIVE CHARACTERS ON THE UNITARY GROUPS

11.1. Notations. We keep the notations from Section 8. We fix a nondegenerate skew c-Hermitian
space V of dimension n, and a polarization ResV = L + LY. To shorten notation, we will drop
the subscript V' from all the groups, so that in particular U = Uy = U(V) x U(V), U = U(V)
seen as a subgroup of U by the diagonal embedding, U, = UxL"Y x LY. We will denote by
S(V') the Heisenberg group, J(V) = S(V) x U(V) the Jacobi group (see Subsection 5.3) and write
U=U(V)xJV).

Recall that we have defined in Subsection 5.4 the Weil representation wy ,, v realized on S(LY (A)),

and for any ¢ € S(LY(A)) the theta function 6y, v(-,¢) € T([U(V)]). The characters ¢ and p
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are fixed throughout this section, hence we simply write 0(-, ¢) for 6y, v (-,¢), and 6Y(-,¢) for
Op—1 11 (- D).

11.2. Regularity conditions on cuspidal data for unitary groups. Let x—(xv, x},) € X(U)
be a cuspidal datum represented by (Mg, o) where Mg is a Levi subgroup of a standard parabolic
subgroup @ of U and o is an irreducible cuspidal automorphic representation of Mg(A). We have
the following decompositions.

o Mg = My x Mi,, My = Gp, x - x Gy, x UVp), Mi, = G x - x G x U(Vg).

eo=oyNol,,op=m XK Kog, o, =m X --- K7/, Koy.
where

e V) and Vj are nondegenerate skew c-Hermitian vector spaces of dimension ng and ny, re-
spectively, 2(ny + -+ +n,) +no =2(n} +--- +nl,) +n5g=n,
e m; and 7, are cuspidal automorphic representations of the G, (A) and G (A) respectively,

e 0( and o(, are cuspidal automorphic representations of U(Vp)(A) and U(Vjy)(A) respectively.
We shall say that

e xv is regular if the representations my,...,m, 7], ..., m; are pairwise distinct, and the same

applies to x},,
e x is U-regular if xy and xj, are both regular,

1 \%

o x is (U, u~1)-regular if for any i, j, the representation p~!m; is neither isomorphic to (7‘(’;)

nor (7)<,
e xis (U, U, u=1)-regular if it is both U-regular and U’-regular.

11.3. Truncated Fourier—Jacobi periods. Let y € X(U) be a cuspidal datum represented by
(Mg,0). For ¢ € AQocusp(U) and A € af, the Eisenstein series E(-, ¢, \) is meromorphic in A
and is holomorphic when A € iaa. Recall that we have defined in Subsection 8.5 the truncation

operator AL where T is a parameter in ag.

Proposition 11.1. Let T € ag be sufficiently positive in the sense of Subsection 4.5. Then for any
¢ € AQo.cusp(U), A € iagy and ¢ € S(LY(A)) we have the following assertions.

(1) The integral
11.1 AT (B, 0, \) -6V (., z)dx
(11.1) oy M (B2 07, 0) @

18 absolutely convergent.
(2) If x is (U, u=1)-regular, the integral (11.1) is independent of T.

Proof. The first assertion follows directly from Proposition 8.7. We now show the second assertion.
We make use of the notations from Section 8. In particular, for any subgroup H C U we set

H =HnNU.
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Recall that F is the set of D-parabolic subgroups of J(V') (see Subsection 5.3). For each ¢ €
T(U),4), R € F and x € R'(F)\ U'(A), we define

ARTR@) =Y "ed > #E(Hg(d7) — Ts)Furyxs(6),
ggﬁ seS (F)\R'(F)

where we recall that ?f;,’ is defined in Subsection 4.5. This is the relative version of the truncation
operator AL defined in (8.14). One show similarly as in Proposition 8.7 that ARTS s rapidly
decreasing as a function on R'(F)\ U'(A). It follows that the integral

/ ART () da
R(F)\U'(A)

converges absolutely. By (8.12) we have
?S/(Hsl(ﬁ) T — T/) == Z ER?g/(HR/(l’) - TR’)F/R’ (HR/(LL“) - TR’7 T]/%/)
RDS
When both T and T + T" are sufficiently positive we therefore have
AT Gy =y Y b (Hpr (62) — Try, T ) AT 3 (622).
REF §cR!(F)\ U'(F)

T

Note that as functions on [U’] we have (AF7 @) p = AFT G 7> Where R = R x R is a D-parabolic

subgroup of U (see (8.1)). It follows that

/[Ul] AT 3(z)dz = Z / - o (Hpr () — T, Tr ) AT () da

ReF

-y / Do (Hpp () — Tros T )(ABT 32) (1)
rer /Ul

=> / / e =2or Hr (MNP (H g (m) — Ty, Thy ) AT G (mk)dmdk.
reF ! Mrl /K

We now apply the previous calculation to ¢ = E(-,¢,\)0" (-, ¢) where ¢ € Ag,(U), A € iay, and
¢ € S(LY(A)). Set Ry = R’ x R'. Tt is a parabolic subgroup of U. By Proposition 5.9, we have

(E('7 ®, A)Hv(a ¢))§ (z) = Ery (T, 0, A) - Rev(x7 ),

where g6V is defined in (5.20). We will therefore show for that R # J(V) and k € K’ the integral
/[ T M Ty (Hy om) = T, TN (B (,3) - 18 9)) (k) dm
Mg/

vanishes, which concludes the proof of the proposition. By Lemma 5.7, we have R # J(V) if and
only if Ry # U. By the description of the mixed model (5.15), we see that for every a € A% we

have

ART (Egy (0,A) - r0Y(9)) (amk) = e +ero o (@) =1 (a)|a| 2 ABT (Egy (0, M) - 70" (6)) (mk).
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It is therefore enough to show that if Ry # U
Ly T (Bl 3) 0 ,6) (k) =0
Mgy

The constant term of the cuspidal Eisenstein series is given by

ERU (mka ®, )‘) = Z ERU (mka M(U), )‘)Qov U))\),
weW(Q;Ru)
where W(Q; Ry) is some subset of the Weyl group of U (see [ , 11.1.7]). Note that the

representation wr is also (U, u~!)-regular, so that we may assume that w = 1 (which implies
@ C Ry). We are then left to show that the integral

(11.2) /[M ’ ABT(ERU (0, 0) - g0Y(-, ¢)) (mk)dm

vanishes when Ry D @ and Ry # U.

Form the decomposition Mg, = Mg e X Mg ., where Mpg o is isomorphic to a product of GL,,
and Mpg , is isomorphic to a product of two identical unitary group. We write similarly Mp =
Mp o X Mg/ . Then Mpo = M]%,’. and the embedding Mp o C Mg, is the diagonal inclusion.
Write Q1 X Q2 = Mg «NQ and the restriction of the representation o to Mg, (A) and Mg, (A) as o =
01X oy. We can assume that R(k)(©)[[a,,] = (01 @2) ® ¢x, where 01 @ 2 € AQ; xQa,0100: (MR,e)
and ¢« € Agnny , (MR,«). Moreover, it follows from the description of the parabolic subgroups of
J(V) in Subsection 5.3 that the operator AL is a product of

e the usual Arthur operator AT attached to the product of general linear groups M R'.e; SCEI
as an operator of the space T([Mpg,]) acting on the second component (see | D,
e the truncation operator Al built in Section 8.5 attached to the unitary group M R’ %, Seen

as an operator of the space T ([Mp.]).

For m € [Mp/]' write m = mem, according to this decomposition. Using the description of
mixed model (5.15), we see that rfY(mk, ) = u=1(me) - ROV (mk, ¢). Thus the integral in (11.2)
has

(11.3) / E(mae, 01, AT E(me, 02, Nt (me)dme

[Mps )t
as a factor. The hypothesis Ry # U implies that Mg o is not trivial. By Langlands’ formula for the
inner product of truncated Eisenstein series applied to each general linear group ([ 1), (11.3)
is zero as x is (U’, u~!)-regular. This concludes the proof. O

11.4. The relative character Jg,. Assume now that x € X(U) is a (U’, u~1)-regular cuspidal
datum represented by (Mg, o). For ¢ € Ag scusp(U), ¢ € S(LY(A)) and T sufficiently positive, we
put

Pleo. N = [ AL (BCe N 0(0) (.
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which is the truncated Fourier—Jacobi period. By Proposition 11.1 this does not depend on T,
justifying the notation. It is a meromorphic function in A and is holomorphic when A € WZ)-
Moreover, it follows from the continuity of A7 shown in Proposition 8.7 that there are continuous

semi-norms ||-|| and [|-||Lv on AQ s .cusp(U) and S(LY(A)) respectively such that

(11.4) Ple. b, N < llellllélliLy, ¢ € Agocusp(U), ¢ € S(LY(4)).

Recall that we have fixed in Subsection 4.5 a maximal compact subgroup K of U(A). Let Bg ,
be a basis of AQ g cusp(U) as in Subsection 4.6. By Proposition 4.18 (1), for all f € S(U(A)) the
series

S (Toh e) @7

QOEBQ,O'

is absolutely convergent in Ag 4 cusp(U) ® AQ,o.cusp(U). We can define for all X € iagy and ¢1, ¢ €
S(LY(A)) the relative character

(11.5) JooM\f@e1®d2) = > Plg(A e, d1, NP (e, 62, \).

QOGBQ,U
This is independent of the choice of basis and for fixed f, ¢1 and ¢9 it is an holomorphic expression
in A € iag,. It follows from (11.4) and Proposition 4.18 (1) that for fixed A, the map f ® ¢1 ® ¢
J,0(A, f ® 1 ® ¢2) extends by continuity to S(U(A)). Moreover we have the following functional

equation.

Lemma 11.2. Let (Mg,,01) and (Mg,,09) be two pairs representing the same (U, u=1)-regular
cuspidal datum x. Then for all w € W(Q1,Q2) (see Subsection 4.5) such that oo = woy, and for
every A € iagy, , f € S(U(A)), ¢1,02 € S(LY(A)), we have

JQ1,0'1 ()‘a f & d)l 02 ¢2) = JQ2,O’2(w)\7 f & ¢1 X ¢2)

Proof. This follows from the functional equation of Eisenstein series and the fact that the inter-

twining operator sends Bg, -, to a K-basis Bg, o, O
Proposition 11.3. There exist continuous semi-norms ||-|| on S(U(A)) and ||-||rv on S(LY(A))
such that
(11.6)
S [ Moathf @010 < IFlllér][6alles £ € SUM), 01,02 € S (B))
(Mg,0) 1Q

where (Mg, o) ranges over a set of representatives of (U, U, u=1)-reqular cuspidal data of U.

Proof. Fix ¢1 and ¢2. We begin by showing that the functional f — (((Q,0),\) — Jg.o (A, f, ¢1,$2))

valued in the space of L' functions with variables ((Q,o),\) (given the product of the counting
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measure and the Lebesgue measure) is continuous. To prove this, it is enough to show that for
every f € S(U(A)) the sum

(11.7) Z / 17,0\, f @ ¢1 @ ¢2)| dA

(Mg,o)

is finite. Indeed, if it is, then our functional is the pointwise limit of a sequence of continuous forms
on S(U(A)), hence it is continuous by the closed graph theorem.
Let f € S(U(A)). By Proposition 11.1, for T" positive enough (11.7) is

2 / 2 /[U’}X[U’] Ay (B(IQ( e A) - 0% (1)) (m)AT (E(,N) - 0¥(62)) (ha)dhndhs | dA.

iaf
(Mg,o) Q |v€EBQ,»

By Proposition 4.18 (1), we can switch the last sum and integral, so that this expression is bounded

above by
(11.8)

/ / ST AT (B(Ig(h e \) - 0%(61) ()AL (B(p, ) -0 (32)) (ha) | dladhad.
o Jiny S | G

By the Dixmier-Malliavin theorem, we may assume that f = fi x f5 where f3(g9) = f2(97!). By

change of basis, the inner term in (11.8) is

D AL (BU f)e,A) - 0" (1)) ()AL (E(Io(\, f2)@,A) - 0¥(62)) (ha).

QPEBQ o

It follows from the Cauchy-Schwarz inequality that, up to replacing ¢ by ¢2, (11.8) is bounded

above by the square root of the product over ¢ = 1,2 of

(11.9) / / AT (B(I(A £, A) - 60¥(60)) (h) |2 dhrdhad)
iag "Ix[U"]

LPEBQ

Set g; = fi = f;. By Proposition 4.18 (2), the series

WEBQ,J

is absolutely convergent in 7 ([U x U]). Using again a change of variable and Proposition 8.7 we

have

Yo AT (BUQN fi)e.N) -6 (60)|" = Y Ay (BN 9w, A) - 6" (64)) AT (E(p, A) - 6V(60))
vEBQ & wvEBQ, s

(11.10) = AL | D0 B gie,N) - 0Y(6i) @ E(p,N) - 0V () | AY,

‘pEBQ,fr
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where we use AL FAT to denote truncation in the left and right variables of a function F. Moreover,

we can switch the integrals by positivity and (11.9) becomes

(11.11)

vol([U') / 3 / AT [ ST B g ) - 6%(60) © Bl N - 09(@0) | AL(h, h)dAd.
U] (Mg.0) 1% $€Bq..

Set

Ky, reg = E : Ky, x
x (U, U, u=1)—reg

where the sum ranges over (U,U’, u~!)-regular cuspidal data of U. By Lemma 4.22 K, eq is
well-defined, belongs to 7 ([U x U]), and we have the spectral expansion

Ky eg(2:9)0" (2,00)0(y, $1) = ) Y. E(x, 1o\ gi)e. MY (@, 60) By, 0, )8 (y, $i)dX

(Mg,0) iag 0EBQ.»

That this decomposition coincides with the one given in Lemma 4.22 follows from the func-
tional equation of Eisenstein series and the U-regularity of the considered cuspidal data (see Re-
mark 4.23). Moreover, the double integral Z( Mg,0) fl % is absolutely convergent for fixed x and y
by Lemma 4.22. Therefore, for fixed h € [U’] we have

3 / E(Ig(0 g9 0) - 0" (65) @ B, 3) - 89(7) | AL (h, h)dA

MQ O‘ C,DEBQ o

=AT | > > B\ gi)e, A) -0 (¢i) @ E(p, A) - 0V (i) | AL (R, h)

(MQ »U) laQ QOEBQ7(7

= Ay (Kgixegty (60)0y(60)) Ay (h, h),

where we write 0 (¢;) (resp. 0y(¢;)) for Y (¢;) seen as a function of the first variable (resp. 6(¢;) as
a function of the second variable). Indeed, it follows from the definition given in (8.14) and [ ,
Lemma 5.1] that for any ' € T([U x U]), ALFATF(h, h) is a finite sum of left-translates of constant
terms of F' (independent of F') evaluated at h. These constant terms are integrals over compact
subsets and therefore commute with the absolutely convergent double integral Z( Mq.0) fz % This
implies that
(11.11) < Vol([U'])/[ ]AT (Kgiwegty (6:)0y(6:)) Ay (h, h)dh,
U’

and this expression is finite by Proposition 8.7. Therefore, (11.7) is also finite and this concludes
the proof of the claim.

It remains to obtain uniform bounds on the ¢;. As the g; depend only on f, we see that our

bound is uniform in ¢; and ¢2, in the sense that there exists a continuous semi-norm ||.||zv on
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S(LY(A)) such that for every f

sup Z / 17,0 (A f ® 91 ® ¢2)| dA < oo.
HESLY M) (i) o
lpill v <1

The bound (11.6) now follows from the uniform boundedness principle. O
As a byproduct of the proof, we obtain the following lemma.

Lemma 11.4. Let x € X(U) be a (U, U, u=1)-regular cuspidal datum represented by (Mg, o). Let
f+ € S(UL(A)). Then for T sufficiently positive we have

(11.12) / Jo.o\, fr)d\ = / AL (Kp, ) AL(z,y)dady.
i, [U']x[U"]
Proof. As both sides are continuous in f; by Proposition 11.3 and Proposition 8.7, we may assume

that f1 = f ® ¢1 ® ¢2. By definition (see (8.7))

K () = Krx(2,9)0" (z, 01)0(y, d2).

By Proposition 11.1, the finiteness of (11.8), the dominated convergence theorem and Proposi-

tion 8.7, we have

/% Jo.o(A f1)dA = /WQ /quU] Z Ay (BN, e, MY (61)) ()AL (E(p, N6 (62)) (y)dwdydA

v’ peBQ,
(11.13) - / AT S B(Io(h e M6Y(610) B N0V (g2)dN | AL (2, y)dady
% [U] iag, 0EBg o

By Lemma 4.22 and the U-regularity of x (see Remark 4.23), we have
(11.13) = / AT (K, ) AL (z,y)dzdy.
[U]x[U’]
This concludes. U

11.5. Spectral expansion of J,. We now compute the spectral term J, from Section 8 in term
of the relative character Jg .

Let x € X(U) be a cuspidal datum. Recall that we defined a modified kernel function K}LX
in Subsection 8.3, and that in Theorem 8.6 (2) we proved that the purely polynomial term of the

exponential—pol y nomial
X (U] % [U] +-X

is a constant which we denoted by J,(f}). The map fy — Jy(f+) is a continuous linear form on

S(UL(4)).
113



Theorem 11.5. Let x € X(U) be a (U,U’, u=1)-reqular cuspidal datum, represented by (Mg, o).
Then for all f € S(U(A)), ¢1,¢2 € S(LY(A)), we have

(11.14) I (f @1 ® ¢2) = / Jo,oc( A, [ @ ¢1 ® ¢2)dA.
m*Q
Proof. Write f1 = f ® ¢1 ® ¢po. By Lemma 11.4, for T} and T» positive enough, we have
[ ARK AR ety = [ Joa(A i)
[U]x[U'] iag)
As the RHS is independent of 77 and T», we conclude that so is the LHS. By Proposition 8.7 (2),

we have

lim (AL K (A (2, y)dardy = / Kp, (AL (2, y)dady
d(T1)—o0 J[U" x U] [U']x[U]
The theorem now follows from the second assertion of Proposition 8.8. U
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Part 4. Comparison of the relative trace formulae
12. INFINITESIMAL GEOMETRIC DISTRIBUTIONS

12.1. General linear groups: simplification. Let us retain the notation from Section 7. Recall
that we have geometric distributions as follows. Take f* € S(GT(A)) and a € A(F). For T € a,41

sufficiently positive, we have defined
B = [ [ H g ats)agan

where ng/ (g1, 92) = n(det g1)"n(det go)"*! (cf. (6.1)). The goal of this subsection is to simplify it.
Let us introduce the following additional spaces and group actions.
e We put
Sn={g9€Gn|gg" " =1},
which is a closed subvariety of G,, over F. The group G/, acts on S,, from the right by the

usual conjugation, and we have an isomorphism of G/ -varieties S, ~ G,,/G,,. Let

c,—1

v:Gp— Sna V(g) =499

be the natural projection.
e Put X =S, x LY~ x L™, on which G, acts from the right by

(v, w,0) - g' = (¢ vg s wy' g o).
Put G} = G,, x LY~ x L™, on which G’ acts on the right by

(9:w,v) - (g1, 95) = (97 ' 995 wg1, 97 'v).
We extend the map v to a map G, — X by setting v(g,u,v) = (v(g),u,v). By composing
this with the map G, x G,, = Gq, (91,92) — gl_lgg, we further obtain to a map G — X.
Note that GT(A) — X (A) is surjective.

e Note that the quotient morphism G/H — Gy, (g1, 92) — gl_lgg and v are both principal
homogeneous spaces, the categorical quotients G,f//G', X//G! and GT//(H x G') are
canonically identified, and are all denoted by A. The categorical quotient ¢ : GT — A
factors through the map v : G* — X, and we denote again by ¢ : X — A the induced map.
If « € A(F), we let X, be the inverse image of a in X (as a closed subscheme).

e Recall that F denotes the set of standard D-parabolic subgroups of J,, c.f. Subsection 5.1.
Let P=MN € F, write P, = M, N,,. We put

M;; =M, x M, x M;, N, =N,xN/J xNj.

The right action of G}, on G, restricts to an action of M/ on M,'.
e Composing the embedding M,” C G, with the map G,/ — A we obtain a map M,” — A,
and for any a € A(F) we denote by M,", the inverse image of a in M,  (as a closed

subscheme).
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For ¢ € S(X(A)), define a function k, p on [G7,]pr by
ko pa(h) = / oy P,
meMjL New (A)/No (A

where z is any element in M,I such that v(z) = m, and N, /N/ stands for N,,/N] x NX’L_V XNp;.

The same argument as Lemma 7.1 gives that
/ o(h~ v (zn)h)|dn
aGA(F mEMJr N+(A )/ N7 (A
is convergent.
Let us define an integral transform

S(GT(A)) = S(X(A)), fT g+

as follows. For any (v, w,v) € X(A) we put

/ / (WY, htzg)), w,v)dhdg),, n odd;

n(A)

(12.1) e+ (v, w,0) =

/ / S h T ag)), w, v)p(det 2, )dhdg;,, 1 even.
n(A) JG(A)

where z € G,,(A) is any element such that v(z) = v. We note that because the map Gt — X is
a smooth morphism, the integral transform f* — ¢+ is surjective, cf. | , Theorem B.2.4]. If
S is a finite set of places, and fT € S(GT(Fz)), then we define ¢+ € S(X(Fs)) in the same way,

integrating over Fg-points of the groups.

Lemma 12.1. For all « € A(F) and f+ € S(GT(A)), the expression
e

is convergent and we have

(12:2) /H] / o Epe po(vhs 629 )i (9)Aghidh = by . pa(ghn(sh).
nl yePy(F) \H F)
d2€ Py (F)\G,, (F)

> /N+ | £ (mn - (vh, 629"))| dndghdh

YEPY (F NH(F) meMS (F)
d2€Py(F)\G}, (F)

Here we recall that ¢’ = (g1, 95) € G'(A), g1, g5 € G, (A), and d2¢" stands for the element (g}, d295) €
G'(A).

Proof. We will prove (12.2). The absolute convergence can be obtained by the same computation,
with only obvious minor modifications.

We first unfold the sum over v and § to conclude that (12.2) equals

/ / i+ po(h, g )ng(g')dgsdh.
[H]p,,

n]P/
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Recall that we have fixed maximal compact subgroups Ky and K} of H(A) and G,(A) respec-
tively. By the Iwasawa decomposition the left hand side of (12.2) equals

n(det 91 )" / / / / / (=2ppy Hpy (mu))+(=2pp; .Hpr (m"))
Ky MPH] 71 JN*T(A

meM (F)

fT(mn - (mgkg, (¢, m'E)))n(det m'k" )"t dndm/dmgdk' dkg.

Unfolding the sum over m € M} (F) we conclude that this equals

n(det g1)" / / / / /
Ky Mpy (A) n(A) JNT(A)

meM;(F)/(MPH (F)x M5 (F))

o$20py Hpy (ma)H(=2pp;  Hpy (m')) ft (nm - (mpkn, (g1, m'K'))) n(det m'kE) " rdndm/dm g dk/dky .
We have
M (F)/(Mpy, (F) x My,(F)) = M, o(F)/M,(F), N*(A)=Ng(A)N, (A).

Note that element in N, (F) is considered as an element in N*(F) via (g,x,y) — ((1,9),z,y).
Here the multiplication Ny N,/ means Ny N,, X N]!’Ev X Np ;. Then the above integral equals

ety 5 Y Y S

eMn*a(F )/ M}, (F)

e\ 2Ppi Hey (M)} =20 Hpy (m fJr (namng - (mpkm, (g7, m'k)))

n(det m'k")”+1 dnodngdm/dmygdk’ dky.

We further break up the integral over N, (A) into N, (A)/N/(A) and N}, (A) and arrive at

et Jeo T b Lo B i
Ky Mp,, (A 7 (A) JNg(A) J N (A)/N!(A) NI (A)

GMﬁ{a F)/M},(F)

12.3
( ) o 72Ppy Hpy () +(=2pp) Hpy (m)) £t (nHmngng -(mukmy, (g),m k’)))

n(det m'E) "M dnbdnadngdm/dmgdk dkg.

Using the Iwasawa decomposition, we combine the integrals for m/,n’ and k’ as an integral over
G/, (A), and the integrals over my,ny and kg as an integral over H(A). Note that u(det mng) =1
for m € M/ (F) and n € N, (A). We thus conclude that (12.3) equals

n(det g}) Z / P+ (g' 1V(mn2)gi) dhdns.
mGMﬂLa(F /M/ N""r(A /N/( )

Note that there is a slight difference in the definition of ¢+ for n even or odd, which eventu-

ally simplifies to a uniform expression. Finally, the map v induces a natural bijection between

M, (F) /M, (F) and M, (F)N X, (F). This concludes the proof. O
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12.2. General linear groups: infinitesimal variant. Recall that we use gothic letters to denote
the Lie algebra of the corresponding group. We slightly extend this convention to the case of an
algebraic variety with a distinguished point e where we use the corresponding gothic letter to denote
its tangent space at e. For instance, G* = G x LY"~ x L™ is a variety with a distinguished point
(1,0,0), and g* = g x LY>~ x L~ stands for the tangent space at this point.

We now introduce an infinitesimal variant of the distributions i,, and relate i, to it. This
infinitesimal variant in fact is essentially the same as the one that arises from the Jacquet—Rallis
relative trace formulae, which are used to study the Bessel periods on unitary groups.

We define s, := M, (E)~, the subspace of M,,(F) with pure imaginary entries, it can be identified
with the tangent space of S, at 1. Let r = s, x B, x E™™, viewed as an algebraic variety over F.

We write an element in it as (v, w,v). It admits a right action of G/, given by

(12.4) (v,w,v) - ¢ = (¢ g wg', g M),  (v,w,v) €x, ¢ €GL(F).

Let r — B =1//G’, be the categorical quotient. A concrete description of B is given by | ,
Lemma 3.1]. The categorical quotient B is isomorphic to the affine space over F' of dimension 2n.
We will identify B with a closed subspace of the affine space over E of dimension 2n, consisting of
elements

(a1,...,an;b1,...,by)
satisfying
a§ = (=1)'a;, 5= (-1)"1b;, i=1,...,n.

The quotient map ¢ : ¢ — B is given by
(v, w,v) = (a1,...,an;b1,...,by)

where
a; = Trace/\i’y, b; = w'yA_ v, t=1,...,n.
For any a € B(F'), we denote by r, the inverse image of « in ¢ (as a closed subscheme).
Let P=MN € F, we put rpr = m Ny and ry = nf Nr. For a € B(F), we put ta,ea = tv Nia-
Here we view all spaces as subspaces of Resg,p gl,, p xE, x E™™ and take the intersections in it.
Take ¢ € S(x(A)) and o € B(F). For ¢’ € [G},]pr we define a kernel function

kopald)= Y p((m+mn) - g')dn.
mEFM,a(F) IN(A)

For T € a;,, ;, we define a modified kernel function
kpald) = er > Tp (Hp (8¢) = Tpr, kg pa(g).
PEF  §ePL(F)\G.,(F)
As in the case of other modified kernels, for a fixed ¢’ the sum over § is finite.

The next proposition summarizes the main results of | |, see also Théorémes 5.1.5.1 and 5.2.1.1

of | ]
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Proposition 12.2. Assume T is sufficiently positive. We have the following assertions.

(1) The expression
Z / |k} o (9')1dg’

s finite.
(2) We put
= > / n(det g')dg’,
a€B(F)
then as a function of T, iL () is the restriction of a exponential-polynomial whose purely
polynomial term is a constant which we denote by in(p).
(3) The distribution ¢ — i, (@) is a continuous linear form on S(x(A)) that is (Gl,n) invariant.
This means
ia(g" - ¢) = n(det g')ia(y)
for all ¢ € G' (A) where ¢’ - p(x) = (g’ 'xg).
We now introduce the Cayley transform. Let E' = {z € E | Ng/pr = z2° = 1} and take a
¢ e E'. We put
X¢ = {(v,w,v) € X |y + ¢ is invertible}

Then X¢ is an open subscheme of X and the action of G/, preserves it. We also put
= {(A,w,v) | A% — 4 is invertible}.

Then ¢’ is an open subscheme of ¢ and the action of GJ, preserves it.

We define a Cayley transform
ce e Xg, (A, w,v) — ({(1 + A/2)(1 — A/2)_1,w,v) .

Note that ¢¢ is G),-equivariant and there are &;,...,&,41 € E', such that the images of c¢, form an
open cover of X. Let B’ be the image of ¢/ in B and let A% be the image of X¢ in A. Then the
Cayley transform c¢ induces an isomorphism B' — A&, which we still denote by Ce.

Let S be a finite set of places. For p € S(X¢(Fs)) we define a function ¢; € S('(Fs)) as follows.
If n is odd, we put

(PH(A7 w, ’U) = M(fl)_(n_l)QSO(cé(X)’ w, U)'

If n is even, we put
Pp(X, v, w) = (&) 7" pu(det(1 — A/2))¢(ce(A), w, ).

Then ¢, € S('(Fs)). If f+ € S(G*(Fs)) then we write f;" = (¢y+ ). The various extra factors
pu(det(1 — X/2)) and powers of (&) will be posteriori justified by Lemma 13.5. They all come

from the comparison between the transfter factors on G*(Fs) and on (Fs).
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Proposition 12.3. Fiz an o € B'(F). Let S be a finite set of places including all Archimedean
places, such that for v € S we have the following properties.

e E/F is unramified at v.
e 11 is unramified at any places w of E above v.
e 2 7.& arein C’)]:iw for any place of w of E above v.
e o€ B (Op).
Then for any fs € S(GT(Fs)) and T € ag sufficiently positive, we have

feg() <fs ® 1G+<o%>> = o ((fs>u ® 1g+<0%>> -
Proof. Let us note that

Pi 1ot es) ~ PF ® 1xo3)

By Lemma 12.1, we are reduced to showing that

kW@lX(o%)’P:% (a) = k@h®1;(o})vpva

foralla € B(F), P € Frs and ¢ € S(X (Fs)). This follows from the discussion in [ , Section 5],
cf. | , Corollaire 5.8]. O

We also recall from Section 7 that we have distributions IZ and I, on S(G4+(A)). For fi €
S(G+(A)), we have defined a partial Fourier transform

—118(G1(8)) = S(GH(A)),
cf. (7.4). We also have put
I (f+) = ig(F5),  La(fs) = ialf7).
Let S be a finite set of places and fy g € S(G4(Fs)) then we put

frsg= <fj“s>h -

Corollary 12.4. Let S be a finite set of places satisfying the conditions in Proposition 12.3, and
f+ = 1G+(O%) ®f+73 where f+7s € S(G+(Fs)), then

T (£ @ lasiop) =18 (Frse® 1pron)

12.3. Unitary groups. The geometric distributions JI' can be simplified and related to their
infinitesimal invariants as in the case of general linear groups. We only state the results but omit
the proofs, as they are essentially the same as the general linear group case.

Let V be an n-dimensional nondegenerate skew-Hermitian space. We put u‘t =uy xV, YV =
U(V) x V, and ¥ = u(V) x V. Recall that Fy, denotes the set of standard D-parabolic subgroup
of J(V) introduced in Subsection 5.3. For P € Fy, we define subspaces of y, p* = p x Py,
mT =mx Mp,, n" =nx Np,. They are the Lie algebras for P*, M+, Nt introduced in Section 9

respectively.
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The group U(V) has a right action on YV or " by (A4,v) - g = (371 Ag, g~ v). The categorical
quotient gy : U‘J; — A factors through YV and identifies the categorical quotient YV // U(V) with
A. By | , Lemma 3.1] the categorical quotient vV //U{, is identified with B. The natural
maps YV — Ay and v” — B, both denoted by gy, are given by (the same formula)

(A,b) — (al,...,an;bl,...,bn),
where
ai=TrAY A, b =2(-1)""Yr gy (A ,0), i=1,...,n.

For a € A(F) (resp. B(F)), we denote by Y,V (resp. n’) the inverse image of o in YV (resp. y")
(as closed subvarieties). The choice of the extra factor 2(—1)""1771 in b;’s will be clear later when

we compare the relative trace formulae.

For standard parabolic P € Fy and f € S(y” (A)), define a kernel function on [U(V)]p by
krp(g) = ) / (m+n) - g)dn.
memt (F n-(4)

For a € A(F), we define
krpalg)= > / (m +n) - g)dn.
memT( F)ﬂuv (F) e
For f € S(ut(A)) and T € ag, we put
kf(g)= ) ep > Tp(Hp(dg) — Tp)kys p(d9),
PeFy SeP(F)\U(V)(F)
where g € [U(V)]. Similarly, for a € B(F), put
Kio(9)= > er > 7p(Hp(dg) — Tr)kspa(dg).
PEFy  SeP(F)\U(V)(F)

The following theorem summarizes | , Theorem 3.1, Theorem 4.5].

Theorem 12.5. For T sufficiently positive, we have the following assertions.

(1) The expression
Z / [kfal9)] dg

18 finite.
(2) For a € B(F) and f € S(uf7(A)) , the function of T

VT T
T (f) = /{Uw K7 (9)dg

1 a restriction of an exponential polynomial, and its purely polynomial term is constant,

denoted by ¥ (f).

(3) The distribution f — jo(f) is a continuous linear form on S(uj;(A)) that is H invariant.
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We note relate the geometric distributions on U}, and on y. If £+ € S(U{;(A)) we put
(125) pre60) = [ fH((g g9 0)dg,
U(V)(4)

Then ¢+ € S(YV(A)).

Let Yé- be the open subscheme of Y‘;r consists of (g,v) such that det(g — &) # 0. Denote by
Uy the open subvariety of U‘t consisting of elements (g,v) such that det(g — &) # 0, and by v,
the open subvariety of yy consists of (A, b) such that det(A — 2) # 0. Then the (scheme-theoretic)
images of Yé and v}, in A and B respectively are denoted by A* and B'.

We define the Cayley transform

el = Y5, (Ah) s (614 A/2)(1— A/2)71,b) € ULE.

It induces a map ¢¢ : B’ — AS. We use the same notation ¢¢ for Cayley transforms on general linear
groups and unitary groups, it nevertheless should cause no confusion.
Let S be a finite set of places. For ¢ € S(Yé(FS)), define ¢y, € S(v},(Fs)) by

Py(X) = p(ce(X)).
If f+ e S(U(Fs)), then we write fh+ = (ps+)p-

Proposition 12.6. Fiz o € B(F). If S is a set of places satisfying the same conditions as Propo-
sition 12.8. Then for any fs € S(UJ‘;’T(FS)) and T € ag sufficiently positive, we have

jz;(a),v (fs & 1U‘+/(0.9)) = jg,v ((fs)u ® 1UV(OS)) .

As the proof of Proposition 12.6, this follows from the discussion in | , Section 5], cf. | ,
Corollaire 5.8].

We also recall from Section 9 that we have distributions J' and J, on S(Uy 4 (A)). For f €
S(Uy4(A)), we have defined a partial Fourier transform

—H:S(Ur4(A)) = S(UF(A)).

We also have put
Ja(Fr) =38 Jalfs) = jalf}).

Let S be a finite set of places and fi s € S(Uy 4 (Fs)) then we put

frsp = (ﬁ,s)n :

Corollary 12.7. Let S be a finite set of places satisfying the conditions in Proposition 12.3, and
f+ =1y, (05) Of+s where fis € S(Uy,4(Fs)), then

T T
ch(a) (f+,s ® 1UV7+(O%)> =, <f+,S,h X 1UV(O%))
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13. MATCHING OF TEST FUNCTIONS

13.1. Regular semisimple orbits and orbital integrals. Let (v, w,v) be an element in either

X(F) or ¢r(F'). We say that (v, w,v) is regular semisimple if and only if

det(w,wy, ..., wy"™ 1Y), det(v,vyv,...,v" 1)
are both nonzero. Let X5 and 1.5 be the open subvariety of X and ¢ corresponding to the regular
semisimple elements. The actions of G}, on X5 and 1,5 are free. Let (g, w,v) be an element in
G (F). We say it is regular semisimple if its image in X (F) is regular semisimple. Let G5 be the
open subscheme of regular semisimple elements.

Let (6,v) be an element in YV (F) or vV (F). We say that it is regular semisimple if
v,00,...,0" 1

are linearly independent in V. Let Y, and yY, be the open subvarieties of YV and y"" respectively
corresponding to the regular semisimple elements. The actions of U(V) on Y,Y and pY are free.
Let (g,v) be an element in U (F) and g = (g1, 92), gi € U(V)(F). We say it is regular semisimple
if its image in YV (F) is regular semisimple. Let U{er be the open subvariety of regular semisimple
elements.

We say a regular semisimple element in Gt (F) and a regular semisimple element in U$(F) match
if their images in A(F’) are coincide. Similarly we say a regular semisimple element in t,, ;s(F') and a
regular semisimple element in u&rS(F ) math if their images in B(F') coincide. The match of regular
semisimple elements depends only on the orbits of the corresponding elements, and hence we can

speak of the matching of orbits.

Remark 13.1. We denote by V; the Hermitian space whose underline space is V' and the Hermitian

form is
qv, = 2(=1)"" ' gy

Then U(V;) and U(V) are physically the same group. Define
Uy, = Uy, ¥V, 9" =u(V7) x V.

They are physically the same as U{} and y" respectively. We define regular semisimple elements in
U‘J;T and "7 as in the case of V. The spaces Ua and n¥~ are the ones appearing in the Jacquet—
Rallis relative trace formulae that are used to study the Bessel periods, cf. | , | for
instance. While the identification of §" and "7, our notion of matching is exactly the same as
that in | , , ]. More precisely regular semisimple elements (v,v,w) € ¢(F) and
(8,b) € vV match if and only if they match in the sense of | , , | when (4,b) is
viewed as an element in §¥7. This identification will make the local calculations later easier to

trace.
123



Proposition 13.2. The matching of regular semisimple orbits gives bijections

GL(P)/H(F) x G'(F) + [ Ul (F)/ Uy (F) x Uy (F),
VeH

FI‘S( /G/ <_> H U'rs (F)

VeH

(13.1)

Let S be a finite set of places of F'. Then we can define the matching of regular semisimple
orbits in G{(Fs) and in Uy,  (Fs), and in ¢(Fs) and y¥ (Fs) in the same way. This again gives the
bijection (13.1), with F replaced by Fs. We record it again for further references.

GL(Fs)/H(Fs) x G'(Fs) <[] Uy .(Fs)/ Uy (Fs) x Uy (F),
Vets

ts(Fs) /G (Fs) < [T oi(Fs)/ U(V)(Fs),
VeHts

(13.2)

Recall that the actions appearing in (13.2) are all free, as we consider only the regular semisimple
elements. Then the measures on G;(Fs) and etc. descend naturally to quotient measures on the

various quotients in (13.2). The same argument as [ , Lemma 5.11] gives the following lemma.
Lemma 13.3. The bijections (13.2) are measure preserving.

Let (g,w,v) € GT(F) be regular semisimple which maps to o € A(F). Let fy € S(G4(A)).
Then the geometric distribution I, (fy) simplifies to

(13.3) [a(f-l—)_/ / FL(h g wgh, g5 v)ne (g')dg dh.
H(a) JGr(a)

The integral on the right hand side depends only on « but not the specific element (g, w,v) that
maps to it. This is the usual regular semisimple orbital integral of f.

The global orbital integral factorizes. If f , € S(G4+(Fy)) and (g, w,v) be a regular semisimple
element in GT(F,), we define the local orbital integral O((g,w,v), f+,) the same way by the
same formula (13.3), integrating over H(F,) and G'(F,) instead. Then if f; = ®f;, where
fiw € S(GL(F,)), then

+) = HO((g’w’v)vf—i-,v)'

Let S be a finite set of places of F' and fi s € S(G4(Fs)), then we can define the regular semisimple
orbital integrals O((g, w,v), f4+s) in the same way.

For each a € A(F) we have a distribution .J, on S(U{,(A)). We will consider this distribution
for all V at the same time, so we add a supscript V' and write JX to emphasize the dependance
on V. Let (g,v) € Uj;(F) be regular semisimple which maps to a € A(F). Let f¥ € S(Uy,4(A)).
Then the geometric distribution JY (f}) simplifies to

(13.4) fJr // /, ”m (z7Lgy,y~1v)dzdy.
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The integral on the right hand side depends only on a but not the specific element (6, ) that maps
to it. This is the usual regular semisimple orbital integral of f}r/.

The global orbital integral factorizes. If f, € S(Uy,1(F,)) and (6,b) be a regular semisimple
element in Uy 4 (F;), we define the local orbital integral O((9,b), f}r/’v) the same way by the same
formula (13.4), integrating over U(V)(F,) instead. Then if f} = ®f¥7v where f_KU e S(Uy4(Fy)),
then

Ty (1) =TT ows,v), £1.)-

Let S be a finite set of places of F' and fy s € S(Uy 4 (Fs)), then we can define the regular semisimple
orbital integrals O((4,b), f{ s) in the same way.

We now turn to the infinitesimal invariant. Let (X, w,v) € ¢(F') be regular semisimple which
maps to a € B(F). Let f* € S(x(A)). Then the geometric distribution i,(f") simplifies to

(13.5) (/) = /G L F 7 X g g et g)dg.

The integral on the right hand side depends only on « but not the specific element (X, w,v) that
maps to it. This is the usual regular semisimple orbital integral of f* that appeared in | ,

]. This orbital integral factorize. If f} , € S(z(F})) and (X, w,v) be a regular semisimple
element in r(F,), we define the local orbital integral O((X,w,v), f+,) the same way by the same

formula (13.5), integrating over G),(F},) instead. Then if f, = ®f; , where fy, € S(z(F,)), then
iOé(f-f-) = H O((X7 w, ’U), f+,’U)'

Let S be a finite set of places of F' and f} s € S(¢(Fs)), then we can define the regular semisimple
orbital integrals O((X, w,v), f1 ) in the same way.

For each o € B(F) we have a distribution j, on S(n" (A)). Again we will consider this distribution
for all V' at the same time, so we add a superscript V and write jZ to emphasize the dependance
on V. Let (§,b) € V' (F) be regular semisimple which maps to o € B(F). Let f¥'* € S(yV(4)).
Then the geometric distribution i (f*") simplifies to

v (ftY) = / V(g7 69,97 v)dg.
U(v)(A)

The integral on the right hand side depends only on a but not the specific element (¢, ) that maps
to it. This is the usual regular semisimple orbital integral of f*" that appeared in | , ].

The global orbital integral factorizes. If fY, € S(y"'(F,)) and (6,b) be a regular semisimple
element in y¥'(F,), we define the local orbital integral O((d,b), ffv) the same way by the same
formula (13.4), integrating over U(V)(F,) instead. Then if fV = @£, where £,V € SV (F,)),
then

v (oY) =TJowsv), £-Y).
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Let S be a finite set of places of F and fg V' € 8(yY(Fs)), then we can define the regular semisimple
orbital integrals O((d, b), SJ“V) in the same way.

13.2. Transfer. We now compare the geometric distributions. Let H be the set of all isomorphism
classes of nondegenerate skew-Hermitian spaces over E of dimension n. If S is a finite set of places,
then we let Hs be the set of all isomorphism classes of nondegenerate skew-Hermitian spaces over
E5 of dimension n. If we assume furthermore that S contains all Archimedean places and ramified
places, then we denote by H® the set of all isomorphism classes of nondegenerate skew-Hermitian

spaces V' over E of dimension n, such that V,, = V ® E, contains a self-dual Op, lattice for all

v ¢ S.

13.2.1. Local transfer. We start from the local situation. Fix a place v of F'. Let us introduce the

transfer factors. For regular semisimple z = (X, w,v) € X(F,) or ¢(F,) we put
AL (z) = det(w, wX,wX?, ... wX" 1),

Define a transfer factor Q, for X (F,) or r(F,) by Qu(z) = pu((=1)"A;(z)). The sign (—1)" is
included to make it compatible with the transfer factor in | |. The function z — Q,(x)O(z, )
where z € 1,5(Fy) and ¢ € S(¢(F,)) descends to a function on B,s(F),), which we denote by the
same notation.

We define a transfer factor , on G*(F,) as follows. Let ((g1,92), w,v) € G (F,). Put v =
v(g; tg2) € Su(F,). We put

Qu((g1,92), w,v) = g ((—1)"(det g; ' g2) ™" det Ay (v,w,v)) .

The function = — Q,(x)O(z, f+) where z € G4 (F,) is regular semisimple and f; € S(G+(F,))
descends to a function on As(F),), which we also denote it by x — Q,(z)O(z, f1).

A function fi € S(G4(F,)) and a collection of functions {f} }vey, where fi € S(Uy,4(F,))
match if for all matching regular semisimple elements z € G*(F,) and y € U}(F,), we have

Qu(2)0(x, f+) = Oy, f{)-

We say a function on G4 (F,) is transferable if there is a collection of functions on Uy, 4 (F,) that
matches it. We say a collection of functions on Uy, 4 (F,) is transferable if there is a function on
G+ (F,) that matches it. We say a single function ¢" on Uy, (F,) for a fixed V is transferable if
the collection of functions ("', 0,...,0) is transferable.

We say ¢’ € S(x(F,)) and a collection of functions {¢" }1/e3,, where ¢ € S(yV(F,)) match if

for all matching regular semisimple elements z € ¢, (F,) and y € vV (F,), we have
Q(2)0(z,¢') = O(y,¢").

We say a function on r(F,) is transferable if there is a collection of functions on y (F,) that

matches it. We say a collection of functions on ¥ (F,) transferable if there is a function on r(F,)
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that matches it. We say a single function " on ¥ (F) for a fixed V is transferable if the collection

of functions (¢",0,...,0) is transferable.

Theorem 13.4. If F' is non-Archimedean, all functions in
S(G1(F)), SG(F)), S(GY(F.)), ShY(F))
are transferable. If F' is Archimedean, transferable functions form dense subspaces of these spaces.

Proof. If F is non-Archimedean, then the cases of S(x(F,)) and S(y' (F,)) are proved in [ ].
The cases of S(G4(Fy)) and S(Uy 4 (F,)) are explained in [ ]. It follows from the fact that
the integral transforms (12.1) and (12.5) are surjective.

If F, is Archimedean, the cases of S(x(F,)) and S(yY (F,)) are proved in | ]. The cases
of S(G4+(Fy)) and S(Uy 4 (F,)) follow from the surjectivity of (12.1) and (12.5) and the open
mapping theorem, cf. [ , Section 2]. The surjectivity is a little more complicated than its
non-Archimedean counterpart. Let us explain the case of S(G1(Fy)). First the Fourier transform
—1 is a continuous bijection. The map f — ¢+ is surjective since G*(F,) — X (F,) is surjective
and submersive, cf. [ , Theorem B.2.4]. The open mapping theorem then ensures that the

inverse image of a dense subset in S(X(F},)) is again dense in S(G4(Fy)). O

Recall that we have defined maps fi — fi; and f}r/ — f}éh in Subsections 12.2 and 12.3. Such
maps depend on an element £ € E'. Fix such a &. The following lemma, follows from the definition

and a short calculation of the transfer factors.

Lemma 13.5. If fi and the collection {f_Y}Ve’HU match, then so do fi, and the collection

{fY Jven.-

There is a pairing on p(F,) given by
(13.6) <(X1,w1,1)1), (XQ,’LUQ,’UQ)> = Trace X1 X5 + wyvg + wovy.
If ¢ € S(x(Fy)) we define its Fourier transform
W= [ elai(m ).
r(Fy)
Let V be a nondegenerate skew-Hermitian space. Define a bilinear form on ¥ (F,) by
(X, 0), (¥, w) = Trace XY +2(=1)"" Trgyp gy (v, w),

and a Fourier transform

ﬂme:/ o (1) 0wz,

VT (Fy)

Remark 13.6. This essentially means that we consider ¢ as an element in S(y*7(F,)) an take the

Fourier transform as in | , , ], with v replaced by our .
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Let v be a place of F. Set A(¢,) = €(5, M, 1y) where €(s, 7y, 1y) is the local root number. This
is a fourth root of unity and satisfies the property that

A(%) = m(—l))\(%)~
In the case F,/F, = C/R and ¢,(x) = 2™V =12 e have A(thy) = —v/—1.

Theorem 13.7. Suppose that ¢ € S(x(F,)) and a collection of functions " € S(yV (F,)) match.
n(n+1)

Then so do @ and the collection \(v,)~ 2 n,((27)" disc V)" Fr¢V .

This is proved in | | if v is non-Archimedean and | | if v is Archimedean. See | ,
Theorem 5.32, Remark 5.33] for corrections to [ ]

Remark 13.8. Note that discV, = (27)"discV. We also note that we used 1, in the Fourier
n(n+1)

transform. So A(¢,) in [ ] is replaced by A(1),) and this cancels the factor n,(—1)" 2 that
appeared in | ]

Finally we turn to the matching of test functions in the unramified situation, i.e. the fundamental

lemma.

Theorem 13.9. Assume the following conditions.

(1) The place v is odd and unramified. The element T € OEU. The characters ¢, and p, are
unramified.

(2) The skew-Hermitian space V is split and contains selfdual of, lattice.

Then the functions

ApryDarr) 1o, ©0r)  and  Abwym,) 1oy, (05,

match. The functions

Anr)Acr) Lor,)  0d Al Ly (0x,)
also match. Recall that Ay (r,), A (r,) and Ay (r,) are the volumes defined in Subsection 3.4.

Proof. The infinitesimal version was first proved by | | when the residue field characteristic
is large. The group version is deduced from the infinitesimal version in | , Theorem 5.15]
under the same assumption. The case of small residue characteristic in the infinitesimal case was
later proved by [ , |. The only reason [ | needs the large residue characteristic is
because [ , | were not available that time. Once this is available, the result in [ ]
holds without the assumption on the residue characteristic (apart from being odd). Indeed the group

version of the fundamental lemma in the theorem is called the “semi-Lie” case in | ]. U]
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13.2.2. Global transfer. We now turn to the global situation, so that F'is a number field. Recall that
for any reductive group G over F' and finite set of places S of F', we have defined in Subsection 3.4
the number Aéj* to be the leading coefficient in the Laurent expansion at s = 0 of the partial
Artin-Tate L function L.

We say a test function fy € S(G1(A)) and a collection of test functions { f}r/}vg.[ where f}r/ €
S(U(A)) match, if there exists a finite set of places S of F' containing all Archimedean place and
ramified place in F, such that we have the following conditions.

. f_‘(zOforV%Hs.

e For each V € H5, fi = (A%’Ekv))Qf}r/’s ® 1U¢((’)S) where st € S(U(Fs)).
o f+ =AY AL frs®1g, (0s), where fis € S(G4(Fy)).

e fisand {f}r/,s}VeHS match.

Similarly, we say f € S(x(A)) and the collection {f" }yey where fV € S(uj,(A)) match if there

exists a finite set of places S of F, such that we have the following conditions.
o V' =0for V¢ HS.
e For each V € H5, fV = Af}’(*v)fsv ® 1@(05) where f € S(ufr(Fg)).
o f =AY AN fs ® 1y0s), where fs € S(x(Fg)).
o fsand {fd }cys match.

Note that both in the group case and Lie algebra case, f and {f" }1/c3 are transfer for the set
of places S as above, then they are also transfer for any set of places containing S.

The following theorem is proved in [ , Theorem 13.3.4.1]. This is what is referred to as the

singular transfer in | ].

Theorem 13.10. If f € S(x(A)) and the collection {f¥ }v-cs where f¥ € S(vV(A)) match, then
for each o € B(F'), we have

INGED DA}

VeH

From this we deduce our group version of singular transfer.

Theorem 13.11. If fi € S(G1(A)) and {fV}ven where fY € S(Uy.(A)) are transfer, then for
each o € A(F'), we have

Ia(f+) = Z J;/(f-i‘-/)

VeH

Proof. Fix an a € A(F). Choose a large finite set of places S as in the definition of matching of
global test function. Then

v v
fv =1g,05)®f+s, fi =1y, (05)Of s

We may enlarge S such that the conditions of Proposition 12.3 hold.
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Choose ¢ € E with norm 1 such that a € A$(F). Then we have the functions f+.s,p and f}f’sh
and they still match by Lemma 13.5. By Proposition 12.3 and 12.6, we have

I(fy) = ia(AZzZ Los)®frsg), Iy (fY) = jX(A%’fV) Lyvos) ®fY sp)-
By definition, fi s, and f}-/,sh match. The theorem then follows from Theorem 13.10. ([l

13.3. Nilpotent orbital integrals. This section studies matching of the nilpotent orbital inte-
grals. This is a local problem, and we will fix a place v of F. We will also speak of the functions
[+ where f is a test function either on Gy (F,) or Uy 4 (F). For this we mean that we fix £ =1
when defining these functions.

Let us start from the case of unitary groups. Let V' € H, be a nondegenerate skew-Hermitian
space of dimension n. Let fi € S(Uy4(F,)). Put

O(1, f+) = f+,4(0).
We thus have by the Fourier inversion formula

(1.7 0010 = [ Fofratwiy

Clearly the map fi — O(1, f+) is a continuous linear form on S(Uy 4 (Fy)).

Let us move to the more complicated case of linear groups. Set

0 71! 0
ng:(_l) 7(07"'a0)7 Ex(Fv)a
7'_1 0
0 !
and
0 0
N 7 0 :
57:(_1) . . 7(07'”’0’7-)3 GF(Fu)
T 0

Define for ¢ € S(x(F,))

O(s:09) = [ ples - hyn(det mldet *dh.
G (Fy)

By | , Proposition 5.7.1] this integral of O(s, &y, @) is absolutely convergent if Res > 1 — %
Moreover the function s — O(s, &4, ¢) has a meromorphic continuation to C which is holomorphic
at s = 0. Setting O(&4, ) = O(s, &+, ¢)|s=0, we have

(138)  ume((—1)" )" 0(E,, ) = / Q (2)B(x)dz = / Q,(z)0(z, §)da,
t(Fv) Brs(Fu)
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where

n

(13.9) vo = [T =i, o).
i=1
Remark 13.12. Strictly speaking, the results in [ | describe the nilpotent orbital integrals for

the conjucation action of G, on 5,41 where G, is viewed as a subgroup of G, on the left right
corner. This action is essentially the same as ours, since the lower right corner element in s, is
invariant under the action of G’,. Our choice of £; is made so that they corresponds exactly to the

ones used in | ]

If f1 € S(G4(F,)) we put
O+(f+) - O(‘E-Her,ﬂ):

where in the map fi — fy, we pick £ = 1 and an arbitrary small /. The maps ¢ — O(&4, ) and
f+ — f4 are continuous. Thus the map f, — O, (f) is also continuous.

Lemma 13.13. Let f+ € S(G4+(F,)) and the collection f! € S(Uy.(F,)) be matching test func-

tions. Then

YO+ (fr) = Y mo((2r)" disc V)" po((—=1)"'7)
VeHy

Proof. By (13.8) we have

_ n(n+1) n(n+1
2

Aw) "2 01, £Y).

n(n+1)

ot (— 1)) 0L (f4) = /B 1, Q@O0 Ty

By Lemma 13.3, matching of orbits preserves measures, and by Theorem 13.7, J?h and the collection
n(n+1)

of functions A(¢,)™ 2 n,((27)" disc V)anfJ‘r/,u match. Thus we have

n(n+1)

Yoo (1)1 7) "2 O4(fy)

n(n+1) n 1. n
=A@ ((er dise V) [ O F Yy,
1% Brs(F'u)

By (13.7), the right hand side equals

SN, (20)" dise V)"O(1, £Y).
14

This proves the lemma. U

14. PRELIMINARIES ON THE SPECTRAL COMPARISON

From now on till the end of Section 17, we will work at a single place v of F'. So we fix a place
v of F' and suppress it all notation. So F' is a local field of characteristic zero, and E a quadratic
etale algebra over F'. We will assume that E' is a field in this and the next two sections. The case

E = F x F will be treated in Section 17.
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14.1. General notation and conventions. Let us introduce some general notation.

Let X be an algebraic variety over F. We usually just write X for the F-points of X. All
algebraic groups are F-groups. If V' is a vector space over F, it is viewed as an affine variety over
F via restriction of scalars.

Let G be a reductive group over F. Let Z¢ be the Harish-Chandra Xi function on G. It depends
on the choice of a maximal compact subgroup K of G. Different choices lead to equivalent functions.
Since we use = only for the purpose of estimates, the choice of K does not matter. Its properties
we will make use of are recorded in | , Proposition 1.5.1]. We also fix a logarithmic height
function <% on G(F), cf. | , Section 1.5].

Let X be a smooth algebraic variety over a local field F' of characteristic zero. Let S(X) be the
Schwartz space. If F' is non-Archimedean this is C2°(X), the space of locally constant compactly
supported functions. If F' is Archimedean, this is the space of Schwartz function on X where X is
viewed as a Nash manifold, cf. | ]-

Let C(G) and C*(G) be the spaces of Harish-Chandra Schwartz functions and tempered functions
on G respectively, cf. | , Section 2.4]. Assume G is quasi-split, and let N be the unipotent
radical of a Borel subgroup, £ be a generic character of N. We also have the spaces S(N\G, &) and
CY(N\G,¢&) as defined in | , Section 2.4]. These are nuclear Fréchet spaces or LF spaces. An
important property we will use is that S(G) is dense in C¥(G).

14.2. Measures. We fix self-dual measures on F' and £~ with respect to 9, and on E with respect
to ¥g. We have

_1
dEf(Tfly) =|7|z°dry, dpz=2dpxdg-y, if z=2+y.

The (normalized) absolute values on E and F are denoted by |-|g and |-| respectively. They satisfy
the properties that d(az) = |a|dz and |z|g = |z|? if x € F.
We equip GL,,(F) (resp. G,, = GL,(F)) with the Haar measure
Hi,j drgi, H” dEgi,j
== resp. dg = ———>— | .
|det g] |det g|
By taking products, we obtain Haar measures on G, G’ and H.

The tangent space of S, at s =1 is 5,. There is a bilinear form on s,, given by
(X,Y)=TrXY.

Then, using the character i, we put a self-dual measure on s,. This is the same as the measure

obtained by identifying s,, with (E*)"z. Recall that we have defined the Cayley transform (where

we consider only the case £ = 1 now and we omit the subscript )

1+ X/2

€:5, -——> 5 X —
n * mns 1 _ X/2

We equip S,, with the unique G/ -invariant measure such that ¢ is locally measure preserving near

X = 0. If F is non-Archimedean, this means that ¢(i) and U have the same volume if ¢/ is a small
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enough neighbourhood of zero. If F' is Archimedean, this means that the ratio of the volumes of
¢(U) and U tends to 1 as we shrink the neighbourhood U to 0.

Let V be a Hermitian or skew-Hermitian space. There is a bilinear form on the Lie algebra u(V')
of U(V), given by

(X,Y)=TrXY.
Then using the character ¢, we put a self-dual measure on u(V'). We have a Cayley transform
1+ X/2
ciu(V) - U(V), X 1:42

We equip U(V) with the Haar measure dh normalized so that the Cayley transform is locally
measure preserving near X = 0, which is interpreted in the same way as in the case of s,. This

yields measures on Uy, and Uy.

Remark 14.1. Let us temporarily switch back to the global setting, so that F' is a number field. It
follows from the discussion in | , § 2.5] that for G € {GL,,, Gy, U(V)} the normalized products

over the places v of F' of our local measures
dg = (A&k})il H AG,vng
v

are factorizations of the Tamagawa measures defined in Subsection 3.4. Moreover, for G = GL,, or

G, we even have dg, = dy, g, for every v.

14.3. Representations. Let G be a reductive group over a local field F' of characteristic zero. If
F'is non-Archimedean, a representation of G means a smooth representation. If F'is Archimedean,
a representation of G' means a smooth representation of moderate growth. For a € aj .~ and a

representation 7 of G, we put

malg) = mw(g)el®Ha@),

We denote by IIy(G) (resp. Temp(G)) the set of isomorphism classes of irreducible square
integrable (resp. tempered) representations of G(F).

Let Xiemp(G) be the set of isomorphism classes of the form Ind]G; o, where P = M N ranges over
all parabolic subgroups of G and o € II(M). Since each m € Temp(G) is a subrepresentation of
an element in Xemp(G). We therefore have a map Temp(G) — Xiemp(G). The set Xiemp(G) has
a structure of a topological space with infinitely many connected components, and the connected
components are of the shape

O = {Ind% o, | a € V—1a}}.
Let W(G, M) = NoM /M be the Weyl group and
W(G,o0)={we W(G,M) | wo ~c}.

Then the map

Ind$ : vV—1a3,/W(G,0) = O, a— Ind%o,,
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is surjective, and a local homeomorphism at 0.

Let V be a Fréchet space or more generally an LF space. We shall frequently use the notion of
Schwartz functions on Xemp(G) valued in V. This space is denoted by S(Xiemp(G), V). If V = C we
simply write S(Xiemp(G)). This notion is defined and discussed in detail in | , Section 2.9].
In particular S(Xiemp(G)) is a Fréchet space if F' is Archimedean and an LF space if F' is non-
Archimedean. The most important property of a Schwartz function on Xiemp(G) valued in V is
that it is absolutely integrable with respect the measures on Xiemp(G) that we define below.

If f € S(G), we put for each ™ € Xiemp(G)

fx(g) = Trace(x(g~ )7 (f)), g€G.

Then fr € C¥(G) and by | , Proposition 2.13.1] the map
(14.1) Xemp(G) = CY(G), ™ fr

is Schwartz.
Let AAM be the set of unitary characters of Aps. It admits a normalized measure dy, cf. | ,
(2.4.2)]. The map

V—1lay, — Z]\\/[, X ® a+— (a— x(a)lal®)

is locally a homeomorphism. Let da be the measure on /—1aj, such that this map is locally
measure preserving.
We now assign measures on Xiemp(G) following | , Section 2.7]. Consider first IIo(M). We

assign the unique measure do to IIy(M) such that the map
HQ(M)%AM, O"—)LUU|AM

is locally measure preserving. Here w, stands for the central character of o. Next we consider the
map

Indg (I (M) = Xemp(G), o+ Indg .

This map is quasi-finite and proper, and the image is a collection of some connected components
of Xiemp(G). We thus equip the image with the pushforward measure

1

— 1 dG do.
W(G, M)] M

The measure on Xiemp(G) whose restriction to the image of Ind$ equals this one is denoted by dr.
Near a point mg = Indga € Xiemp(G), this measure can be described more explicitly as follows.
Let V be a sufficiently small W (G, o)-invariant neighbourhood of v/—1a%, such that the map Ind%
induces a topological isomorphism between V/W (G, o) and a small neighbourhood U of my. Then

for every ¢ € C°(U) we have

/u o(r)dm = ’W(éa)’ /V o(ra)da.
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There is unique Borel measure on Xiemp(G) called the Plancherel measure (| Nl ]) and
denoted by dug. It is characterized by that
(14.2) f= frdpg (),
Xiemp ()
for all f € S(G). Here the integration of the right hand side is taken in C*(G), and is absolutely
convergent in the sense of | , Section 2.3].
There is a function g such that dug(m) = pg(m)dr for all T € Xiemp(G). If G = U(V') where V'

is a nondegenerate Hermitian or skew-Hermitian space, then by | , Theorem 5.53], we have
* ,)/* 07 7T7 Ad7 /(/)
(143) () = O

Here S is a certain finite abelian group (the group of centralizers of the L-parameter of ),
cf. | , Section 2.11], and v*(0, 7, Ad, ) is the normalized value of the adjoint gamma factor
to be defined in Subsection 14.4.

14.4. Local Langlands correspondences.

14.4.1. Formulation of the correspondence for arbitrary connected reductive groups. Let G be a
connected reductive group over a local field of characteristic zero F. Let Wgr be the Weil group of

F and
Wg x SLa(C), F non-Archimedean;
WDp =
Wpg, F Archimedean.
the Weil-Deligne group. Let GV be the Langlands dual group of G, and G = GV x W the (Weil
form) of the L-group of G where the Weil group Wy acts on GV by a fixed pinning. A Langlands

parameter is a G'V-conjugacy of group homomorphisms
©:WDp =L@

which are algebraic when restricted to SLa(C) (if F is non-Archimedean), send Wy to semisimple
elements, and commute with the natural projections WDp — Wp and “G — Wp. A Langlands
parameter ¢ is called tempered if the projection of ¢(Wg) in G is bounded in GV. Let ®(G) the
set of Langlands parameters of G and ®¢emp(G) be the set of tempered Langlands parameters.
Let Irr(G) be the set of all irreducible representations of G. The local Langlands correspondence

postulates that there is a finite-to-one map
Irr(G) —» ©(G), 7— ¢r

satisfying various properties. The fibers of this map are usually called the L-packets. We are
interested in the following cases where the Langlands correspondence has been established: F' is
Archimedean, cf. [ l, G =Gy, cf. | |, G is unitary group, cf. | |. The Langlands
correspondence in these cases also natural extends to the product of groups, or restrictions of scalars,

or quotient by the split center. Some useful properties of the local Langlands correspondence is
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listed in | , p- 194]. One notable point is that the correspondences sends Temp(G) t0 Piemp(G)

and this map factors through Xiemp(G). If G = Gy, or its variant, the correspondence is a bijection.

14.4.2. Local Langlands for unitary groups and base change. Let us now assume that G = U(V)
where V' is a nondegenerate skew-Hermitian space (or a product of these groups). Let m,0 €

Temp(G). Then we define m ~ o if ¢ = p,. We then have a well-defined surjective maps
Temp(G) — Temp(G)/ ~, Xiemp(G) = Temp(G)/ ~ .

There is a base change morphism BC : G — LG, given by (g,0) +— (g, J,tg~ J 1, o) where J,, =
1

. This induces a map Pemp(G) = Premp(Grn) between Langlands-parameters

(_1>n—1
and, by composing with the local Langlands correspondence, an assignment

(14.4) BC : Temp(G) — (Temp(G)/ ~) — Temp(Gy,).

Fix a split skew-Hermitian space Vjs and G = U(Vys) (or a product of them). By [ ,
Lemma 2.101], there is a unique topology on Temp(G)/ ~ such that the map Xiemp(G) —
Temp(G)/ ~ is locally an isomorphism, and for every connected component O C Xiemp(G), the
map induces an isomorphism between O and a connected component of Temp(G)/ ~. It follows
that there is a unique measure on Temp(G)/ ~ such that the map Xiemp(G) — Temp(G)/ ~ is
locally measure preserving when Xiemp(G) is given the measure dm. We denote this measure on
Temp(G)/ ~ again by dr.

There is an abelian group S; attached to any m € Temp(G), called the group of centralizer. We
do not need the precise definition of it, but only refer to | , Section 2.11] for a brief description

of its cardinality.

14.4.3. Local ~y-factors. We write (r(s) for the local zeta function of F, i.e.

(1 —gqr)~®, F is non-Archimedean;
Cr(s) =
W’S/QI‘(g), F=R.

Let M be a finite dimensional vector space and ¢ : WDpr — GL(M) a representation of WDpg
that is algebraic when restricted to SLy(C) (if F' is non-Archimedean). We can define the local
L-factor L(s, ), and a local root number (s, ¢, 1), cf. | , Section 3]. Define the local gamma
factor L v)

1—s,0

7(87 ®, 1/1) = 6(87 ®, 1/})7
L(s, @)
where ¢V stands for the dual representation of . Assume that ¢ is tempered, i.e. the image o(Wp)
is bounded in GL(M), then we set

770, ¢,9) = lm(Cr(s))" (s, 0, 9)

where n, stands for the order of poles of (s, ¢, 1) at s =0 (n, < 0 means there is a zero).
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Assume that the local Langlands correspondence is known for the group G. Let r : 'G —
GL(M) be a semisimple finite dimensional representation which is algebraic when restricted to
G" and bounded when restricted to SLo(C). One major example we will encounter is the adjoint
representation

Ad: LG = Lie(GY).

For m € Irr(G) we set

L(S,ﬂ',’f‘) :L(S,TOSOw)a 6(5’7(—77'71/}) :E(S7T0@ﬂ,¢), 7(577T)T7¢) :7(577“0@7”1/}).

If m# € Temp(G) we also set
7*(07 71—7 T? 1/}) = ,7*(07r o SDW71/})'

15. LOCAL SPHERICAL CHARACTERS

15.1. Spherical character on the unitary groups. Let V' be a nondegenerate n-dimensional
skew-Hermitian space. Recall that w and w" are the Weil representation of U(V) with respect to

! respectively. We have w" ~ w. They are realized on S(L") where

the characters v, p and =1, u~
ResV = L + LV is a polarization of the symplectic space Res V.

Let 7 be a finite length tempered representation of Uy. We put
m(m) = dim Homyy, (7 ®w,C).

If 7 is irreducible we have m(w) < 1 by | , .

As every m € Temp(Uy) embeds in a unique representation in Xemp(Uy ), there is a map
Temp(Uy) — Xiemp(Uy). Let Tempy, (Uy) C Temp(Uy) be the subspace of 7 with m(m) # 0.
By [Xue, Proposition 3.4], the natural map

Tempyy;, (Uy) = Xemp(Uv)

is injective, and the image is a collection of connected components of Xiemp(Uy ). We thus give
Tempyy;, (Uy) the topology induced from &iemp(Uy ).
For fy € S(Uy4), we put
(15.1) o, g2),0) = /LV winy(91) f+ (g1, 92), & + 12 = 1)(=2 Trgyp qv (1)),
where g; € U(V) and we write v =1 + 1’ where [ € L and L. This is is local counterpart of (9.3)

and the notation is interpreted in the same way there. It define a continuous isomorphism
S(Uy,+) = S(Uy).

The defining expression makes sense for the functions in C*(Uy) ® S(LY x LY), as the integration

takes place only in the variables in L. We thus end up with a map
C*(Uy)®S(LY x L) — C>(UY),

which we still denote by —*. Note that the image of the map is no longer C*(Uy) ® S(V).
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Lemma 15.1. Let fy € C*(Uy)®S(LY x LV). The integral

f(h,0)dh
Uy

is absolutely convergent and defines a continuous linear form on C*(Uy) @S(LV x LY.

Proof. This is essentially [ , Lemma 3.3]. Strictly speaking, [ | deals with only the case

I being Archimedean, but the non-Archimedean case goes through by the same argument. O

We denote the linear form in the lemma by £. If f € C*(Uy) and ¢1, ¢2 € S(LY) then L takes

a more familiar form
(15.2) L @or@n) = | F0)6 (1652 e,

where we recall that (—, —) ;2 stands for the L2-inner product.
Recall that if f € S(Uy) and 7 is a tempered representation of Uy of finite length, then we put
fr(g9) = Trace(n (g~ Y)m(f)) and fr € C*(Uy). We may extend this to a continuous map

S(Uy4) =S(Uy)8S(LY x LY) = C¥(Uy)®S(LY x L),  fy = frn
Let fy € S(Uy4). We defined a linear form

Jrr(er) = ‘C(f+,7T)‘

The above lemma ensures that this makes sense and J defines a continuous linear form on S(Uy, ).
If f1 = f®¢p1 @ ¢y where f € S(Uy) and ¢y, p2 € S(LY), then the linear form take a more familiar

form

Jo(f @ 1 ® ¢p2) = / Trace(m(h)7(f)){w" (R)d1, P2) r2dh.

Uy
Lemma 15.2. For a fized, fy € S(Uy4) the function on Xiemp(Uv+) given by m — Jo(fy) is

Schwartz. Moreover the map
S(Uv.4) = S(Xemp(Uvi4)), 1= (7= Jx(f4))
18 CcONtINUoOUS.
Proof. For a fixed f; € S(Uy,4), the map
Xiemp(Uy) = C*(Uy)®S(L x L), 7+ finx

is a Schwartz function valued in C¥(Uy) ® S(L x L) by (14.1), and this map depends continuously
on fi by [ , (2.6.1)]. The lemma then follows from Lemma 15.1. O

One main result of [Xuc] is the following.
Proposition 15.3. If 7 € Temp(Uy ), then m(w) # 0 if and only if Jr is not identically zero.

We will also need the following lemma.
138



Lemma 15.4. For all f1 € S(Uy.4) we have
(15.3 O )= [ Jolf)duy (m).
Xtemp(Uv)

The right hand side is absolutely convergent and defines a continuous linear form on S(Uy ).

Proof. The absolute convergence and the continuity of the right hand side follow from Lemma 15.2.
Clearly the left hand side also defines a continuous linear form. We may prove the lemma under
the additional assumption fi = f ® ¢1 ® ¢ where f € S(G(F)) and ¢y, po € S(LV).

By definition we have
01 &o @) = | fa)e @01 F)rd
v
By the Plancherel formula for the group Uy, we have
= frdpuy, (),

Xeemp (Uv)

where the integral is absolutely convergent in C*(Uy ), cf. (14.2). By Lemma 15.1 we have

ousense=[ [ 065, @)

This proves the lemma. O

15.2. Spherical character on the linear groups. We will use the following notation.

e Recall that G, = Resg/p GLy g, G, = GLy r, G = G X Gy, G' = G}, x G, and H = Gy,
which diagonally embeds in G.

e Let B,, the minimal parabolic subgroup of GG,, consisting of upper triangular matrices. Let
T, be the diagonal torus, and V,, the unipotent radical.

e Let e, = (0,...,0,1) € E, and let P, be the mirabolic subgroup of G,, which consists of
matrices whose last row is e,,.

e Define subgroups of G by B= B, x B,, T =1, x1,, N =N, X N,, and P =PF,, X P,.

e We fix a maximal compact subgroup K of G.

e If X is a subgroup of G, we put Xy =X NH.

Let £ is the character of N, given by

E(u) = ¢E((—1)”(u1,2 +. FUp—1p)), uE N,

Put ¥y = £ X E. As a note for the notation, € is used in the previous section to denote an element
in E'. But that element in E' is always taken to be 1 for the rest of this part, and ¢ will stand for
the character we define here.
For W € C*(N\G,¢n) and ® € S(E),), we define a linear form
1
(15.4) AW @ ®) = / W (R)®(enh)p(det h)~|det h|;,dh.

Ny\H
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Lemma 15.5. The integral is absolutely convergent and extends to a continuous linear form on

CU(N\G,¥n) @ S(Ey).
Proof. By the Iwasawa decomposition, the integral is bounded by

1
[ [ wianeeanon - alks, (@)dkda
Ty JKyg

where a = (a1,...,a,) € Ty, a; € E* and §,, the modulus character of the By. By | ,
Lemma 2.4.3], there is a d > 0, such that for all N > 0 we can find a continuous seminorm v,y on
C*(N\G, i), with

1:[ 1+ laa; )™ N (a)2<(a) vy (W).

Here ¢(a) is a fixed logarithmic height function on Tp. Since ® € S(E,,), for any N > 0 there is a

continuous seminorm v, on S(E;,) such that we also have
®(enak) < (1+ |an|) Vi (@).
The lemma then reduces to | , Lemma 2.4.4]. O

For W € C*(N\G, ¥n), define the linear forms
(15.5) BW) = [ Wi (R)dh,
N'\P/
where 7,11(g1,92) = "1 (det g192). By | , Lemma 2.15.1] this integral is absolutely conver-

gent and define a continuous linear form on C*(N\G, ¢¥n).
Let II be an irreducible tempered representation of G. Let W(II,¢x) be its Whittaker model.

Then W(IIL, ¢n) C C*(N\G,¥n) by | , Lemma 2.8.1]. We fix an inner product on W(II, ¢ x)
by
(15.6) (W, Wo) &t = . Wi(p)Wa(p)dp.

N\P

Here dp stands for the right invariant measure on P.

In what follows we will use the following construction. For f € S(G), we put

(15.7) Wigrg) = [ fa7 umbin(wdu, o192 € G.

Then by | , Section 2.14], W¢(g1,-) € S(N\G, ) for any g1 € G. As explained in | ,
Section 2.14], this construction actually extends to all f € C*(G) by replacing [, by a regularized
version [y. By | , Lemma 2.14.1] the resulting function Wy lies in C*(N\G x N\G, ¢¥n K1)n)
and the map

Cw(G)%Cw(N\GXN\G,T/}N @1/17]\7), f0—>Wf

is continuous.
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For f € S(G) and II € Xiemp(G) (note that Temp(G) = Aiemp(G) as topological spaces,

cf. | , Subsection 4.1, p. 245-246]), we put
(15.8) Wit = Wiy € CY(N\G x N\G, oy B i),
Then the map f — Wy is continuous. Moreover by [ , Proposition 2.14.2] the map

Xtemp(G) — Cw(N\G X N\Ga wN X W)’ IT— Wf,l_[

is Schwartz.
We have the Plancherel formula for Whittaker functions, cf. | , Proposition 2.14.2]. For
any f € S(G), we have

(15.9) W= [ Wonduo(.

emp

where the right hand side is absolutely convergent in C*(N\G x N\G, ¢y K y).
Finally by [ , (2.14.3)]

(15.10) Win = Il Y nHw e w,
w

where the sum runs over an orthonormal basis of W(II, ¢ x) and the right hand side is absolutely
convergent in C*(N\G x N\G,¢¥n K y).
Let f € S(G) and ® € S(E,,). Define

(15.11) In(f @ ®) =Y _ MI(f)W, )8, (W),
w

where the sum runs over an orthonormal basis of W(IL, ¢y ).

Lemma 15.6. For fized f and ®, the function on Xiemp(G) given by
I In(f o)
18 Schwartz. Moreover the map
S(G) ® S(En) = S(Xiemp(G)),  [@ @ (= In(f @ D))
extends to a continuous map
S(G+) = S(Xremp(G))-
Proof. The map
S(G) = CY(N\G x N\G,vny K ¢n), f— Win
extends to a map

S(G4) = 8(G)@S(En) — CY(N\G x N\G,vn BYN) ® S(En)

in an obvious way, which we again denote by f. — Wy n where f € S(G).
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With this notation, the identity (15.10) also extends and holds when f; € S(G4). Here the
action of fy on W € W(II,¥y) is given by

/ J+(g,2)lI(g)Wdg

and is an element in W(II, ¢¥y) ® S(E,,). Since the sum (15.10) is absolutely convergent, we conclude
that

(15.12) In(fy) = 175"V 8 B) (W, ).
Here A ® By is the linear form defined in | , Lemma-Definition 2.41]. The rest of the lemma
follows from the fact that IT — Wy, 1 is Schwartz and the map fy — W}, 11 is continuous. ]

Recall that Vs is a fixed split n-dimensional skew-Hermitian space. Also recall that « is the
constant defined in (13.9).

Proposition 15.7. Let fy € S(G1). We have

n(n—1)

- *(0, 7, Ad
(1513) ’YO+(f+) — ‘T|E 1 /I‘ . IBC (f+) |'Y ( , T, 7¢>‘
emp(Uy,

| S|

dr.

The right hand side is absolutely convergent.

The rest of this subsection is devoted to the proof of this proposition. We need some preparations.
Put Ng be the image of N, in S, and ng be its tangent space at 1. They are given the
quotient measure. Then the Cayley transform preserves the measures on Ng and ng. Put nx =
ng x {0} x E~™ which is given the obvious measure. Then we have nx = N, /N] x {0} x E=",

which is measure preserving. Recall that we have a right action of G}, on ¢ given by (12.4). Tt is

proved in | , Lemma 5.73] (cf. Remark 13.12 after (13.8)) that for any ¢ € S(x(F')) we have
n(n+1)
(15.14) 10 =lrlp [ N | el WU et hydaas.
/ 7/1 Ny

This is convergent as an iterated integral.

Lemma 15.8. Let f € S(G) and ® € S(E,,). Then

n(n—1)

(15.15)  AOL(f@ @) = 7|, *

1
/ Wy (h, ) (enh)pu(det )~ det bl i1 (9)dgdh.
Ny\H JNN\G’

The right hand side is absolutely convergent.
Proof. The absolute convergence of the right hand side follows from the fact that

Wy e C*(N\G x N\G,¢¥n X)),
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and the absolute convergence of A and 5. Unwinding the definitions, we see that the right hand
side of (15.15) equals

[ S S

1
F(h urgr, h tuago)é(uruy M) @(enh)|det h|Zpu(det h) ~tn(det g1g2)" dusdusdhdgadgs .

Making a change of variables us +— ujuo and combine the integration over u; and h we obtain

/N;\G; /N;L\G; /H /N

1
F(h g1, h ™t ugge)€(ua) "1 @ (e, h)|det h| Zpu(det ) 'n(det g1g2)™ T dusdhdgadgs.

Make another change of variable h — g1h, split the integral of u € N,, into N, and N,,/N], and
absorb N, into the integration over go € N} \G,,. We obtain

Ty By A

FRY R g uage) € (ua) T (Ry-1 (h) @) (engn)|det g [n(det g1)™n(det g2)" ' dugdhdgadg,.

Recall that for any ® € S(E,,) we have defined the partial Fourier transform

CI)T(J:*,y*) = / O(x+ 27 )Y((—1)"rzy~ )de.

n

Then we have an inversion formula
(15.16) Ba+a7) = |rlf [ @iy (-1 ey )y
It follows that
Rys (M) (engn) = IrlEldetonl ™ [ Ry (1)1 0,07 )0 ((~1)" ey

Plugging this back into the previous integral we obtain that the right hand side of (15.15) equals

/ /// S B g ungn)
(15.17) 064 J61 JGu I S

E(ug) T Ry -1 (B)®)T(0, g7 )9 (=) reny)n(det gi)"n(det go)" ' dyduadhdgadg:

The inner four integrals (the integrals apart from ¢;) are absolutely convergent. This can be
seen as follows. Recall that RL‘I is the unique representation of G, on S(E; x E~™) such that
RL_I(h)Q)T = (R,-1(h)®)" for all ® € S(E;; x E~"). It is isomorphic to R,,-1 and thus of moderate
growth. Thus the function

(913927x>y) — f(gl—lmgl_ng)(R‘ufl(gl)q))T(x)y)

where g1,92 € Gy, x € E; and y € E~", is again Schwartz function on G, x G, x E; x E="

Moreover the map

Gn X Ny /N! X G — G X Gy (g,u,ho) — (971, g uhs)
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is a closed embedding. It follows that the inner four integrals of (15.17) are integrating a Schwartz
function on G, (F) x Gn(E) x E, x E7™ over a closed submanifold, and are thus convergent.

Therefore we can switch the order of the inner four integrals to conclude

(15.17) ’T‘E/ / / Pred 91 U2U2 91,0 91 Y)
’\G/ n/Nl n
E(uz) M ((=1)"reny)dydusdhy.

Here pfgo is defined by (12.1) (or rather the local counterpart). By definition we have

E(uz2) (1) reny) = ¥ ({6, (4,0,9))),

where A € s, and ¢(A) = ugtiz *, and the pairing (—, —) on the right hand side is the one on r

defined in Subsection 12.2 by (13.6). By our choice of the measures the last integral equals

IT@//\G/ / (f @ ®)y(hy 'Y h1)y((€-,Y))dYdha,

which equals

n_ n(n+1)

Tl " 104(F @ D),
by (15.14). This proves the lemma. O
Proof of Proposition 15.7. The absolute convergence of the right hand side of (15.13) follows from
Lemma 15.6, and the fact the function W is of moderate growth, cf. | , Lemma 2.45]
and [ , (2.7.4)]. The continuity also follows from Lemma 15.6.

Since both sides are continuous in f, we may additionally assume that the test function f, is
of the form f ® ®, where f € S(G(F)) and ® € S(E,).
By Lemma 15.8 we have

n(n—1)

1
V0L (f© @) =[]y | / W (hy g)®(enh)u(det h)~|det Al b (9)dgdh.
Ny\H JN\G’

For any fixed h € H, by | , Corollary 3.51, Theorem 4.22] the inner integral equals
st (0,7, Ad ¥)
e [ e
Temp(Uy,, )/~ | 7T|

Here the linear form (3, applies to the variable - and the integral over 7 is absolutely convergent.
Thus

n(n 1)

+n(n 1)
V0L (f & ®) = |7 ® / / Bo(W s 5 ()
Ng\H JTemp(Uy,)/~

07 7T7 Ad7 w)|
|l
For a fixed ®, we denote the linear form W — A\(W, ®) by Ag. Then we have

YO, (f ® @)
(0,7, Ad,¥)|

(n 1)+7L(n 1) - ol ,
=lrlp * / (Ao @ By) (W Bcm) | 3 dr.
Temp(Uvy,, )/ | 7T|
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Moreover by (15.12)

(Ao ® By) (Wrpc(m) = |T’En(n71)IBC(7r)(f ® ®).
It follows that
_n(n-1) *(0,m, Ad, vy
’y ’7T7 M
YVOL(f@®) =[5 * / Igcm (f @ ‘I’)’ ( g )|d7r-
Temp(Uvy,, )/~ | 7T‘
This proves the proposition. O

16. LOCAL RELATIVE TRACE FORMULAE

16.1. Local trace formula on the unitary groups. Let V' be a nondegenerate n-dimensional

skew-Hermitian space. We consider in this subsection fi 1, fo+ € S(Uy4). Put
(16.1) T(hato) = [ [ ][ 5 gha,vha) 5 (g.0)dudgatndne
v /UL, JUy JV

Lemma 16.1. The integral (16.1) is absolutely convergent and defines a continuous Hermitian

form on S(Uy4).

Proof. We will assume that F' is Archimedean. The non-Archimedean case is similar and easier.

As fi L €S (U‘J;), Fatou’s lemma implies that the lemma is deduced from the following fact. For

7

any f; € S(Uy) and ¢; € S(V), i = 1,2, there are continuous semi-norms v on S(Uy) and v/ on
S(V) such that

(16.2) / ' / ' /U ) /V | (hagha) i (vhe) fa(g)da(v)[dgdvdhdhs < v(o)v(@)V (61)0 (62).

Let us fix a norm function on V' as follows. We may choose a norm ||-||y on V' that is invariant
under the translation of K (a fixed maximal compact subgroup of U(V')). The convergence of (16.2)
then reduces to that there exists a d > 0 such that

L[ [ iangha @l + o)1+ foha])dedgdisdha < wenv(e).
v JUy JUy JV
Integrate over hy and ¢ first and change of variables. We are reduced to prove that

/ / / : /Vf3<h2 Lgaha) fa(g) (L + [[o]) (1 + oha]))~“dudhadg,

is absolutely convergent, where f3, f4 are positive Schwartz functions on U(V).

Since S(U(V)) is contained in C(U(V')) (the embedding is continuous), we need to prove
[ 00 g2h) =00 g2)s(g) 1+ el 1+ bal) dodhadge
uw)Juw)Jv

is convergent for sufficiently large d (this is a rather crude reduction, which however works). Using

(), we are reduced to the convergence of

/ =(g2)%(g2)~*dga
Uu(v)
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and
/ / S(h)2(1 + Joll) (1 + [[ohall)~dudh,
uw) Jv

when d is large. The first one is | , Lemma II.1.5]. The second one follows from the Cartan

decomposition hy = kiaks, a € AT, k1, ks € K and
[ @ ol e+ fal) a0 < € far +-arls
1%
for some constant C. OJ

Proposition 16.2. Let f 4, fo+ € S(Uy,4). We have

/ T () T duc(r) = / Oy, f1.)00y. Fas)dy.
Xtemp (Uy) Ars

Both sides are absolutely convergent and define continuous Hermitian form on S(Uy ). Note that
if y € A is not in the image of U$ (recall by our convention this all mean their F-points), then we
take the convention that O(y, fi +) = 0.

Proof. We compute the integral (16.1) in two ways. By Lemma 16.1 we may change the order of

integration. We make the change of variables
hi = by art, g2 = g1go,

then integrate h; and gy first. We combine the variables g, € U(V) and v € V as a single variable
y € YV. We then end up with

T(f17f2)=/ / ppr (y-ha2)es (y)dhady.
YV(F)JUWV) b 2+

Here we recall that ¢ £ is the function defined by (12.5). As Y,Y has a measure zero complement
it

in YV (recall the convention that they stands for the F-point of the underline algebraic varieties),

this equals
/ Oy, fr+)e (y)dy.
VY »t

By the definition of the measure on A,¢ this equals
[, 051500 2
AX(F)
We now compute (16.1) spectrally and show that

(16.1) = /X o, P R ()

Since both sides are continuous in fi 4 and fo , we may assume that fiy = fi ® ¢1 ® @2, fo 4 =
fo® ¢3® ¢pg where f1, fo € S(Uy) and ¢1, ... ¢4 € S(L). First integrate over v € V. Since L?-norm

is preserved under the Fourier transform, the integral (16.1) becomes

L[] ) B G s, o1) " (h) o, a)dgdhrd,
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which equals
// /, (f5 * LW ") f1) (he)(wY (h1)ds, é1)(w" (he)da, da)dhadhy.

Here f5(g9) = f2(g~!) and # stands for the usual convolution product in S(G(F)). Using the

Plancherel formula (14.2), this integral equals

/ / / Trace (m(hy ") m(f3)m(hy )7 (f1))
v YUy J Xremp(Uv)
(WY (h1) @3, 1) (w” (ha) 2, pa)dpu, (w)dhadhy.

Here we need to invoke results from [Xuc]. We defined a linear form
Lo (r@w)@r@w’ — C,

and a map
L>?" . 7 — Hom(7, C*)

there. Integrating over hy first by [Xue, (3.2)], the above integral equals

|/ Trace (w(hy r(f5)L 47 (1) ) (" (h2) oo ba)dpaw, ()b
. Xtemp UV)
Integrating over ho we get

[ e (L)) dpu (),
Xtemp (Uv)

By [Xue, Lemma 3.6] we have
(ﬂ(f;)Lih%ﬂ(fl))m,(i)z — W(f;)m@aLﬂm(fl)m,aﬁz’
and by [Xue, Lemma 3.5] we have

Loa (m(f3)09% Loy m(f1)*192) = Lo (m(f5)%49%) L s (m( f1)P192)).

By definition
Lo (m(f3)195) = Jo(fo @ d3 @ da), Lo (n(f1)%9?) = Jr(f1 @ 1 @ ¢2).

This proves the proposition. ([l

16.2. Local trace formula on the linear groups. Let us now consider fi 4, fo + € S(G4+(F)).
Put

(16.3) T(hte) = [ [ [ @ g @) daandg

Lemma 16.3. The integral (16.3) is absolutely convergent. It defines a continuous Hermitian form
on S(G'(F) x E,). Moreover

(16.4) T'(f1,4 fo.+) :/A . O(x, f1,+)0(z, fao,4)dx

where the integral is absolutely convergent.
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Proof. The proof of the absolute convergence is essentially the same as the convergence of (16.1).

Similar calculation as in the proof of Proposition 16.2 gives that

T/(f1,+7f2,+) = / / Spr (l‘ : g)gpr (ZU)dgdﬂj‘,
xJG, THF 2t
and by definition this equals
/ O(z, f1,+)0(z, f24)dz.
Ars (F)

This proves the lemma. H

We are going to calculate T"(f1 4, f2,4) spectrally. We will assume that fi 4 = fi ® ®; and
fo.+ = foa® Py where fi, fo € S(G) and ®1, Py € S(E),). We need some preparations. The proof of

the following lemma is analogous to Lemma 16.1 and | , Lemma 5.4.2 (ii)], which we omit.

Lemma 16.4. For every ®1, P2 € S(E,) and ¢ € C*(G) the integral
1 -
/ $(h)|det h| 2P (vh) P (v)dvdh
HJE,

is absolutely convergent and defines a continuous linear form in ¢ € CY(G). In particular, if

w2 € C¥(G,), then for every 1 € C¥(G,,) the integral

1 -
| [ ool b whawidodn
is absolutely convergent and defines a continuous linear form on o1 € C¥(G,).

Following | ], for any irreducible tempered representation IT of G, we define a continuous

Hermitian form on S(G) by
(fiofoxm= Y BAA)W)BI(S)W).
WeW(I )

where f¥(x) = f(z~!). Here the linear form # is a variant of 3, cf. (15.5), and is given by
B:CYN\G,9n) = C, Wi (W) = W (p)dp.
N\P’
It is a continuous linear form on C*(N\G, ¢¥n) by | , Lemma 2.15.1]. The subscript X stands

for the symmetric variety G’\G. For our purposes we do not need the details, but only treat

(—,—)x,m as a single piece of notation.

Lemma 16.5. The function
= (f1, f2)x 1

18 Schwartz. The map

S(G)? = S(Temp(Q)),  (f1, f2) = (L= (f1, fa) x,)
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is continuous. Moreover

// N1, f2)xmp(det h)~ 1\dethy @1 (vh)®y(v)dvdh
(16.5) n

n(n—1) 1) -
=lrlp * In(fi ® ©1)In(f2 @ ).
Proof. Let us focus on the proof of the equality (16.5). The proof of the rest is exactly the same
as those in | , Lemma 4.21, Proposition 5.43].
First as [ , Proof of (5.4.2)] the sum of functions

g~ Yo ()W, W) B )W) BIL(f5) W)
Wl,WQGW(H,’L[JN)
is absolutely convergent in C*(G). It follows that the expression

/ /E (LR Wa, Wa) W 5T 1y )W) BTy )W)

"™ Wi, WQGW (IL,Yn)
1 -
p(det k)~ |det h| 281 (vh)®o(v)dvdh

is absolutely convergent and equals the left hand side of (16.5). We can thus switch the order of
the sum and the integrals. We will prove that for all Wy, Wy € W(IL, ¢y) we have

// <H(h)Wl,W2>‘(§Vhitm(deth)*1ydeth\ @1 (vh)®e(v)dvdh
(16.6) n

n(n—1)

=7l 2 AW, &1)A(Wa, @),

which implies (16.5) directly.

First both sides of (16.6) are continuous linear forms on W and Wa by [ , (2.6.1)] and
Lemma 16.4, and thus we may assume that II = II' X II” where II', 11" are irreducible tempered
representations of Gy, and W; = W/ @ W/ where

Wi e W(Ir',€), W e wIl", ).
We claim that for any ¢ € C*(G,,) and any W', WJ € W(IT",€), we have

/ G(h)(TL(h)WT', W) 1 (det h) ™~ 1|deth]]%3<1>1(vh)®2( Ydvdh

n ETL

(16.7) !

-/ / S, g W (W)W () a(dlet hg) ™ det hg| 51 (e0h) B3(eng) dhdg,
n\Gn)2

where we recall that W, was defined in (15.7).
Let us first explain that this implies (16.6). The left hand side of (16.6) equals

[ w was g wy ) et 1) ! det bl @ (o) a(odud.
We obtain (16.6) by applying (16.7) to

¢(g) = (I (g) W1, Wa) &t
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and using (15.10).

Finally we prove (16.7). Both sides are continuous linear forms in ¢ (this follows from Lemma
16.4 for the left hand side, and from Lemma 15.5 for the right), and therefore we may assume
that ¢ € S(G,), which makes everything absolutely convergent. We first replace the integral over
v € E, by g € P,\G,. The left hand side of (16.7) equals

) (R)Wr, W) (et h) 1 det bl |det 9|1 (engh) B (eng)dgdh.
n\Gn
Make a change of variable h +— ¢~ 'h we end up with

. 1 -
/\(G . )¢>(g—1h)<n(h)wl,H(g)W2>VGVnhltm(detg—lh)—1|dethgyg@l(enh)%(eng)dgdh.
nXGn

Here P, embeds in G, x G, diagonally. Plugging in the definition of (— we obtain

_>\GNhitt
- 1 -
/ y | o(g W)W (h)Wa(g)p(det g~ h) ™! |det hg|2®1 (enh) P2 (eng)dgdh.
GnxXGn

Finally we decompose the integration of over N,\(G, x G,,) as a integral over N,, followed by a
double integral over (N,,\G,)? and conclude that the above integral equals

1
/ . gi)(g_luh)f(u)Wl(h)Wg(g)u(det g_lh)_1|det hg| 5 ®1(enh)P2(eng)dudgdh.

By the definition of Wy, this equals the right hand side of (16.7). This finishes the proof of the

lemma. OJ

Proposition 16.6. We have

_n(n=1) S— Y 0, W,Ad,w
Lraa| e (. oo o) L 2 g
Temp(Uy,, )/~ | 7T|
:/ O(z, f1,+)0(x, fo,+)dx
Ars(F)
Proof. By Lemma 16.3, we just need to prove that
—nlnol) — 7 077T,Ada¢
(16.8)  T'(fi4, fo4) = I7lp 2 / Inc(m) (fr4)IBe(n) (f2, +)| 7 5 Nar
Temp(Uv,, )/~ | 7l'|
The absolute convergence of the integral follows from the fact that the function IT — Ir(f]) is
Schwartz, and the function W is of moderate growth.

Since both sides of (16.8) are continuous in both f; 4 and fo 4 by Lemma 15.6, we may assume
that they both lie in S(G) ® S(E,). Thus we are reduced to calculate

T'(f1 @ P1, fo @ D)

where f1, fo € S(G) and @1, Py € S(E,).

Since partial Fourier transform preserves the L?-norm, integrating over E, x E~" first gives

/H / / /G : fi(hxg') fo(x) @1 (vh) Do (v)u(det h) ™ det h@nn“(g’)dvdxdg’dh.




This expression is again absolutely convergent, and hence we can integrate ¢’ and z first.

By [ , Proposition 5.61] the integrals over ¢’ and z gives gives
— T /N 7* Oa , Ad7 w
/ (L(hy 1)f17f2>X,BC(7r)(I)1(Uh1)(I)2(U)’ ( g )|d7T-
Temp(Uy,, )/~ ‘ W‘
Strictly speaking the statement in [ | is not exactly the same as this. But as in | ,

Proposition 5.61], since both sides of continuous linear forms on f; and fo we may assume that
fi, f2 € S(G,) ® S(Gy,), and thus the desired equality boils down to two equalities on G,, and both
follow directly from | , Theorem 4.22] (the case in | ] boils down to one on G,, and the
other on Gp41).

We thus obtain

_ ——[v*(0, 7, Ad,
[ ] W) i 12 i@ 1) (0) O g gy,
H JEyn JTemp(Uyy, )/~ ‘ TF‘
As the case of | , (5.6.9)], this expression is absolutely convergent, and the identity (16.8)
follows from Lemma 16.5. 0

16.3. Character identities. We are ready to compare the relative characters. We begin with the

following proposition, which is a weaker version of it.

Proposition 16.7. For any 7 € Tempy, (Uy), there is a constant k(w) such that
Jr(fY) = 6(m) Incin (f4),

for matching test functions fy € S(G4) and fX € S(Uy.4). Moreover the function
7 € Tempy, (Uy) — k()

s continuous. Here the topology on TempUQ/(UV) is discussed in Subsection 15.1.

Proof. The proof is the same as | , Proposition 4.2.1] and is left to the interested reader,
cf. | , Proposition 5.81]. O

We now compute (7). In theory we could compute it directly using the spectral expansions of
the unipotent orbital integrals. But when F' is Archimedean, due to the lack the matching for all
test functions, we need an a priori computation of |x(m)|, which we could only achieve using the

local relative trace formulae.

n(n—1)
4

Proposition 16.8. For any m € Tempy, (Uy) we have |k(7)| = 7|5 In particular it is

independent of .
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Proof. Take ff+,f2‘f+ € S(Uyy) and fi 4, fo+ € S(G4). Assume that they match, then by
Proposition 16.2 and Proposition 16.6 we have

_ n(n—1)

P) ’7*(077T7Ad7¢)’
|7'|E

Incin (fr4) 80w (f2, dm
/ oy U T (o) 2

-/ ()T () duu, (),
v/ Tempy (Uv)

where the sum runs over all isomorphism classes of nondegenerate n-dimensional skew-Hermitian

spaces. It follows from Proposition 16.7 that

—n(n=1) ——|¥*(0, 7, Ad, ¥
’y ’7T7 9y
7|y 2 / IBC(W)(ler)IBC(w)(fQ,Jr)| ( g )|d7r
Temp(Uy,, )/~ | 7T|
>/ I (1.0 ot (o) () Pdpau ().
Vv TempU/V(UV)
Using the integration formula [ , (2.10.1)], and the formal degree conjecture for unitary
groups [ , Theorem 5.53] (this is one of the main results of | ]), we conclude
_n(n-1) - |~ O Ad w
’y 77r’ )
7lg ? / IBC(fr)(fl,+)IBC(7r)(f27+)| ( 5 N
Temp(Uy,, )/~ ‘ 7T’
(16.9) ;
[7*(0, 7, Ad, 9)|

_ Z Z k(o) IBC(Tr)(fL-F)m |Sx| ar-
Temp(Uv,,)/~ | "/ oeTempU/V(Uv) '

o~

A priori, this identity holds for all transferrable fi 4, fo +. We now explain that it holds for all
fi+, fo+. If F'is non-Archimedean, there is nothing to prove as all test functions are transferable.
Assume F' is Archimedean. Since transferable functions form a dense subspace of S(G), it is
enough to explain that both sides define continuous linear forms in fi 1, fo +. Since for any II €

Temp(G), Iip is a continuous linear form, it is enough to explain that both sides of (16.9) are
d |’y*(077‘;7p“d77/))|

[Sx

absolutely convergent. This is clear for the left hand side, as the map Il — Iy an is of
moderate growth in 7. It remains to explain the absolute convergence of the right hand side. For
this we apply the Cauchy-Schwarz inequality to conclude that if fi 1, fo + are transferable, then
the right hand side of (16.9), when Ipc(r)(fi,+)’s are replaced by their absolute values, is bounded

by

n(n—1)

N

v(fi4)20(fos)

where v us the continuous seminorm on S(G) given by

7l

* 07 Tr’ Ad?w
v(fi) :/ |IBC(7r)(fz',+)|2’7 ( 5 )|d7r-
Temp(Uy,, )/~ | 7T|

Then by Fatou’s lemma and the density of transferable functions we conclude that the same holds

for all fi 4+, fo,+. This proves the absolute convergence of the right hand side.
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Once we have that (16.9) holds for all fi 4, fo 4, we apply the spectrum-separating technique
of | , Lemma 5.82] and conclude that

_n(n—-1)
Tle * Isow) (fr)IBom (for) = Y > |K(0) P I (fre) Tsoe) (2.4
\% UETempUQ/ (Uy)

for each 7 € Temp(Uy,,)/ ~. By the local Gan-Gross-Prasad conjecture | , ], there is a
unique o in the double sum on the right hand side such that o € Tempyy,, (Uy). Since Ipc(r) is not

identically zero, which can be deduced from Proposition 15.3, we conclude that

n(n—1)

|5(@))* = |7lp

for this o. O

Theorem 16.9. For all m € Tempyy, (Uy), we have

n(n—1) n(n+1) n(n+1)
2

r(m) = Irlp © n(@r)" disc V)" u((=1)""'1) "2 A(@)

Proof. For each n-dimensional skew-Hermitian space V', we put

n(n+1) n(n+1)
2 .

ev = n((2r)" disc V)" u((=1)""'7)" 2 ()
If f1 and the collection f}r/ match, by Lemma 13.13 we have
YO (f4) =) evO(L, fY),
Vv
where the sum runs over all (isomorphism classes of ) nondegenerate n-dimensional skew-Hermitian

space. By Lemma 15.4 and Proposition 15.7, we have

—nnzl) *(0,m, Ad, ¥
’y ’7T7 9y

| A L | T )dpo, (7).

Temp(Uvy,, )/~ | 7T| Vv TempU/V(UV)
Using Proposition 16.7, the integration formula | , (2.10.1)] and the formal degree conjec-
ture [ , Theorem 5.53] we have

_n(n=1) * 0 Ad w

’y 77T7 9
aPE / IBC(Tr)(f,)‘ ( 5 N
Temp(Uy,, )/~ |Sx|

(16.10)

% * 0) 7r7 Ad7 w
_ / Z v Z k(o) ey (o) IBC(W)(f/) ( 15| )|d7r.
Temp(UVqs)/N \% aeTempHV<F) (GV (F)) i

o~ T

This identity a priori holds for transferable f’. We now explain that it holds for all f’. If F' is
non-Archimedean, the all f’ are transferable. If F' is Archimedean, this holds for all transferable
f'. Assume that F' is Archimedean. Then as in the proof of Proposition 16.8, we need to explain
that both sides are absolutely convergent. The left hand side is clear as Il — 7 is Schwartz. The

absolute convergence of the right hand side follows from the additional fact that |k(o)| is a constant
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for all 0 € Tempy(y)(Uy) by Proposition 16.8, and that the inner double sum contains a unique
nonzero term by the local Gan-Gross-Prasad conjecture.
Using the spectrum separating technique as explained in [ , Lemma 5.82], thanks to Propo-

sition 15.3, we conclude that

_n(n=1)

S Y ko)=llp

v o€Tempy () (Uy)
o~

By the local GGP conjecture again, there is a unique nonzero term on the right hand side. The

theorem then follows. OJ

16.4. Character identity and matching. Let V be a nondegenerate n-dimensional skew-Hermitian
space. For any 7 € Temp(Uy ), let k() be as Theorem 16.9. The following theorem characterizes

the matching of test functions via spherical character identities.

Theorem 16.10. Let f} € S(Uy,1), f+ € S(G4). The following are equivalent.

(1) For all m € Tempyy, (Uy) we have
k(M) Ipc) (f+) = J=(f)-
(2) For all matching x € G4 and y € Uy we have
Q2)0(z, f+) = Oy, V).

Proof. (2) = (1) is Proposition 16.7. Let us prove that (1) = (2). Let fl‘er € S(Uy4) and
fi+ € S(G4) be matching test functions. By Proposition 16.2, Proposition 16.6 and Theorem 16.9,

we have
(16.11) / Oz, )00, fry)dz = / Oy, 1V)0( 1 )dy.
Ars(F) Ars(F)

Let x € A, be a regular semisimple point, and U C A, a small neighbourhood of it. Since the
maps GT — A and Uj, — A are locally a fibration near x, we see that for any ¢ € C2°(U) there

are fi 4+ and fl‘{Jr such that
p(z) = Q2)0(z, fi.+) = Oz, f1).
By definition f; 4 and fl‘{ 4 match. Since ¢ is arbitrary, we conclude from (16.11) that
Q2)0(z, f+) = Oy, f{).

This proves (1) = (2). O
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17. THE SPLIT CASE

17.1. Setup. We now make a few remarks on the case £ = F' x F'. The Galois conjugation c swaps
the two factor of E. The objects that we have worked with in the previous sections make perfect
sense. In particular, we can speak of regular semisimple elements, orbital integrals, and spherical
characters.

We can find a 71 € F* such that 7 = (71, —71). We have a nontrivial additive character 1
of F and % ((x1,22)) = 9 (mi(x1 — x2)). The character u takes the form p = (u1, ;") where
w1 is a character of F'*. We have the identification G = G, x G, = (G, x G) x (G, x G1),
H =G, = G, xG,, embedded in G via (hy, ho) — ((h1, h2), (h1,h2)), and G’ = G}, x G, embedded
by (g1,92) — ((91,91), (92, g2)). The symmetric space S, consists of elements of the form (a,a™!)
where a € G),. Tt is identified with GJ, via the projection to the first factor. The projection
v: Gy — Sy is given by (a,b) — (ab~',a='b). The partial Fourier transform —' is given by

S(Ey,) = S(F, x Fy) = S(F, x F™),  ®'(z,y) = / Sl +z,l —2)((—1)"nly)dl

Here we have made the identification that E~ = {(x, —x) | v € F'} = F. Recall thatif f = fi® fa €
S(G) where f; € S(Gp), and @ € S(F), x F,), we have defined a function ¢ sge)r € S(X) by (12.1).
Fora €G!,z = ((a,a '), w,v) € X =8, x F, x F", we have

(17.1) P(rea)t(T) = /G /H fi() fa(h (@, 1)g) (Ry-1 (h)®) (w, v)dhdg.
The orbital integral equals
O((((1,1), (a, 1)), w, v), f © ®)

(17.2)
—/fl(hflhil, hy V) fa(hy g1 aga, g1 g2) (R ((h1, 1))®) T (wgr, g7 v)dhidhadgidgs.

Here the integration is over hq, ha, g1, g2 € G1,.
We identify the skew-Hermitian space with V' = F" x F" with the skew-Hermitian form given
by

qv((z1,72), (y1,92)) = (2192, — "T201).

A polarization of ResV is given by
ResV=L+L", L={0,2)|zecF"}, LY={(0)|xz¢cF"}.

Identify U(V) with the subgroup {(g,'g™%) | ¢ € G.} of Gy, which is isomorphic to G/, via the
projection to the first factor. Then Uy is identified with G}, x G}, and U(V) = G), embeds in Uy
diagonally. Identify both L and LY with F". The Weil representation w is realized on S(LY) and
is given by

w(g)d(x) = |det g2 (det 9)p('gx), ¢ € S(F™).
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We observe that the representation w¥ ® w of G, x G/ is isomorphic to R,,-1. The partial Fourier
transform —? is
S(F" x F") = S(F" x F"), (d1 @ ¢o)H(z,y) = | ¢1(u+w)da(u — 2)9(=2"uy)dl,
Fn
cf. (15.1).

Recall that if fV = f/ @ £y € S(G!, x GL), 1V, fy € S(GL), and ¢Y,¢Y € S(F™), we have
defined a function PV oY @Y )i by (12.5). Though there is only one V', we write the supscript to
distinguish the notation from the GL-side. If a € G}, and y = (a,w,v) € Y = (G}, x G},) Xx F" x F"
is regular semisimple, then we have
(17.3) Plreses)t(Y) = . Flg M (La)(w" (9)¢1 @ ¢2)* (2, y)dg.

The orbital integral equals

O(((1,a), (z.9)). f" ® o1 ® p3)
17.4
e = /G [, WD (g ag) (WY (e © 6F ) ‘gz, g™"y)dhdy.

17.2. Matching. Let us now consider the matching of orbital integrals. Let

T = ((91792)7w7v> S G+7 Yy = ((a17a2)7$7y) € U¢7

be regular semisimple elements. Put v = v(g;'g2) € Sp ~ G, and § € aj'ag € U(V) =~ G,.
By definition they match if v and § are conjugate in G!, and wy‘v = 2(—1)"*17‘1_1 txdty for all

i=0,...,n— 1. The latter condition is equivalent to (—1)"rwy'v = —2txd'y.

Lemma 17.1. Take fi1, fi2, fo1, fo2 € S(G},), ¢1,¢2 € S(F,,). Put

n(n

fi=fu1® fi2, fo= fa1 ® fa2 € S(Gr), f=pm(-1) 2 f1® f2 € S(G),

and

R o=, ff = fax fn € S(G), [V =1 ®f €S(G, <G,
and a function ® € S(E,) by

O('z,y) = oY (2)8Y (y), =x,y€ F™

Then f @ ® and fV @ ¢} ® ¢y match.

Proof. This follows from the explicit form of the orbital integrals (17.2) and (17.4). The factor

u1(—1) o comes from the transfer factor. Indeed, in this case, for any regular semisimple
n(n+1)
((91,92),w,v) € G, we have Q(((g1,92), w,v)) = p1(=1)" 2 . O

We can define the spherical characters as before. With the above matching, we have the same
character identity. Let s be the constant as defined in Theorem 16.9. Since £ = F' x F'| it simplifies

to
_n(n-1) n(n+1)
f=nlm T (=1)
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The following is the split version of Theorem 16.9.

Proposition 17.2. Let 7 = o1 @ 03 be an irreducible tempered of G,, x Gl,. LetII; = 0, @0, be the

(split) base change of o; to G,,. Put Il =11} ® Ila, which is an irreducible tempered representation
of G. Let f,®, fV, oY, 0y be the functions defined in Lemma 17.1. Then

J=(fY @ ¢l ® ¢y) = kIn(f @ ).

Proof. Let
&i(u) =Y(r(uiz + -+ un—1n)), uweN,
be a generic character of N}, and we let Wi = W(a1,&1) and Wa = W(09, &) be Whittaker models

of o1 and oy respectively. The factor 7 appears for compatibility with the Whittaker model used
in the nonsplit case. Let WY = W(oY,&1) and WY = W(ay,&1) be the Whittaker models for oy
and oy respectively. If W € W;, we define WY € WY by

WY (g) = W(wn g ™)

where w,, is the longest Weyl group element in G, whose antidiagonal elements equal one. If W
runs over an orthogonal basis of W;, then WV runs over an orthogonal basis of W)’.

By definition we have

I(fY el @)= / (o1 (R (f1 YW1, W)V aa(R)o (3 ) Wa, Wa) VP (W (R) 1, §a)dh.
Wy, Wy Y G
where Wy, W5 range over orthonormal basis of Wy and W, respectively.
We now compute I;. The linear form 3 in this case reduces to a pairing between W; and W),
i =1,2. It follows that

In(f ©®) = u(~1)"% D Mor(fi)Wi @ oa(for)Wa @ ¢1)A(01(fi2) WY @ 02(fa2) Wy ® o),
W1i,Wa

where Wy and W5 run over orthonormal bases of W; and Ws respectively. It also equals

In(f@®) = m(-)"7" Y Mor(f)Wi ® 02(f2) Wa @ b0)AWY © W' & o).
W1,Wa

We identify W) with W;. Then the proposition follows from the next lemma. It is part of the
proof of this proposition, but we list it as a separate lemma as it is maybe of some independent

interest. O

Lemma 17.3. Let the notation be as in the above proof. For any W; € Wi, i = 1,2, and ¢ € S(F,),

we have
n(n—1)

7| 2 AWy, Wa, @)A(Wr, Wa, ¢)

= [ W W ()W, W)V (1) )
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Proof. For the proof of this lemma, it is more convenient to use the Whittaker models W(a;, §),
i = 1,2 where
E(u) =Y(uig+ -+ Un—1,), u€N,
is a generic character of N}, i.e. without the factor 7. Put temporarily
e = diag[r] 1,772 1] € Gu(F).
If Wi € W(03,€), then W € W(04,&1) where
Wi(g) = Wi(eg).

With this change, for W; € W(0;,§), i = 1,2 we have

n(n+1)(n—1) n(n—1)(n—2)

)‘(WIG7W2€7(I)) - ’7_1’ 6 /\(WI;W%@): <Wi€7Wi€>Wh = |7—1‘ 6 <W17WZ>Wh
The desired equality in the lemma thus reduces to

(17.5) AW, Wa, ¢1)A(W1, Wa, ¢2) = /G (F)<Ul(h)W1,W1>Wh<02(h)W2,W2>Wh<wv(h)¢a ¢)dh
for all W; € W(0;,§).

Both sides of (17.5) define nonzero elements in

HOHIG% (0'1 @)Jg @S(Fn), C) & HomG%(Ul @O—Q @)S(Fn), (C),

and this Hom space is one dimensional by | , ]. It follows that (17.5) holds if we could find
some W; € W(0y,€),i=1,2, and a & € S(F},) such that (17.5) holds for this choice and is nonzero.
To achieve this, we are going to reduce it to an analogues statement for the Rankin—Selberg integral

for G, x G7, |, proved in [ , Proposition 4.10].
We will consider a G}, naturally as a subgroup of G, ;, by g — g L) g € G!,. Recall that if o3

is an irreducible tempered representation of G, |, then it is well-known that that C2°(N;\G,, ) is
contained in W(o;, ), cf. | , Theorem 6] and [ , Theorem 1]. Let f € C°(N),_;\G.,_1,§),
then there is an Wy € W(02,&) such that Wyl = f. Let ¢ € C°(F,—1 x F'*). Consider the

function on G, given by
_ 1
(9) = Wy(g)n(det g)~"[det g|Z d(eng).
By the above choices we conclude that ¢ € C°(N/\G.,&). Let o3 be an irreducible tempered

representation of G7,_ ;. Then there is a W, € W(03,§), such that its restriction to Gj, equals ¢.
By | , Proposition 4.10] for any W7 € W(o1,£) we have

(17.6) N (W, W )N (W, W,,) = / (o1 (W)W, W)W (a3 ()W, W) Whdh.
@,
Here X' stands for the Rankin-Selberg integral for G}, x G4, i.e.
NWy,W,) = [ Wi(h)W,(h)dh.

Gh
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By our choices we have
N (Wi, W) = AW, Wi, ), (W, W) V0 = (Wy, W) V2(6, 6).

Thus the equality (17.6) reduces to (17.5). It is clear from the above construction that we can
choose Wi, f and ¢ such that the above integrals do not vanish. This finishes the proof of the

lemma, and hence Proposition 17.2. U

The local trace formulae Proposition 16.2 and 16.6 played important roles in the proof of the
local character identity Theorem 16.9. Let us mention that the same local relative trace formula
hold under the current assumption that £ = F x F. The proof goes through with only obvious
modification. Note that the counterpart of | , Theorem 5.53], i.e. the formal degree conjecture,

holds for general linear groups by | ].

18. GLOBAL COMPARISON OF RELATIVE CHARACTERS FOR REGULAR CUSPIDAL DATA

18.1. Preliminaries. We are back to the global situation, so E/F' stands for a quadratic extension

of number fields.

18.1.1. Levels. Throughout this section, we will work with Schwartz functions of a fixed level. Let
VF.oo be the set of Archimedean places of F'. Let S be a finite set of places of F' containing Vg o
as well as the ramified places of E/F. We denote by H® the finite set of nondegenerate skew
c-Hermitian spaces of rank n that admit a selfdual O, -lattice A, for every v ¢ S. If V € HS, for
every v ¢ S the groups G and Uy admit models over Op,, and we have open compact subgroups
K, := G(OF,) and Ky, := Uy(OF,) (the stabiliser of A,). For each finite place v € 8\Vr o, let
K, C G(F,) and Ky,,, C Uy(F,) be some open compact subgroups. Set

K*:= ][] K, ][Ev and K= [] Ei,][Eve

vES\Vr, o0 v¢gs vES\VF, 00 végs

At each finite place v we have decompositions
S(G1(Fy)) = S(G(Fy)) ® S(By,p) and S(Uy,4.(Fy)) = S(Uy (F,)) @ S(Ly) @ S(Ly).

We have left and right regular actions of G(F,) (resp. Uy (F})) on the first factors. Let S(G4(A), K*°)
and S(Uy4(A), K{°) be the subsets of bi-K*° invariant (resp. bi-K{® invariant) functions of

S(G4+(A)) (resp. S(Uy4(A))). Denote by S(G(A), K*) and S(Uy(A), K7°) the usual Schwartz

spaces of bi-invariant functions. Note that S(G(A), K*) ® S(Ag,,) is dense in S(G4(A), K*)

(resp. S(Uy(A), K{°) @ S(LY(A)) ® S(LY(A)) is dense in S(Uy 4 (A), K{P)).

18.1.2. Multipliers. Let T be the union of S\ Vi and of the set of all finite places of F' that are
inert in F. Denote by MT(G(A)) the algebra of T-multipliers defined in [ , Definition 3.5]

relatively to [[,or Kv. Any m € MT(G(A)) gives rise to a continuous linear operator mx of
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S(G(A), K°). They satisfy the following property: for every irreducible admissible representation
p of G(A), there exists a complex number m(p) such that for all f € S(G(A), K°°) we have

(18.1) p(m* f) =m(p)p(f).

At the level of restricted tensor products, there exists a finite set of places 8’ containing Vi oo
and disjoint from T such that, for any f = fg @ f5 € S(G(A), K*°), we have

(18.2) m* f=mg * fg @ f°

where mg* is a continuous linear operator of S(G(Fy),Kg®) the subalgebra of S(G(Fy)) of
Schwartz functions which are HUGS,\VFW K, bi-invariant.

We extend any multiplier m € MT(G(A)) to S(G+(A), K*) by acting trivially on the last factor
of S(G(A), K*) ® S(Ag ) and using density.

For V € HS, denote by MT(Uy (A)) the algebra of T-multipliers of Uy (A) relatively to vaT Ky,.
We have similar statements as above, and in particular we extend any my € MT(Uy(A)) to
S(Uv,+(A), K77).

18.1.3. Cuspidal data and Arthur parameters. Let m be an irreducible automorphic cuspidal rep-
resentation of Mp(A) the standard Levi of some standard parabolic subgroup P of G, and set
I = Ind§%)

o P(4)
of section 1.1, and denote by xo € X(G) the cuspidal datum represented by the pair (Mp, 7). It

7. Assume that I is a (G, H, u~!)-regular Hermitian Arthur parameter in the sense

follows from Remark 10.1 that xq is a (G, H, p~!)-regular Hermitian cuspidal datum in the sense
of section 10.2. Moreover, let IIy be the discrete component of II (see Subsection 1.1). Enlarging S
and shrinking the K if necessary, we assume that IT admits non-zero K°-fixed vectors.

Recall that L, is a Levi subgroup of G containing Mp defined in section 10.2, and that we
introduced in (1.2) the group St. Its order is

S| = 2dim(aL7r)fdim(a§[P)'

Recall that the weak base change was defined in section 1.1. For V € HS, we denote by .’{K C
X(Uy) the set of cuspidal data represented by pairs (Mg, ,o) such that we have the following

conditions.

e II is a weak base change of (Qv, o).

e 0 is J[,¢s(Mg, (Fy) N Kv,y)-unramified.

e with the identifications Mg = G' x U where G* is a product of linear groups, and U =
U(V1) x U(V,) with V; and Va being two skew c-Hermitian spaces, we have o = of X oy,
where o9 is a cuspidal automorphic representation of U(A) and for all v ¢ TU Vi o, the

representation Ilg , is the split base change of o .
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It follows from the first point and the conditions on II that such a (Mg, , o) represents a (Uy, Uf,, = 1)-

regular cuspidal datum in the sense of section 11.2. Moreover, we have a natural isomorphism
LW7
(18.3) be:ay; — aMQV

Indeed, if we write Gf = [[ G, where the m; are integers, we have a*MQV = @,;a;, - But
[1Gm; X G, is also a factor of Mp, so that a}“wQ &) a}k\/jQ =@, (a*G ®ag ) is a subspace of
ajs,- The map (18.3) is now the inverse of z — (z, —z) whose image is aﬁ/[ In particular, aﬁ/l

is isomorphic to ajj defined in (1.3). Via be, the pullback of the measure on ia}‘\/[QV is 2dlm(a§1p*)

times the measure on zaﬁ/l ¥ where we recall that the measures on these spaces were defined in
Subsection 4.5.2.

18.1.4. Relative chamcters. Let II be as in the previous section. Recall that we have defined in
(10.25) for every A € ia” 1; a distribution Iy, , which we have extended by continuity to S(G+(A))
by Lemma 10.8.

On the unitary side, let V' € H® and let (Mg, ,0) be a representative of a class in %K . Then
we have defined in (11.5) for every A € iag,, the distribution Jgy.o(A,-), extended by continuity to
S(Uy,+(A)). We define for A € iaﬁ/f:

(18.4) T = > Jgyelbe(N), f1),
(MQV7 o)

where the sum ranges over representatives of classes in %K Note that this is independent of the
chosen representatives by Lemma 11.2. This sum is absolutely convergent with uniform convergence
on compact subsets by a strengthening of | , Proposition 2.8.4.1] using | , Corollary 0.3]

(see the discussion in | , Section 7.1.5]). In particular, it yields an holomorphic function in A.

18.2. A global identity.

Theorem 18.1. Let fi € S(G4(A), K*) be of the form fi = AS *AS o 4.8 % Hu¢s la, (0,) where
frs € S(G4(Fs)), and let fY € S(Uy4(A), KP) for every V. € HS. For V. ¢ HS, set f/ = 0.

Assume that fy and {f v match in the sense of Section 13.2.2. Then for every Ay € zaJLV}” we

have
(18.5) > T (o, £Y) = ISul " Iy, (f4)-
VeHs
Proof. The proof is very similar to | , Theorem 7.1.6.1] and uses multipliers. We recall below
the main steps. The following two lemmas are [ , Lemma 7.1.7.1] and | , Lemma 7.1.7.2].

Lemma 18.2. Let V € HS and \y € zab be in general position. There exists a multiplier

my € MT(Uy(A)) such that we have the following conditions.
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(1) For all fV € S(Uy(A), K3F), the right convolution my * f¥ sends L?([Uy]) into

—

()

v
XEX] X

(2) For (Mg, ,0) € X}, we have my (IndgY (a3c(x))) = 1.

Lemma 18.3. Let \y € iaI](/};*. There exists a multiplier m € MY(G(A)) such that we have the
following conditions.
(1) For all f € S(G(A), K*), the right convolution m * f sends L*(G(F)Aq(A)\G(A)) into
L3, ([G)).
(2) We have m(II,,) = 1.

Let A\g € iaJL\j’I;* in general position, and take the multipliers m and my given by Lemma 18.2
and Lemma 18.3 for V € H5. By | , Lemma 4.12], we may assume that the my are base
changes of m in the sense of [ , (4.7)]. This implies that for every large enough finite set

of places 8" disjoint from T and every oy € Tempyyy(g,)(Uy (Fy)) we have
(18.6) mg (BC(og)) = myg (0w),
where the local base change BC was defined in (14.4).

Lemma 18.4. Let f+ € S(G4(A),K™®) and fY € S(Uy(A),K®) for V.€ HS. Set fY =
my * fY =0 for V¢ HS, and assume that fi and {fY}v match in the sense of section 13.2.2.

Then m x fy and {my * f¥ }v also match.

Proof. For every v ¢ S that is inert we have (m * fy), = lg, (0,)- It follows from the fundamental
lemma (Theorem 13.9) that for every V ¢ HS the function m * fi matches with 0 = my * f} €
S(Uy4+(A)). Assume now that V € H5. Let 8’ be a finite set of places such that m and the
my act trivially outside of 8" as in (18.2). It is enough to show that m and my preserve the
matching at the places in 8'. By Theorem 16.10 and its split counterpart Proposition 17.2, if
f+ € S(G4(FY),Kg) and fY € S(Uy 4 (Fy)), Ky) match, then they have matching local relative
characters. By (18.1) and (18.6), mg * fy and myg = f} also have matching relative characters.
It follows from Theorem 16.10 and Proposition 17.2 again that they match, which concludes the
proof. O

By Lemma 18.4 and Theorem 13.11 we have for each o € A(F)
Io(mx fo) = Y Jo (my  fY).
VeHS
By Theorems 7.7 and 9.7 we obtain the spectral identity
(18.7) Yo Limsf)=> Y T (mvxf),

XEX(G) VeHS xex(Uy)
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where both sides are absolutely convergent. By Theorem 6.8 and Lemma 18.2 for the LHS, and by
Proposition 8.8 and Lemma 18.3 for the RHS, (18.7) reduces to

L,(mx* fy) = Z ZJVmV*f+)
VEHS xex]
By Theorems 10.10 and 11.5, and an easy change of variables, (18.7) reads

2dim(a’iw)/Lﬂ I, (mos fy)d\ = Z Z/ Jgo(A mv*f+)
jay ™" wQ

Mp VeHS x
_di Ly, *
—9 may, Z /Lm* Jll[/()\,mv * f_‘:)d)\
Vens " up
where (Mg, o) is a representative of x € .’{K Note that all the integrals are absolutely convergent

by Theorem 10.10 and Proposition 11.3. We now use the same spectral separation techniques as
in [ , Theorem 7.1.6.1] to conclude. O
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Part 5. Proof of the main theorems
19. PROOF OF THE GAN—GROSS—PRASAD CONJECTURE: EISENSTEIN CASE

In this section we prove the Gan-Gross-Prasad conjecture for (G, H,u~!)-regular Hermitian
Arthur parameters stated in Theorem 1.2, and its refinement Theorem 1.5. We will use the notations

of Section 10, Section 11 and Section 18.

19.1. Proof of Theorem 1.2. The proof follows from the comparison of trace formulae established
in Section 18 and is very similar to | , Theorem 1.2.3.1]. We recall the main steps.

Let II = Indggﬁg 7 be a (G, H, p~1)-regular Hermitian Arthur parameter in the sense of Sec-
tion 1.1, and let A\ € iaﬁ/};* = iaf;. By continuity, the relative character Iy, defined in (10.25) is
non-zero if and only if it is non-zero on pure tensors, which happens if and only if the linear forms
Z};”S(-, -, 11, 0) and 3, are non zero on W(II\, ¥n) ® S(Ag,,) and W(II, ¥n) respectively, where we
recall that W(IILy, ¢n) is the Whittaker model of ITy. We have the following properties.

e By | ] and | ], Z};S(-, “, 4, 0) is non zero if and only if L(%,HA ®@pu~t) #0.
e By | I, [ , Proposition 5] and [ |, By is always non zero on Wry,.

On the unitary side, let V be a nondegenerate skew c-Hermitian space of dimension n. Let ¢ be
an automorphic cuspidal representation of Mg, (A) a Levi subgroup of a parabolic subgroup Qv
of Uy. Assume that II is the weak base change of (Mg, , o) (see Section 1.1). Recall that we have
defined in (18.3) a linear map be. It follows from (11.5) that Jg, »(bc(A),-) is non zero if and only
if the period P(-,,bc(A)) is non zero on Ag,, »(Uy) @ S(LY(A)). Therefore, Theorem 1.2 amounts

to the equivalence of the following two statements.

(A) The distribution 17, is nonzero.
(B) There exists a V', a parabolic Qy of Uy and a cuspidal representation o of Mg, such that
IT is the weak base change of (Mg, ,0) and Jg, +(bc(X),.) is non-zero.

19.1.1. Proof of (A) = (B). Let S be a sufficiently large finite set of places of F' containing
the Archimedean ones. For each v € 8\ Vp o take K| C G(F,) to be an open compact subgroup,
and for each v ¢ S let K, be a maximal open compact subgroup of G(F,) as in Subsection 18.1.
Define K = Hves\VF,oo K, [1,¢s Kv and assume that Irr, is non zero on S(G4(A), K*) (which
implies that II) has non-zero K *°-fixed vectors). As Iy, is continuous, by the existence of transfer
in the non-Archimedean case and its approximation in the Archimedean case (Theorem 13.4) and
the fundamental Lemma (Theorem 13.9), up to enlarging S and shrinking K we may choose
f+ € S(G+(A),K*) and a collection of fY € S(Uy4(A), K¥) for V € HS which satisfy the
hypotheses of Theorem 18.1 and such that Iy, (f1) # 0. The result now follows from the comparison

of global relative trace formulae in Theorem 18.1.

19.1.2. Proof of (B) = (A). Choose

e S to a finite set of places of F' containing the Archimedean ones,
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oV cH5, K{,’v C Uy (Fy) an open compact subgroup for each v € 8\ Voo, Ky, C Uy (Fy)
a maximal open compact subgroup for each v ¢ S as in Subsection 18.1,
e a standard parabolic subgroup Qv of Uy and a cuspidal representation o of Mg, (A),
o gY = 9" @ ¢1© ¢y € S(Uy1(A), K®), where K3 := [T,eqvvp. Ky [ogs Kvios
such that

e the cuspidal datum represented by (Mg, , o) belongs to X}; (see section 18.1.3),
o Javobe(N), gY) £ 0.

Set fY = g" % g"* ® ¢1 ® ¢1, where g""*(h) = gV (h=1). Then we have JQ/VJ/(bc()\), ffy>o0
for all pairs (Qf,,0’) in X}j, and moreover Jg,, »(bc(N), 1) > 0. This yields JY (A, f{) > 0. For
V' € HS different from V, set fY" = 0. Then we have

> M) >0
VIeHs
As the LHS is continuous, by the existence of non-Archimedean transfer and the approximation
of smooth-transfer (Theorem 13.4) and the fundamental Lemma (Theorem 13.9), we may assume
that there exists an open compact subgroup K> of G(A¢) and fy € S(G4+(A), K*°) such that fy
and {fY} satisfy the hypotheses of Theorem 18.1 and > /o TN FY') # 0. The result now

follows again from the comparison of global relative trace formulae in Theorem 18.1.
19.2. Proof of Theorem 1.5.

19.2.1. Setting. Let V be a nondegenerate skew c-Hermitian space of dimension n. Let Qv =
Mg, Ng, be a standard parabolic subgroup of Uy, and o = ®/,0, be a cuspidal representation of
Mg, (A) which is tempered everywhere. The group P = Resg,p(Qv xr E) can be identified with
a parabolic subgroup P = M N of G. By | | and [ |, o admits a strong base change
m to M, i.e. for all place v we have 7, = BC(o,) where the local base change map was defined
in (14.4). In particular, IT := Indggg 7 is a weak base change of (Qy,0). It follows that 7 and
IT are tempered everywhere. We now assume that II is a (G, H, 4~ !)-regular Hermitian Arthur
parameter, and choose \ € iaif: = 1ay].

We pick S a finite set of places of F' containing all the Archimedean ones and such that F/F' is
unramified outside of 8, V € H5, and oy, ¥, and pu, are unramified outside of S.

For G € {GL,,,G,,U(V)}, we have defined a local measure dg, on G(F},) in Subsection 14.2. By

Remark 14.1, the normalized product
(19.1) dg = (A%) " [[ Aedge

is a factorization of the Tamagawa measure on G(A) defined in Subsection 3.4. For unitary groups,

for every place v of F' and finite set of places S of F' we have the explicit values
(192) AU(V),’U = HL<Z7nlEU/E,)7 A%(V) = HLS(Z7nZE/F)7

i=1 =1
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where ng, /p, (resp. ng/p) is the quadratic character attached to E,/F, (resp. E/F) by class field
theory, and L is the Artin L-function (resp. L® is the partial Artin L-function).

19.2.2. Factorization of relative characters on the general linear groups. Let v be a place of F. Let
W, be in the Whittaker model W(II, ,,, ¥n,,) and ®, € S(E,,). We have defined in (15.4) the
local Rankin—Selberg integral, in (15.5) the local Flicker—Rallis integral and in (15.6) the Whittaker

inner-product respectively by

Mo (W, @) = / W) (Ryi-1 () ®0) (e ),
NH(Fv)\H(Fv)

Bn,v(Wv) = / Wv(pv)nnJrl(pv)dpva
N'(Fy)\P (Fv)

Wo Wobwnin = [ Wy (p.)2dp..
N(Fo)\Pnn(Fy)
It was shown in Subsection 15.1 that these integrals are absolutely convergent as II) , is tempered.

As in (15.11), we define the local relative character to be

)\v (H)\,v(fv)Wv7 q)v)ﬁn,v(wv)

Int, o(fo @ @) = Z (W, Wa) Whittv

Wy

» Ju € S(G(Fy)), @y € S(Enp)-

where W, runs through an orthonormal basis W(IIy ., ¥n,). This character extends by continuity
to S(G4+(Fy)) by Lemma 15.6.
If IT = I1; X Iy we set

n+1)

L(s,I1, Asg) = L(S,Hl,As(fl)nH)L(s,Hg,As(*l)

)

L(s,TT, As) = L(s, Ty, AsCD") (s, TTy, AsCD").

where L(S,Hl,As(fl)i) and L(S,HQ,AS(il)i) are the Asai L-functions.
By | , Section 3] and the equality vol H(O,) = A for almost all v (see (3.1)), up to
enlarging S we have for v ¢ S, Wy € W(Il),, ¥n,)* with W5(1) = 1 and @, = 1o, , the

unramified computation
o — - 1 —
(19.3) Ao(I o (Lg(0,)) Wy, ®0) = AG}vAH}UL(ﬁ,HA,U ® pyt).
For a sufficiently large finite set S of places of F', set

(19.4) (W, W) white = (AZ*)_ILS’*(LHA,Ad)/ W (ps)|*dps,

N(FS)\Pn,n(FS)
where L(s,IIy,Ad) = L(s, I\ x IIY ) L(s, T\ x IIy,). Let W = @, W, € W(II),¢n) and
¢ = @, P, € S(Ag,) be factorizable vectors. By Theorem 10.4, the definition of the global

Flicker—Rallis period in (10.18), and the factorization of the Tamagawa measure given in (19.1), we
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have the factorizations for S large enough

Zi{S(W,Qu,O):(AZL*)_l(Ai’,*)_lLS J @ u ) ] A (W, @)

vES
By(W) = (A ' L3* (1,1, Asg) [ [ By (W),
vES
(W, W)whiee = (AZ") ' L3*(1, 10, Ad) [ [(Wo, Wo) whitt.os
vES

where L® and L5* are the partial L functions outside of S (resp. its regularized value at s = 1).
The following is | , Theorem 8.1.2.1].

Theorem 19.1. For all ¢ € Il and A € ia},, we have
(0, 0)pet = (W, A), W, A))white-

Our global relative character Ir;, can therefore be written as

Z Z};{S( (IP(f’ ) )Q) 122 )BW(W(@v)‘))
<W(907 /\)a W(‘Pv )‘)>Whitt ‘

(19.5) Iny(f © @) =
pEBP

It now follows from the equality of L functions L(s,IIy, Ad) = L(s, I, Asg)L(s, Iy, Asg;) that for
a factorizable test function f, = (AJSLI*ASGf) [Toes f+o x Iogs 1, (0,) we have

L? ( , LI @ p 1
19.6 I 2 I
( ) H,\(f-i-) LS* 1 H/\,ASG H H)u fU+

19.2.3. Local relative characters on the unitary groups. Write the decomposition ¢ = ®,0,, and
define for every v the tempered representation Xy, = IndUV((F”;(av ® bc(A)). Recall that for

1Y € S(Uy(F,)) and ¢1.4, 2.0 € S(LY(F,)) we have defined in Subsection 15.1 a relative character
JEA,U (ff:/ ® le,v ® ¢2,U) = /U’ ) Trace(z)\,v(hv)zk,v(fy))<wv(hv)¢1,vang,v>L2,vdhva

where this integral is absolutely convergent by Lemma 15.1 and (15.2), and the character extends
by continuity to S(Uy 4 (F})).

It follows from the equality of local L functions L(s, Il ,, Asg) = L(s, X, Ad) and from | ,
Appendix D] that for v ¢ S and f_KU = [V @ p1p ® doy = 1yy ., (0p,) We have the unramified

computation

L(%a H)\,v & tu_l)
L(1,II),, ASIG) '

(197) JZ)\,v (f"‘l:'l)) = A[_J(QV),'U

Note that the square factor AU(V)

have Xy, (fY)p° = AU(QV),U by our choice of measure (see (3.1)).
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19.2.4. End of the proof. We now follow closely [ , Section 7.3].

If there exists a place v € S such that ¥, doesn’t have any nonzero continuous U(V')(F)-
invariant functional, then both sides of (1.6) are automatically zero, so that we may assume that it
is not the case. It follows from | , Appendix D] that the product of distributions [] .5 Js, ,
doesn’t vanish identically. By the same argument as | , Lemma 1.7], Theorem 1.5 is now

equivalent to the following assertion: for every factorizable test function f! € S(Uy,+(A)) of the
form fY = (A%(V))2 [Toes F10 [ogs luy . (0,), we have

LG M e
(198) JQv,O’(bC()\)7f—“,—/) = |SH| ! LS7*2(1 H)\ AS,Gv) H JE)\,U (f-‘:ﬂ))
’ ’ ves

Indeed, note that in Theorem 1.5 we had used a factorization dh = [[, dh, of the Tamagawa mea-
sure of U(V'), while here it is of the form dh = A_ ) [T, Auv),wdy, ho with Ay = [T, L(i,7°)
(see (19.2)).
Let f be as in (19.8). By Theorem 13.4 and because both sides of (19.8) are continuous, we

may assume that for all v € S there exists fy, € S(G4(F),)) such that

e fi , matches with f_KU,

e for every V' € 15 different from V, f , matches with 0 € S(Uy/ (F,)).
We now set fi = (AZ*AZ,*) [Loes f+o % Ilogs 1, (0,)- Setting fY" =0 for V! # V, the function
f+ and the family { f}_/l} satisfy the hypothesis of Theorem 18.1 thanks to the fundamental lemma
(Theorem 13.9) so that by Theorem 18.1

(19.9) JH O FY) = [Sul ™ o, (F1)-
Recall that
TN fY) = Z Jqt, o (be(N), £1),

(MQ/V 0 )

where the sum ranges over representatives of classes in .’{K By the local Gan—Gross—Prasad con-
jecture for Fourier—Jacobi models ([ | in the p-adic case, [Xue¢] in the Archimedean case) and the
classification of cuspidal automorphic representations of Uy in terms of L-packets ([ [ D,

all the terms in this sum disappear except possibly Jg, (bc(N), f}r/), so that (19.9) now reads

(19.10) JQv.o(be(N), £{) = [Sul ™ T, (f4)-

Since 1, = BC(0y), we also have II, = BC(X,) by the properties of the local Langlands correspon-

dence. By Proposition 16.7 and Theorem 16.9 there exist constants , € C* such that [, cqr, =1
and
(19.11) IHA,v(er,v) = Hi)JE)\,U(f—iY,U)'

Therefore, (19.8) follows from the global equality (19.10), the factorization (19.6) and the local

equality (19.11). This concludes the proof of Theorem 1.5.
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20. UNFOLDING FORMULAE FOR FOURIER—JACOBI PERIODS

In this section we study Fourier—Jacobi periods in positive corank. We will use the same no-
tations as in Section 5. Unless specified otherwise, F/F will be a quadratic extension of number
fields, (V,qy) a n-dimensional nondegenerate skew c-Hermitian space over E/F and W C V a
nondegenerate subspace of dimension m such that n = m + 2r and W+ is split. We will always

assume that » > 1 in this section.
20.1. Preliminaries.

20.1.1. Fourier—Jacobi groups. We define the following products
Uy :=U(V) xUV), Uy :=UlV)xUW), v =UV)C Uy,

where the last embedding is the diagonal injection.
Since W is split, there exists a basis {z;, ¥, |i = 1,...,7} of W+ such that for all 1 <i,j <r

we have
(20.1) qv(zi,zj) = 0, qv(z;,77) =0, qv(zi,27) = i 5.

Set X = spang(xy,...,z,) and X* = spang(x7,...,2z}), so that V = X W & X*. This determines
an embedding U(W) C U(V).

Let P(X) = M(X)N(X) be the maximal parabolic subgroup of U(V) stabilizing X, where M (X)
is the Levi subgroup stabilizing X* and N(X) is the unipotent radical of P(X). By restricting to
X @ W, M(X) is identified with G, x U(W) where G, = Resg/r GL;. Denote by By = Ty Ny
and By = Tw Nw Borel subgroups of U(V) and U(W) such that By is included in P(X) and
By NM(X) = B, x By with B, = TN, is the subgroup of upper triangular matrices of GL, with
respect to the basis (z1,...,x,).

The subgroup of U(V) of g € U(V) stabilizing X and X* and being trivial on W is identified
with G, by restricting to X. If g € G, then g acts on X* by (¢*)~1, where g* = g°.

Set V := Resg/p V and W := Resg,r W. These spaces are equipped with the symplectic form
qv := Trg/pogqy. We fix a polarization W =Y & YV. By choosing an isotropic basis (y1, ..., ¥m)
of Y and the dual basis (y,...,yy) of YV, we have integral models over O of Y and Y. For
any place v, this yields a polarization W(F,) = Y (F,) & YV (F,). We will always assume that our
local polarizations are of this form. We also obtain a polarization V= (X @Y) & (X* @ Y"), with
an integral model over Op.

Let S(W) =W x F be the Heisenberg group. We have defined in (5.3) the Jacobi group

J(W) := S(W) x U(W).
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As r > 1 there exists an embedding h : S(W) — U(V) characterized by

h(w,2)(xi) = I1<i<m,
(202) h(w,2)(w') = w' —qy(w,w)v, w e W,

h(w,2)(z}) = (—3qv(w,w)+ 2)z, +w + 7,

h(w,z)(z}) = 1<i<r-—1

This makes J(W) a subgroup of U(V'). Let U,_1 and U, be the unipotent radicals of the parabolic
subgroups of U(V) stabilizing the flags spang(z1) C spang(xi,z2) C ... C spang(x1,...,Tr_1),
and the full flag spang(z1) C ... C X respectively. Define the Fourier—Jacobi group

H:=U,_1 % J(W) C Uy,

where the embedding is the product of inclusion H C U(V') and the projection H — U(W). Note
that S(W) x U,_1 = U,, so that we have the alternative definition

H=U, x UW).

We will write ' if we consider it as a subgroup of Uy, via the inclusion.
Set L :=Uw x G,. It is a Levi subgroup of the parabolic U(V) x P(X) of Uy. Set

Hp :=H x N, C L.

20.1.2. Measures. For every algebraic group G over F' we have considered so far, we let dg be the
Tamagawa measure on G(A) defined in Subsection 3.4. We fix a factorization dg =[], dg, on G(A)
such that for almost all v the volume of G(O,) is 1.

For unipotent groups, it is convenient to make a specific choice for the local measures dg,. For
every place v of E, we set dy, z,, to be the unique Haar measure on E, that is self-dual with respect
to ¥g . This yields a measure dz =[], dy, 2, on Ag. More generally, for every k we equip Ny (F)
with the product measure

dn, = H dy, i j,
1<i<j<k
and set dn =[], dn,. Then it is well known that dn, gives volume 1 to N(O,) for almost all v,
and that dn is indeed the Tamagawa measure on Ng(A).

For every k, the measure dy, g, chosen in Subsection 3.4 is

ngi,jgk dy, 9i,j
det g}

d¢vgv =

We will denote by v(Gg,) > 0 the quotient of Haar measures dg,(dy,gy) "'

This number will
appear in the following Fourier inversion formula: for every place v, if f € C°(G(F,)) then for

every g € Gi(F,) we have
203 o) =uGn) [

Ni—1(Fo)\G—1(Fv)
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It follows from (3.1) that for S any sufficiently large finite set of places of F' we have v(Gj ) = Ag, v
for v ¢ S, and that

(20.4) [Tv(Gro) = (AEH

vES

Let P, be the mirabolic subgroup of G,, i.e. the group of matrices whose last row is e,. We
identify it to the subgroup of v € G, such that y*z} = x}. The isomorphism P,(F,)\G,(Fy) =
X*(Ey) \ {0} yields for every f € C°(X*(E,)) the formula

(20.5) [ s, = Yot | deta] F(7725)d.
X*(By) v(Gro) JE.(FENG(F)

20.2. Local Fourier—Jacobi periods. In this section we are only concerned with local theory, so
that we will drop all v’s to lighten notations. Moreover, we will also use G instead of G(F') if G
is linear algebraic group over F. We treat the inert and split cases in an uniform way: this means
that E will either be a quadratic extension of F' a local field of characteristic zero, or £ = F' x F.

In the latter case, our groups will be general linear groups as described in Section 17.

20.2.1. Spaces of tempered functions. For every linear algebraic group G over F, we fix ¢ a (class
of) logarithmic height function on G, as in | , Section 1.2]. Note that if G’ < G we may take
Sicr as the logarithmic height function on G’, hence the absence of reference to the group in the
notation. Denote by =€ the Harish-Chandra special spherical function on G and by C¥(G) the
space of tempered functions on G (see | , Section 2.4]). It contains C2°(G) as a dense subset.
By definition, C*(G) = Ug>0Cy (G) where for every f € C7(G) we have

(20.6) 1f(9)] < E%(g)s(9)?, g €G.

If 7 is an irreducible tempered representation of G, then for every v € m and vV € 7V the matrix

coefficient
g €G —vY(n(g9)v)

belongs to C*(G) by | ].

20.2.2. Fourier—Jacobi models. We now make use of the local counterparts of the representations
w and p defined in Subsection 5.4. By the local Stone—von Neumann theorem there exists a unique
irreducible representation py, of S(W) with central character . Consider the S1 metaplectic cover
Mp(W) of the symplectic group Sp(W). There is a natural map U(W) — Sp(W). The data of ¢
determines a representation w, of Mp(W) (] , Section 2.IT]), realised on py. Recall that u
is a character of E* lifting ng/p. Then the data of (1), ) determines a splitting of Mp(W) over
U(W) which yields the Weil representation wy, , of U(W). Set wy, = wy-1 -1 and ,022 = py-1. We

will also need the Weil representation of U(V) associated to (¢!, 1), denoted by wy..
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Define a morphism A : U,_; — G, by

r—1
(207) )\(’LL) = TYE/F <Z qV('LL(.%'Z‘+1),.%';k>> ,u€eUe_.
=1

Note that the action of J(W) by conjugation on U,_1 is trivial on A, so that we may extend A to
H = U,_1 x J(W). Consider the character

(20.8) Yu(h) :=Pp(A(h)), h €.

By definition, for any g € U(W) the automorphism wy(g) is an intertwining operator of py, so
that we can define the representation vV of H = U,_1 x J(W) by the rule

(20.9) v (uhgw) = Pu(w)py(h)wy (gw), u € U1, gw € UMW), h € S(W).
Define .. to be the restriction of 1y to N,.. We will also consider the representation of Hjp,
vl =v" .
Consider the polarization (over the local field F) W =Y @Y. This yields V= (X&Y) P(X*®
Y'V) a polarization of V. We can realize wy, and v¥ on S(X*@®Y ") and S(Y") the spaces of Schwartz
functions on X* @YY and YV respectively by the mixed model described in Subsection 5.4. For

P € wy, define
Pyv = ®(2},) v,

We have pairings (-, )y and (-, -)y given by

(20.10) (@1, P2)v =/ /v Py (x*,y")Po(z*, yV)dy"da*, (¢1, d2)w = , o1(y")p2(yV)dy".
* Y Y
where @1, ®5 € wy, and ¢1, g2 € VY.

20.2.3. Estimates. As W+ is split, we have an explicit formula for the action of G, by the mixed
model (5.15):

(20.11) W (NB(* ") = u () [det 7|2 ®(v*a,yY), 7 € G, 27 € X*, Y € YV
Lemma 20.1. We have the following assertions.
(1) There exists € > 0 such that
(W (gv) @1, Do) v | Koy 00 €9Y), gy € U(V), @1, @5 € wy,
(2) There exists € > 0 such that
| (ugw) o1, b2)w| <pr00 € =), uw € Uy, gw € UW), 61,62 € 1Y

(3) For any non degenerate skew c-Hermitian vector space V' and for all e > 0 we have

/ SUV)XUV) (p)e=esMqp < co.
)
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(4) For all 6 > 0 there exists € > 0 such that for every ¢1,¢2 € vV we have

[ e )| (1 -+ AR P < o,

where we recall that A\ was defined in (20.7).
(5) For every ¢1 and ¢o € vV, the linear form

fec“uWF»/f ()1, dawdh

extends by continuity to C* Uy ).
(6) The linear form

fecCz(Gr) — f () (ny)dn,

Ny
extends by continuity to CV(G).

Proof. (1)—-(2) As the Heisenberg representation acts by translations and multiplication by a uni-
tary character (see [ , Section 7.4]) it is enough to prove the following: if V' is any

nondegenerate skew c-Hermitian space of dimension n’ with a polarisation V' = L & LY
then there exists € > 0 such that for all ®;,®5 € S(L") we have

(20.12) [(wyr (gvr)®1, Po(- 4+ 1Y)y

where (-, )y is defined as in (20.10) and wy is the Weil representation of U(V’) realized
on S(LY). Note that if we can prove that (20.12) holds for one polarization V' = L & LV,

then it holds for all. Indeed, change of Lagrangian induces an isomorphism of wy,, which

< e =) g e UV, 1Y e LY.

is also an isomorphism the Heisenberg representation of S(V’). As the latter is irreducible,
the inner products are equal up to multiplication by a non-zero constant.

Assume first that E = F x F so that U(V’) = GL,y. Identify V' = E" = F" x F" and
take LY = {0} x F". By the Cartan decomposition it is enough to show that (20.12) holds
for a = diag(av, ..., ap) with |og| < as] <1< Jagt1] < ... < |ayy|. But we have

(v (@)1, Bo(- + 1))y = g (det ) |deta|%/ ®1(a*2) B0 + 2)da.

Write (x;) the coordinates of any z in the canonical basis, and (I;) the ones of [Y. Choose
d > 0 such that [ ﬁdy < oo and let P =J[,(1+ |24]?) seen as a polynomial function
on LY. Then sup,, |®;(z)P(z)| < oo and

/ <I>,<I) +lv /<< 12 1 2 / /
[(wvr (@)1, @a(- + 1))y H'“' ZELM H 1+\y+l| ZELFH!?JI

The product of integrals is finite and does not depend on [V, so that ¢ = % works.

In the case where E/F' is a quadratic extension, let (z1,...,2v,2],...,2%) be a maximal

hyperbolic family of V' (that is a family satisfying the conditions in (20.1), but that is

not necessary linearly independent), and set Z* := spang(zj,...,2%). By the Cartan

decomposition, it is enough to prove that (20.12) holds for o = diag(ay, ..., ) € GL(Z) C
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(20.13)

(20.14)

U(V"), with || < ... < |ap| < 1. We choose LY = Z* @ LV where LV is of dimension
n’ —2r" and do the same proof as in the split case, using (20.11) and the description of the

mixed model given in (5.15).

This is | , Lemma I1.1.5] in the p-adic case and | , Proposition 31] in the Archimedean
case.
The proof is very close to | , Lemma 6.5.1 (iii)], so we only recall the main steps. Since

s(gwu) < s(gw) +s(u) for gy € UMW) and u € U, by (2) and (3) applied to V! = W and
the equality H = U, x U(W), it is enough to prove that for all § > 0 and €9 > 0 there exists
€ > 0 such that

5tow) = [ 2 (ug)e= 1+ |\w)) du
U,
is absolutely convergent for all gy € U(W) and satisfies
25(gw) < SUVU) gy costow),

The proof in | , Lemma 6.5.1 (iii)] introduces two intermediate integrals, for b > 0:

19 (o) = / 1y <6ZH (ugw )@ (1 4 [A(w)]) P du,

125 p(gw) = /U Loy == (ugw ) e (1 + |A(w)]) ~du.

On the one hand it is easy to see as in the proof of loc. cit. that there exists d > 0 such
that

) < eabdeU(W) xU(W) (

Ig,é,gb(gW aw);

for all e > 0, b > 0 and gy € U(W). But on the other hand, there exists o > 0 such that
EUW (g1g9) < €*5(92)ZUW (g1) for all g1, go € Upy. Therefore

5 sp(gw) < eelow) Ve / E () eV (1 4 [A(w)]) " dlu,

3
T

for all gy € U(W) and b > 0. That the last integral converges for £ small is a consequence of
[ , Lemma B.3.2] as A is the restriction of a non-degenerate additive character of Npyin
the unipotent radical of a minimal parabolic of U(V') which stabilises a maximal isotropic
flag obtained by completing spang(x1) C spang(xi,z2) C ... C X with isotropic lines in
W. The result now follows for a small ¢ by the same trick as in | , Lemma 6.5.1 (iii)].
We fix the one-parameter subgroup a : t € G, — diag(t"~1,¢#"2,...,1) € GL(X) C U(V).
By the description of the Heisenberg representation (5.12) and of the mixed model (5.14)
we find that for all t € F* and h € H

VY (a(t)ha(t) N1, d2)w = Py (tA(R)) (VY (h)d1, da)w

The proof is now exactly the same as in | , Proposition 7.1.1], using (4) instead of (iii)

of | , Lemma 6.5.1].
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(6) This can be proved as in [ , Proposition 7.1.1] thanks to | , Lemma B.3.2].

20.2.4. Periods. By Lemma 20.1 (5) and (6), for every ¢1,¢2 € vV, the linear forms
f € C(Uh) s / S (W), d2)wdh, and | € C2(Gy) s / F )y (ny)dny
H N,

extend by continuity to C'(Uy ) and C(G,) respectively. We denote them by Py (f ® ¢1 ® ¢2) and

Pn,.(f). For @1, P9 € w", we also introduce

Py, (f @ ©1 ®@ 02) = (9){wi(9)@1, P2)vdg, f € C¥(Uy).

f
Uy
This integral converges absolutely by Lemma 20.1 (1) and (3), and the estimate (20.6).

For (G,H) € {(Uy,U},), (Uw,H),(L,H)}, if o is a tempered representation of G equipped with
an invariant inner product (-, -), then for every ¢1, @2 € o the map ¢y, o, : g = (0(9)¥1, p2) belongs
to C¥(G). We set for ®; € wy, v or v)

(20.15) 'PH((pl,CI)l,gOQ,CI)g) = PH(C¢17<P2,‘I>1,(I)2).

If o1 = 2 and ®; = Py, we will simply write Py (¢, @) for Py(p1, P1, 2, P2). We also define, for

T a tempered representation of GG, and ¢ € 7, the period
PN’I‘ (SO) = PNT (Cgp,cp).

20.2.5. Representations. Let oy, ow and 7 be smooth irreducible representations of U(V'), U(W)
and G, respectively, equipped with invariant inner products (-,-). Set o = oy Koy, an irreducible
representation of Uy. For s € C, set 75 = 7|det|® and X, = Indgg)) ow X 75, equipped with its

canonical inner product (-, ). These representations are fixed for the rest of this section.
20.2.6. Reduction to the corank zero. Let
L3, € Homy, (e X 7) @ v),C).
By multiplicity one results of | , , ], we know that Ly, factors as Ly, = Ly, ®
Ly with Ly, € Homy;, (7,%,) and Ly € Homy(oc @ vV, C).

Proposition 20.2. There exists ¢ > 0 such that for R(s) > ¢ the functional

(20.16) Ly, s pv @9 @O € oy @ Ts @ wy . Loy, (v (9)pv @ ¢s(9), (wV(9)@)yv)dg
H\ UYL,
converges absolutely. If all representations are tempered, we may take ¢ = —%. Furthermore, for
R(s) > c the following assertions are equivalent.
(1) There exist oy, pw, pr and ¢ such that Ly, (v @ pw @ pr, ¢) # 0.
(2) There ezist oy, ps and ® such that EU'V,S(SOV ® s, P) # 0.

Note that Ly , is a Fourier-Jacobi functional in corank zero.
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Proof. The convergence can be proved as in | , Proposition 8.6.1.1] by the Iwasawa decompo-
sition U(V) = T, HKy where Ky is a maximal compact subgroup, using (20.11), and Lemma 20.1
(1) and (2). The implication (2) = (1) is automatic. For (1) = (2), we see that for R(s) > ¢
we have by (20.11),

Ly, (v ® @5, @) =

1 _1
5 2

/P(X)\U(V) /NT\G,« Ly, ((ov(gh) @ 7(9))(pv @ s (h)), (i (M)@) (g7}, ) (|72 1o iy ) (9)dgdh.

As X is stable by multiplication by C*°(P(X)\ U(V)), it is enough to show that there exists
oV Eoy, pw € ow, pr €T, ® € S(X*) and ¢ € vV such that

1
2

/N » B(g*z}) Lo, (v (9)ev @ pw @ 7(g)¢r. ) (|°2 0 p(xy)(9)dg 7 0.

This condition can be rewritten as

1
2

1 _
/P\G q’(g*wi)/N L L (ovpg)ov @ pw @ 7(pg)er, @) (-2 6 o)) (pg) Ip| " dpdyg # 0.

The map g € P,\G, — ¢g*z} € X* induces an embedding S(P,\G,) — S(X*), so it is enough to

prove that we have elements such that

/. . Lidlow © ov(9)ev. 0)Ln, (r(9)er) (-2 Fopi) ) (9)dg # 0.

By [ , Theorem 6] and [ , Theorem 1], for every f € C2°(N,_1\Gr_1,%,) there exists
@, € 7 such that Ly, (7(g9)¢-) = f(g) for every g € N,_1\G,_1. The claim now follows from the
non-vanishing of Ly. (|

20.2.7. Tempered unfolding. Assume that oy, ow and 7 are tempered. The following is [Boi,
Proposition 6.3.2].

Proposition 20.3. For every go%/, go%/ € oy, go%,cp% €, and P1,P, € w‘\} we have
IPUQ/ (90%/ & 90127 q)la 90%/ ® 90227 @2)

_U(Gr)l/ Pry ((ov (ha)el @ 0% (ha), (W (hi) @) yv)iz1,2) dhidho.
(H\UY)?
Corollary 20.4. For every oy € oy, ow € ow and ¢ € vV we have

Pu(pv @ pw, ¢) > 0.
Moreover, if Homy (oy ® ow @ v¥,C) # {0}, then Py is not identically zero.
Proof. For all f € C°(Uy) satistying f(g) = f(g~!), we have Py (f ® ¢ ® ¢) € R. Therefore it
follows by continuity that Py (py ® ow ® ¢) is real. By | | and | , Proposition 2.14.3],

there exists a smooth irreducible tempered representation 7 of GG, such that

Pn, = LN, ® LN,
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with Ly, € Homy, (7,%,) non zero. Using Proposition 20.3 and following the same steps as in the

proof of Proposition 20.2 in reverse order, one shows that the existence of ¢y, oy and ¢ such that

U(v)

Pu(ov @ pw @ ¢) < 0 implies the existence of py € ¥ := Ind ow X7 and ® € w" satisfying

P(X)
Puy, (v @ o5, @) < 0.
This is known to be a contradiction by | , Proposition 1.1.1 (2)], and the first point follows.
For the second point, assume that Py = 0. By Proposition 20.3, this implies that PUQ/ =0,
which in turn implies that Homy,; (ov ® ¥ ® wY,C) = {0} by | , Proposition 1.1.1 (2)]. It
now follows from Proposition 20.2 that Homy (oy @ oy @ vV, C) = {0}. O

20.3. Unramified computations. We now go back to the global situation.

20.3.1. Unramified places. Recall that we have fixed in Section 20.1.1 a polarization W = Y &
YV (over the global field F'), and an isotropic basis (y1,...,ymn) of Y which yields a dual basis
(Y, yy,) of YV. We therefore have integral models of Y and Y over Op. Recall that 7, p is
the nonzero element in £~ chosen in Subsection 3.2. Let S be a finite set of places of F' containing

all the Archimedean places and such that v ¢ S implies that the following conditions hold.

e The extension E,/F, is unramified (this includes the case E, = F, x F,), the residual
characteristic of F,, is not 2.

o qv (i, yj)s av i,y ), av(y),y)) are all in Op, for 1 <4,j <m.

e 7gp € Op .

e The characters v, and p, are unramified.

Let v ¢ S. The above hypotheses ensure that the set Ay, = Y(0,) ® YV(O,) is an O,-
autodual lattice in W(F,), and also an Op ,-autodual lattice in W (E,). Moreover, the set Ay :=
spang,, (@1, .., %) D Aww D spanp,,  (27,...,27) is an autodual lattice of V(E,) with respect
to qv(-,-). Define Ky, to be the stabilizer of Ay, in U(W)(F,), and Ky, to be the stabilizer of
Ay, in U(V)(F,). These are special maximal open compact subgroups of U(W)(F,) and U(V)(F,)
respectively. Write K, , := G,(O,). Up to enlarging S, we also assume that our local measures

give volume 1 to Ky, Kw, and K, , when v ¢ S.

20.3.2. Unramified vectors of the Weil representation. Let v ¢ S. The local representation v,/
admits a lattice model with respect to Ay, (see | , Section 1.2.3]). It is realised on the
vector space C°(W(F,),~1) of f € C(W(F,)) which satisfy

fl4+w)= w_l (;qw(l,w)> f(w), l € Awy, we W(E,).

There is a unitary isomorphism between the models S(Y'V(F,)) and C*(W(F,), 1) described in
[ , Proposition 1.23], and it sends 1yv(p,) to 1a,,, -

In the lattice model, the Heisenberg representation is given by

py-1(w, z) f(w') = Pt <;qw(w’,w) + z) flw+w'), (w,z) € SW)(F,), w' € W(F,),
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and Ky, acts through the Weil representation wyy,, by left-translations (| , Section 1.4.6]).
It follows that 1a,,, € (vy)5ve %) and therefore that in our Schrédinger model lyv(p,) €
(v )KVvva(F v). Moreover, it is easily seen using the explicit description of the Heisenberg repre-

Ky wH(Fy

sentation given in (5.12) that the space (1) ) has dimension one. We show similarly that

1x+(0p.)ayV(0,) € (w‘\zv)KV’“ (but this space is not of dimension one).

20.3.3. Unramified unfolding. Let v ¢ S. Let oy, ow, and 7, be smooth irreducible represen-

tations of U(V)(F,), UW)(F,) and G,(F),) respectively. Let ¥, := Indgg())((];i)) ow. X 7, be the

normalized induction, and set X, ¢ = Indgg())((?;)) oww M7y s. We assume that our representations
K

are unramified, i.e. oy, # {0}, UVII(/VZ’” # {0} and T # {0}. Note that this implies that
Zﬁ/’” # {0} for all s € C. Recall that the linear form Ly, , , was defined in (20.16).

Theorem 20.5. Let ¢, € oy0", 5, € Syt and ¢ € (v )KveTME) | Set @5 = 1y (0, ) ®
oy € w‘v,ﬂ). For R(s) sufficiently large we have

(20.17)

Ll—i—s,r X oy ®,u71 o ° o
(2 E - - ) m ‘CHL7U(<10V,'U®<10'U,S(1)7¢'U)'

£ , o ® o ’q)o —
Uv7v,s(‘pV,v Pu,s v) L(%—FS,TS % UW’v)L(l_FQS,Tv,AS(*l) )

where ¢ is the non trivial element in Gal(E,/F,), 75 = T, o c and m is the dimension of W.

Moreover, if oy, ow, and 7, are tempered, (20.17) holds for R(s) > —%.

Proof. By [Boi, Proposition 7.3.1], we have the unramified unfolding equality for R(s) large enough

1

Z L4y (JV,U()‘T)‘P%/W ® @Z,s()\r)» (W‘\;,v()‘r)q)Z)Yv) (5123()()51;1)()\7“)
)\reAr,v

(20.18)

L(% + 8Ty X oypy ® M;l)
— 9 — ﬁ ] ® o 1 , o ,

L(3 + 5,75 x ow)L(1 + 25, 7, AsTD™) Huo (P © all), 60)
where P is the parabolic subgroup of U(V') stabilizing the flag 0 C Fx; C ... C X and we have
set Ay, = T,.(F,)/T-(O,). Note that with our choices of measures, the volumes vol(Ky,) and
vol(Kv,y NH'(F,)) are 1. The result now follows from the definition of Ly , , given in (20.16) and
the Iwasawa decomposition U(V)(Fy) = 15 (Fy) H(Fy) Kv. O

20.4. Global Fourier—Jacobi periods. In this section we stay in the global setting.

20.4.1. Global Weil representations. Note that the restricted tensor product S(X*(A)®Y"V(A)) and
S(YV(A)) were taken with respect to the functions Lx+(0p.)ayV(0,) and lyv(o,). According to the
discussion in Subsection 20.3.2, we therefore write wy, = ®wy,,, V¥ = @,v, and v] = @, for
the restricted tensor products over the places of F. These are representations of U(V)(A), H(A)

and Hp (A) respectively, realized on S(X*(A) &YV (A)) and S(Y"Y(A)) respectively.
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20.4.2. Global periods. For (H,w",LY) € {(U(V),wy, X* ® YY), (H, vV, YY), (Hr,v),Y")}, write

the theta series

Op(h, @) = D (w ), h € H(A), ® € w".
leLV(F)

We will also make use of
0V (9.0) = > (@ (9)®yv ("), g€ UV)(A), o €wy.
yveYVv(F)

By (20.9) and the description of the mixed model (5.15) and (5.16), we have for u € U,_1(A), n €
N(X)(A), v € P.(F) (the mirabolic group of G,.), gw € U(W)(A) and g € U(V)(A) :

(20.19) P (W) (nygwg, @) = 03, (un, (Wi (Ygw g)®)yv).

These theta series are of moderate growth. For triples of groups and representations of the form

(G,H,w") € {(Uy, Uy, w), Uw,H,v"), (L, Hr,v))}, consider the absolutely convergent integral
P, @) = /[H] ()0 (h, ®)dh, ¢ € Fru((G)), @ € w”,

where F,41([G]) is the space of functions on [G] rapidly decreasing when restricted to [H]. In par-
ticular, ¢ € Acusp ([U(V))) @ A([U(V)]); Acusp ([UV)) @ A([UW)]) and Acusp ([U(V)]) @ A([U(W) x

G,]) are examples of functions in these respective spaces.
For ¢ € A([G,]) set

Piv, (p) == /[ ]sO(hwr(n)dn

Then for Y =pwyv Qpr € ]:rd,'HL([L]) we have
P (@, ¢) = P, (0r) Py (pw,v; @)

20.4.3. Relations between global periods. For ¢ € Apx)([U(V)]) and s € C, we consider the Eisen-

stein series Eg(()‘g(np, s) which is defined for R(s) large enough by

Egg;g@,@,s) = > ¢s(79), g € [U(V)].
YEP(X)(F)\ U(V)(F)

Proposition 20.6. Let oy € Acusp([U(V)]), ¢ € Apx)([U(V)]) and ® € wy;. There exists ¢ > 0
such that for all s with R(s) > ¢ we have the equality

Pruy) (“OV ® Eggf%(@’ %), q)) - /7-[/(A)\U' (A) Py (R(9)(pv @ ws), (W (9)@)yv) dg,

where the right-hand side is absolutely convergent.
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Proof. By cuspidality of oy, P[U’v ] is defined by an absolutely convergent integral so that for R(s)

large enough we have

u(v
Py (v @ R (e, @) = [ > ewev(a)f, (9. 9)g
VWL yepx)(F)\ u(v)(F)

s(9)ev(9)0i (9, ®)dg

/P(X)(F)\U(V)(A)

(20.20) s(9) / v (ng)fyy, (ng, ®)dndg.
[N ()]

/M(X)(F)N(X)(A)\U(V)(A)
For a fixed g the inner integral over [N(X)] is given by
/ ) X3 e
[N(X x* EX* ) VEYV
Note that this triple integral is absolutely convergent. It follows from the description of the
mixed model given in (5.15) and (5.16) that N(X) only acts on the y" coordinate, so that
for every z* the map n — 35 veyvpywir(ng)®(z*,y") is N(X)(F) left-invariant, and n
Do yveyv(p) wy (ng)®(0,y") is constant on [N (X)]. Then by cuspidality of ¢y and (5.15) we have

/ gpv(ng)GI\ﬁQ/ (ng,®)dn = / Z wy (ng)®(z*, y")dn
[N (X)] [N (X)]

z*eX*\{0} veYV(F)

- Y /N(X)]w 90 (yng, ®)dn

YEP (F)\Gr(F)

= Z / v(ng)0y" (nyg, @)dn,
yEP(F
where the last equality is obtained thanks to the change of variables n — yny~!. Now fix 7. Set
X,—1 =spang(zy,...,2,—1) C X. Let N(X,_1) be the unipotent radical of the parabolic of U(V)
stabilizing X,_1. Recall that we have an embedding of S(W) the Heisenberg group of W in N(X)
described in (20.2), and we see that N(X) = S(W) x (N(X) N N(X,-1)). Then

(20.21) / cpv(n’yg)ey’v(n’yg,é)dn:/ / @V(nh’yg)e‘vy’v(nh’yg, ®)dndh.
(N(X)] sw NN (Xr-1)]

Fox h fixed, consider p € [P,;] — f[N(X)mN(Xr,l)] v (nphyg)dn. This is well defined as P, (F')
normalizes (N(X)NN(X,_1))(A). But N, x (N(X)NN(X,-1)) = U,—1 and S(W) commutes with
P, so that by cuspidality of ¢y we have the Fourier expansion along [N,]

pv(nhyg)dn = > /[ - pv (uhy"yg) iy (u)du.

YV EN (F)\Pr(F
As U,_1 x S(W) = U,, using (20.19) and (20.22) we see that (20.21) reduces to

/[N(X)} (PV(H'YQ)@\V/V’V(H’YQ, ®)dn = Z / SDV U’y vg 97—[( ( {\;(’Y/’Yg)q))yv)du.

+'EN(F)\P,(F)
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Hence by going back to (20.20) we obtain
1010%
Py, (Ep((xg(% ) ® pv, q;)

(2023) = ) /{U PV (o (19) )yl

/ MX)(F)NCOWN UV ey, Fne ()

Assume for the moment that the double integral fM(X)(F)N(X)(A)\U(V)(A) Z'yeNr(F)\GT(F) is abso-

lutely convergent. Then we see that

Py, <90v @ Bpiy) (. 5), @>

I
S—

9) / v (ug)0 (u, () (9)®)y)dudg
N (FYUW)(F)N(X)(A\U(V)(4) [Ur]

/ / / ©s(nrgw g)ev (unegw 9)0y; (u, (wyr (nr-gw g)®)yv)dudgwdn,dg
(AM\U(V)(A) J[Ny] J[UW)] /U]

/ / / (g 9oy (ugi )i (m )%, (ugwy (WY (9)®)y )dudgudn,dg
(A\U(V)(A) J[Ny] J[UW)] J [Ur]

/ os(hg)ev (hg)8¥, (h, (Wi (9)®)yv)dhddg
(AN UY (8) J L]

Py (R(9) (v @ 0s), (WY (9)®)yv) dg,
"(A\ Uy (A)

where we have used a change of variable u = un, and (20.19) to go from the third to the fourth

Il
— F— F—

line.

So it remains to show that (20.23) is absolutely convergent, i.e.

(20.24) osl9) /[U v () (V)P dy < o0

/Nr(F)U(W)(F)N(X)(A)\U V)(A)

(
for R(s) large enough. Let P = (T, U(W)) (N, N (X)) be the parabolic subgroup of U(V') stabilizing
the flag spang(x1) C ... C X. As P(A)\ U(V)(A) is compact, it is sufficient to show the convergence
of

|p(nrahgw )] Sp(a)~t |det a|® dn,dadgw

/[U .] ov (uagw )03, (u, (wy (agw)®)yv)du

/[U(W)]XTT-(A)X[NT-]
By (20.19), the inner integral can be bounded above by

dn.

[ 1t wHagw)@))|
[N(X)]

/ v (nrnagW)wr (nr)dnr
[Nr]

By | , Lemma 2.6.1.1] and [ , Proposition A.1.1 (i)], since g, € [G;] — ¢v(grg) is
rapidly decreasing for any g and that N(X) commutes with T}, for every R > 0 we have for any
a € T(A), gw € [UW)], n € [N(X)]

r—1 r—1
< [Mllasas s Flawnlis iy < TTaai B low s,

i=1 i=1
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where R’ is chosen appropriately. But by (20.11) and (20.19), for all R > 0 there exists D > 0 such
that

1 _
83,0, (o (agu)@)y)| = [0 (angw, ®)] < Idetal* [l Ellow G

It follows that for all R > 0

1 _ _
‘ /[ ov{nagw )0y (o (agw)B)yYdn| < ldet ol ol low g
But we also know thanks to the moderate growth of ¢ that there exists D > 0 such that

lp(nagw)| < llall”llgwllgw), n € [N:], a € T,(A), gw € [UW)],

Hence the absolute convergence of (20.24) reduces to the following easy fact: for every s with R(s)

large enough there exists R > 0 such that
1
/ lallllall; 26 p(a) " |det a*+E da < oo,
T (A) B
This completes the proof of the proposition. O

21. PROOF OF THE GAN—GROSS—PRASAD CONJECTURE FOR FOURIER—JACOBI PERIODS

In this section we prove the Gan—Gross—Prasad conjecture for Fourier—Jacobi periods stated in

Theorem 1.10, and its refinement Theorem 1.11.
21.1. Proof of Theorem 1.10.

21.1.1. Setup. We work in the global setting. In this section, we let
e E/F be a quadratic extension of global fields,

e W be a nondegenerate skew c-Hermitian space of dimension m, and V a nondegenerate
skew c-Hermitian space of dimension n with V= X & W & X* as in section 20.1.1,

e P(X) be the parabolic subgroup of U(V) stabilizing X,

e oy and oy be irreducible cuspidal automorphic representations of U(V')(A) and U(W)(A)
respectively,

e 7 be an irreducible automorphic representations of G,(A) that is induced from a unitary
cuspidal representation, i.e. there exists a parabolic subgroup R = MrNgr C G, and k a

unitary cuspidal representation of Mp(A) such that

T={BF (¢,0) | ¢ € Arn(Gr)}-
e S be a set of ramified places as in Subsection 20.3.

We will also make use of the representations w" and vV introduced in section 20.4.2. For s € C we set

75 = 7|det(-)|y and Xy := Indgg()) (1s M ow). Write tensor product decompositions oy = ®/ 0y,

ow = @, 0w, and T = Q) 7,. Then for every v the representations oy, ow, and 7, are of the form

prescribed in Subsection 20.2.5.
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21.1.2. Non-vanishing of periods. Let oy € oy, py € ¥ and ® € S(X*(A)® YV(A)). By Proposi-
tion 20.6 and Theorem 20.5, up to enlarging S we have

_ L3% +s,0v xTep™t)
LS(3 +s,7¢ x ow)LS(1 + 25,7, AsC=D™)

Py (R(9)(ov @ ps5.6), (0 (9)@)yv) dg,

(21.1) Py, <90v ® EE§§§(wz, s), <I>>

<),
H' (Fs)\ Uy, (Fs)
provided that R(s) > 0, where L5 is the partial L-function outside of S.

Proposition 21.1. The following are equivalent.

(1) There exist py € oy, pw € ow and ¢ € V¥ such that P (pv ® ow, @) # 0.
(2) There ezist py € oy, px € X, ® € wy, and s € C such that EE(V)

(X)(cp, .) has no pole at s
and Py ) (SOV ® E}ig{% (¢5,9), q;) # 0.

Proof. 1t follows from the hypothesis on 7 that the Whittaker period Ppy,; is non zero on 7. By the
factorization Py, | = Py @P|w,» (1) is equivalent to the non vanishing of Py, ) on oy RTRow VY,
which is itself equivalent to (2) by (21.1) and Proposition 20.2. O

21.1.3. End of the proof. We follow the strategy described in | , Section 1.3.4]. Let IT = I1,,XII,,
be a discrete Hermitian Arthur parameter of G, x G, (see section 1.1 for the definition). Let
a1,...,a, be automorphic characters of A} such that the ai,...,0;,a7,..., ¢} are two by two
distinct. Let @, be the standard parabolic of G,, with Levi G} x G, x G, and define for all s € iR

I, =10, B Indg" (o | [ R ... Koy || R, Beaf 5" K. Koy |.5°).

These are G-regular semi-discrete Hermitian Arthur parameter of G = G,, X G,,. By remark 1.1,
they are (G, H, u~!)-regular. By elementary properties of the Rankin-Selberg L-function, assertion

(1) of Theorem 1.10 is equivalent to the following assertion.
(1) There exists an s € iR such that L(3, II,) # 0.
By Theorem 1.2 and by the definition of weak base change, cf. Subsection 1.1.2, this implies (2).

Conversely, let 0 = oy Ko be a cuspidal automorphic representation of Uy, whose base change
to G, X G, i I1. Let P be the parabolic subgroup of U(V) stabilizing the flag spang(z1) C ... C X,
with Levi subgroup T, x U(W). Define

k=01 X...Xa,,

which is a cuspidal automorphic representation of 7,.(A). Then for all s € iR the representation 11,
is the weak base change of (U(V) x P,oy K75 K ow).

Define 7 = Indg: (k) so that Indg(v)(ﬁs Now) = Indgg)) (1s X ow). Then by Proposition 21.1,
(2) is equivalent to the following assertion.

(2’) There exists an s € iR such that the bilinear form Pyy) is non zero on oy ® (Indg&)) 7s X

ow) ® wyr.
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But (2’) implies (1’) by Theorem 1.2. This concludes the proof of Theorem 1.10.
21.2. Proof of Theorem 1.11.

21.2.1. Factorization in the tempered case. We keep the notations of Subsection 21.1.1 and assume
that oy, o and 7 are tempered: this means that we have factorizations oy = ®'oy,, o = ®@ oW,
and 7 = ®'7, such that all the respective local components are tempered. Let oy € oy, pw € ow,
o € T and @5, € ¥. We also pick some Schwartz functions ® € wy, and ¢ € v¥. We assume that

all these vectors are factorizable, i.e.

Yy = ®;)§0V,vv Yw = ®;(PVV,U7 Yr = ®;907',v7 Yy = ®;;‘~PE,U7 ¢ = ®'/v¢117 ¢ = ®;¢v
We now equip our representations with the following invariant inner products (where the mea-
sures are all as prescribed in Subsection 3.4).

e We endow oy and oy with the Petersson inner product (-, -)pet.

e We endow wy, with
<(I)1,(I)2>V = / @1(x)<b2(x)dx, ‘131, (I)Q S w‘\},
X-evV]

and vV with

Groaw = [ or(a)ia(@)de, o1, 62 €0
YV
e On 7 we put

r(A)

(B (0.0 B (o), = | /[M | #mg)FOg)imag, ¢, ¢ € i) .
R

R(ANG(A)

e We equip ¥ with

(0, )5 = / (©(9), & (9)) rizony dg,
P(X)(A\U(V)(A)

where (-, ) "o, is the inner product on 7 X oy .

We also fix factorizations of these inner products: they give rise to the integral of matrix coefficients

Pui, v» Prw and Py o described in (20.15). Up to enlarging S, we assume that for v ¢ S we have
<90V,v7 @V,v)v = <§0VV,U7 ¢W,v>v = <@E,va SOE,U>U = <(;07,v7 SOT,U>U = <(I)vu (I>1)>v = <¢v’ ¢v>v =1.

Proposition 21.2. For v ¢ S we have

L(%7O-V,’U X EV,v & M;l)
L(1, 01, Ad)L(L, £, Ad)’

L(%)O—V,v X oW & M;l)

(21.2) PU/\/7U(SOV7U & VS0, (I)v) = AU(V),v

(21.3) Prw(pve @ w, ¢v) = AU(V)’”L(l, oV, Ad)L(1,opw,, Ad)’
Ag. o

21.4 o) = -

(21.4) Pralene) = 70 2R



Note that this implies for v ¢ S

L(%a OV X OWw & M;l)
VL, 0y, A)L(L, o, Ad)L(L, 7, Ad)

(215) ,PHL,U(QOV,’U & Prv & PW,v, ¢U) = AU(V),vA

Proof. Equation (21.2) is | , Proposition 1.1.1 (3)], (21.3) is [Boi, Theorem 1.0.3] and (21.4)
is a consequence of | ], where we use the explicit values
Aywyw = HL(Z 77Ev/Fv Ag, v HCEU
i=1

where (g, is the local Eulerian factor of (g at v (if v splits, it is a product of two local factors). O

Set

: (00 x S @)
) = A}, 2 ) o
HPU’ PV ® PBy o) = (V)Ls(l,av,Ad)LS’*(l,E,Ad)LISPUM(‘W’”‘@@E’”’ v)s

/

LS (2,UV><UW®,u 1
HP'H,U(SOV,’U ®SOW,U1¢”U) =A (V) Ls(l ov, Ad)Ls(l O'W,Ad HP'H’U PV ®§0W’U7¢’U)

4 S,

- Gr
L Pc(oronera) = 75 (1,7,Ad) [1Pxeolr)
v vES
where L5*(1,%, Ad) and L5*(1, 7, Ad) are the regularized values

L5%(1, 8, Ad) = <(s —1)4L8(s, 3, Ad))

, LS*(1,7,Ad) = ((s —1)4LS(s, T, Ad))

)

s=1 s=1

with d = dim(Aps,), and

AT =M ],
=2
with (%*(1) the residue of the partial zeta function (3 at s = 1. We define similarly

’

H PHL,U(SDV,U & Prv & PWou, ¢v)7

v

as well as the corresponding twisted versions for s € iR.

21.2.2. End of the proof. Let us use the same notations as in section 21.1.3, so that IL, is a regular
semi-discrete Hermitian Arthur parameter for all s € ‘R, which is the weak base change of (U(V') x
P,ov ®B7,®ow). Define 5, := Ind(y ))(Ts X o). Equation (21.1) reads

(21.6)

LS(3 +s,0v xT@p ")
L3( + 5,7¢ x ow)LS(1 + 2s, 7, As(=D™)

X

‘P[U’ <90V®E (( %(@27 )7‘13)‘22

Py (R(91)(pv @ ox.5), (@Y (91)@)yv) P,y Rlg2)(ov © @5.6), (wV(92)®)yv)dgrdge,
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for s € iR. But by Theorem 1.5 we have

Ay  ILEG,ov xS, @u! >

, u(v) 2 ) ,
e (e @ B em9)-0) | = g T5o1, 5, AT o7, A ES‘PUM (Pvio ® P20, Bo)

By Proposition 20.3, this is
S,% —
AbanAd,  L8(3,0v x Sy @ ph) "
|Su|  L3*(1,%,,Ad)LT(1,0v,Ad)

H/ PHL,’U ((O'V,'U(gi)gp%/,v ® SOZ‘XJ,S,’U (gi)7 (w\\;,v (gi)q)i,v)va)i:IQ) dgidge,
/ U/

VES

(21.7)

where we have used (20.4) to make AG’* appear. From (21.6), (21.7), Proposition 20.2 and the

equality of partial L-functions:

LS(5,0v xSg@pu™t)  L3(%,0v xow@put) L33+ s,0y xT®@u?)
LS7*(17 EsaAd) B Ls’*(la UW7Ad)LS(1aT7 Ad) LS(l + S, T¢ X O'W)L(l + 25,7’, AS(_I)m)
we see that for every factorizable ¢, € 7, oW € ow and ¢ € vV we have
AS AT 31 -1
2 % oy X ow @ p )
(218)  |Puey(ov @ or ® ow, 9)[* = — 2

1Su| L5(L, oy, Ad)LS*(1, 7, Ad)L5(1, oy, Ad)

X H PHL,U(¢V,U & Prw & PW,v, ¢v)
vES

1
= @ HPHL,U((PV,U X P ® PW,v5 (bv)
v

Recall that
P (v @ 0r @ pw, @) = Py (v @ ow, 8)Pin,j(0r),

and

PHL,U(SOVW ® Orv ® PWw, ¢’L)) = pH,v(SOV,v 02 PCW,, (ﬁv),PNT,U((PT,U)
By [ |, it is known that
(21.9) [P, ()] HPNT, (pr),

so that Theorem 1.11 follows by dividing (21.8) by (21.9), which is non zero for some ¢, € 7, taking

into account the equality of L functions
L3(1,0v,Ad)L5(1, 0w, Ad) = L5(1,11, As), ),

where Asﬁhm = AstD" @ As("D™ | and the explicit formulae for every place v

n

AU(V),U = HL(Z,?]ZEv/FU) and AU (V) = HL 7 nE/F
=1
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