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1. INTRODUCTION

1.1. Epsilon dichotomy. Let E/F be a quadratic field extension of local nonarchimedean fields
of characteristic zero and 7 the quadratic character of F'* attached to F via the local class field
theory. Let n be a positive integer. Take a central division algebra D over F' of dimension d? and
suppose that E can be embedded in Mat, (D) as F-algebras. Note that this implies that nd is
even. Put G = GL, (D) and let H be the centralizer of E* in G. Note that H is the multiplicative
group of a central simple algebra over E. We say that an admissible representation m of G is
H-distinguished if

Homp (w,C) # 0.
This Hom-space is at most one dimensional if 7 is irreducible | ]. A (special case of a)

conjecture of Prasad and Takloo-Bighash | | predicts when this Hom-space is one dimensional

in terms of local root numbers.

Conjecture 1.1. Let m be an irreducible admissible representation of G with trivial central char-

acter. If w is H-distinguished, then

(1) the Langlands parameter of  takes values in the Sp,,4(C);
(2) the root number satisfies e(m)e(r @ n) = (—1)"77E/F(—1)”d/2.

Conversely, if m is square integrable and satisfies (1) and (2), then m is H-distinguished.
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The original conjecture of Prasad and Takloo-Bighash requires that the Jacquet—Langlands trans-
fer of m to GLy4(F') is generic. It is explained in [ ] that the genericity condition is not nec-
essary. We should note that the converse implication is not expected to hold in the stated form
when 7 is not square integrable.

The case nd = 2 recovers the celebrated theorem of Saito and Tunnell. The case nd = 4 was
proved in [ |. Both cases can be proved by local theta correspondences. There are currently
two approaches when nd > 4. Using the relative trace formulae proposed by Guo, the second
author [ ] proved the forward implication of Conjecture 1.1 completely and the converse
implication when either 7 is supercuspidal and d < 2 or the Jacquet-Langlands transfer of m
to GLy,q(F) is supercuspidal. Sécherre [S¢c] proved the direct implication using type theory and
some intermediate results from [ | and the converse direction when 7 is supercuspidal and the
residue characteristic is odd using type theory.

The goal of this paper is to prove the following theorem. Recall that we always assume F' is of

characteristic zero.

Theorem 1.2. Assume that either the residue characteristic of F is odd or d < 2. Then the

converse implication of Conjecture 1.1 holds.

This completes the proof of Conjecture 1.1 under the stated hypothesis.

1.2. Distinguished representations. Let ¢,k be positive integers and n = tk. Let P be the
standard parabolic subgroup of G corresponding to the partition (k,--- ,k) of n and M its stan-
dard Levi subgroup isomorphic to GLg(D) x - -+ x GLg(D). Let p be an irreducible supercuspidal
representation of GLg(D). Its Jacquet-Langlands transfer | | to GLgq(F) is a square in-
tegrable representation. It is well-known by the classification of Zelevinsky | | that it is the

unique irreducible quotient of
(11) p,y(l_lp)/Q X oee X p’u(lp_l)/Q

where [, is an integer and p’ is an irreducible supercuspidal representation of GLyas, (F). Here
following the usual convention, the product x - - - x stands for the parabolic induction, and v stands

for the absolute value of the reduced norm of any central simple algebra. The representation

o Dl/2 o 5 BRp/2 o (1)l

of G has a unique irreducible quotient which is square integrable. By [ , B.2], all irreducible
square integrable representations of G are of this form.

Given this description of irreducible square integrable representation, the idea of proving Theo-
rem 1.2 is simple. Assume that 7 satisfies the conditions in Conjecture 1.1. These two conditions
are transformed into conditions on p. We thus need to relate the distinguishedness of p and 7. This

is the content of the next theorem. Note that no assumptions on the residue characteristic or d are
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imposed in this theorem. The L-factor L(s, o/, Sym2) in the theorem is defined either by the local
Langlands correspondence or the Langlands—Shahidi method, which agree by [ , .

Theorem 1.3. Let w and p be as above. Assume that p is not one dimensional if k = 1. We have

the following assertions.

(1) If t is odd, then E* embeds in GLg(D) and we denote by Hy, the centralizer of E*. Then
w18 H-distinguished if and only if p is Hy-distinguished.
(2) If t is even, then w is H-distinguished if and only if L(s, o', Sym?) has a pole at s = 0.

Remark 1.4. It is shown in [ ] that p' is self-dual if L(s,p’,Sym?) has a pole at s = 0.
See | , Theorem A and Remark 1.13].

Proof of Theorem 1.2 assuming Theorem 1.53. If k =1 and p is a character, then 7 is a twist of the
Steinberg representation of G. This case has been taken care of by | ] so we assume that we
are not in this situation and thus Theorem 1.3 applies.

Assume that ¢ is odd first. Since 7 satisfies the two conditions in Conjecture 1.1, simple compu-
tation of the root numbers gives that p also satisfies analogous conditions, cf. | , Section 4.2].
Under the assumption of Theorem 1.2, we see that p is Hy-distinguished. Theorem 1.3 then implies
that 7 is H-distinguished.

Now assume that ¢ is even. Again the computation from [ , Section 4.2] shows that condi-

tion (2) of Conjecture 1.1 always holds. The Langlands parameter of 7 takes the form
¢ W Sym'» ™1 C? : Wp x SLy(C) — Sp,,4(C),

where ¢,y is the Langlands parameter of p’. Since ¢ is even, the image of Sym®»~1(C) lies in Spu, (C).
Thus condition (1) implies that ¢, lies in the orthogonal group Oyg/;,(C). This is equivalent to
that L(s, p/, Sym?) has a pole at s = 0. By Theorem 1.3 we conclude that 7 is H-distinguished. [

Remark 1.5. In both cases t being odd or even, we only need the “if” direction to deduce The-
orem 1.2. In fact, the “if” direction is one of the main results of this paper, and the “only if”
direction can be quickly deduced from previous results. The argument above essentially proves
that Conjecture 1.1 holds for all irreducible square integrable representations if it holds for all

irreducible supercuspidal representations.

In general, for real numbers a < b, we call the unique irreducible quotient

p]/lpa‘ X oo X pylﬂb’

or the set {pvt?, - pvteb} a segment. Segments are in one-to-one correspondence with irreducible
square integrable representations. Two segments are linked if they do not contain each other and
their union is again a segment. Otherwise they are called unlinked. Combining Theorem 1.2 with

the classification result from | | we obtain the following immediate corollary.
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Corollary 1.6. Assume that either the residue characteristic of F is odd or d < 2. Let m =
A1 X -+ X Ay be a parabolic induction of unlinked segments, or equivalently the Jacquet—Langlands
transfer of m to GLy,4(F) is generic. Then m is H-distinguished if and only if we can relabel A;’s
so that

(1) Ay~ AYy, fori=1,3,--- ,2a —1;

(2) A; satisfies the analogous conditions in Theorem 1.2, fori=2a+1,--- ,t.

Remark 1.7. If D = F and E = F x F, the analogues of Theorem 1.3 and Corollary 1.6 have been
established by [ , Theorem 6.1], | , Theorem 3.13] and | , Theorem 3.18|.

1.3. Intertwining periods. Let us keep the notation from Theorem 1.3. If 7 is H-distinguished,
it is relatively easy to deduce information about p. The other direction is harder. Assume p is Hy-
distinguished if ¢ is odd and L(s, p/, Sym?) has a pole at s = 0 if ¢ is even (as remarked before this
implies that p’ and hence p is self-dual). By | , Proposition 7.2], the full induced representation

o E=D00/2 5, BRo/2 o L oy (E=D)Ip/2

is H-distinguished and moreover the H-invariant linear form on it is unique up to a scalar. Thus
we are reduced to show that this H-invariant linear form factors through its unique irreducible

quotient. To proceed let us introduce some notation. For any real number a, the representation

pyalp « py(a+1)lp

contains a unique irreducible subrepresentation. We denote this subrepresentation by Z([a,a+1],).

The kernel of the quotient

is generated by
py(l—t)lp/2 N, py(j—i’))lp/? x Z([(G —1)/2, (G +1)/2],) x p,/(j+3)lp/2 VR py(t—l)lp/%

for2—t<j<t—2andj =t (mod2). Jacquet module computation implies that these repre-
sentations are not H-distinguished if j # 0 or j = 0 but Z([—1/2,1/2],) as a representation of Gy,
is not Hop-distinguished. Therefore if ¢ is odd, then Theorem 1.3 follows as j can never be zero.
In the case t being even, to prove Theorem 1.3 we are reduced to show that Z([—1/2,1/2],) is not
Hyj-distinguished, or in other words, Theorem 1.3 when ¢ = 2.

We now assume that ¢ = 2. Following Jacquet, Lapid and Rogawski, one constructs an explicit
H-invariant linear form

J(-,8) : I(p,s) = pv® x pr~% — C.

This is the (open) intertwining period alluded in the title of this paper. This linear form is mero-
morphic in s, holomorphic at s = —,/2, and defines a nonzero H-invariant linear form. Let

M(t,s):1(p,s) = I(p,—s)
4



be the usual intertwining operator. Then Z([—1/2,1/2],) is the cokernel of the intertwining operator
M(1,—1,/2). Since the space of H-invariant linear forms on I(p, s) is at most one dimensional, we

conclude that there is a meromorphic function «a(s) such that

(1.2) a(s)J(p,s) = J(M(T,s)p,—s).

The following is the main technical result of this paper.

Proposition 1.8. Let the notation be as above. We fix a nontrivial additive character ¢ of F.
Then

a(s) ~gpgrex Y(—2s,JL(p)Y, A%, ¥) " y(2s, JL(p), Sym?, ¢) 7!,

where JL(p) stands for the Jacquet-Langlands transfer of p to GLyq(F') and the notation ~cpgxs x
means the ratio of both side lies in C[q™5]*.

With this proposition, elementary computation gives that «(s) has a zero at s = —I,/2. The
desired Theorem 1.3 in the case t = 2 follows quickly from this. The proof of this proposition is
neverthelss quite technical. Our proof is inspired by [ , Section 10.4] and uses global-to-local ar-
guments. We are not sure if one can prove this proposition using purely local methods because the
appearance of the Jacquet—Langlands transfer. The proof uses the global counterpart of the inter-
twining periods and the global functional equation analogous to (1.2). Global intertwining periods
appear as regularized periods of Eisenstein series and the functional equation of intertwining peri-
ods is naturally a consequence of that of Eisenstein series. In the computation, we use regularized
periods of Eisenstein series introduced in [Zyd] and follow closely the path paved in [ , ]
by the pioneers. We tailor the computation to precisely what we need and make it very explicit. A
thorough study of regularized linear periods of Eisenstein series and general intertwining periods

is itself a very interesting subject. We hope to come back to it in our future work.

1.4. Acknowledgement. Some initial discussions that led to this paper took place during the
RIMS conference “Analytic, geometric and p-adic aspects of automorphic forms and L-function” in
January 2020. The authors would like to thank the organizers of the conference for their hospitality.
The authors also thank Atsushi Ichino for useful sugesstions, Michat Zydor for answering many
questions regarding truncated period integrals and the anonymous referee for careful reading of the
manuscript. M. S. is partially supported by the JSPS Research Fellowship for Young Scientists
No. 20J00434. H. X. is partially supported by the NSF grant DMS #1901862 and DMS #2154352.

2. PRELIMINARIES

2.1. General notation. Without no explicit mention of the contrary, F' is always a number field
or a local field of characteristic zero. Thus by saying that “F' is a local field”, we mean that “F is
a local field of characteristic zero”. If F' is a number field we denote by A or Ar the ring of adeles.

We fix a nontrivial additive character i) of A/F (resp. F') if F is a number field (resp. local field).
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Suppose that G is a connected algebraic group defined over F. We denote by X*(G) the group

of rational characters of G. Put as usual
a; = X*(G)®z R, ag =Homz(X*(G),R),

which are real vector spaces dual to each other and Ct"‘(;7(C and ag c their complexifications respec-
tively. Let Lie(G) be the Lie algebra of G.

For any reductive group G over F', we denote by Ag its split center. We fix a minimal parabolic
subgroup P of G and a maximal split torus Ay of G contained in Py. Put My be the centralizer of
Ap in G and let Uy denote the unipotnet radical of Py. Then Py = MyUj is a Levi decomposition.
Parabolic subgroups containing Ag are called semi-standard. A semi-standard parabolic subgroup
has a unique Levi subgroup which contains Ag and such Levi subgroup is called semi-standard. We
consider only semi-standard parabolic subgroups. Thus by “P = MU is a parabolic subgroup” we
mean “P is a semi-standard parabolic subgroup, M is its semi-standard Levi subgroup and U is
its unipotent radical”. For any parabolic subgroup P = MU, we denote by pp € a}, the usual half
sum of all positive roots in n = Lie(N) (counting multiplicity). Let Wy = Nas(Ao)/Mp be the
Weyl group of M with respect to Ay, where Njs(Ap) denotes the normalizer of Ajy in M.

2.2. Automorphic forms. Let F' be a number field. For a parabolic subgroup P = MU and a
smooth function ¢ on P(F)\G(A), we define the constant term along P by

(2.1) bp(g) = / b(ug)du, g€ G(A).
U(F)\U(A)

There is a natural function Hp : M(A) — ap characterized by

O, Hp(m)) = log|x(m)]|a

for any x € X*(M) and m € M(A). Here, for any place v of F' we denote by |-|, the absolute value
of F, normalized in the usual way and by |-|s = [],|-|» the absolute value on A*. We require that
|-|ax takes value one on F*. The modulus character on P(A) is given by e2?7-Hr()) We fix a
maximal compact subgroup K of G(A) so that G(A) = P(A)K and extend Hp to G(A) by

Hp(muk) = Hp(m), me M(A), ue U(A), k€ K.

Put Foo = F ® R. Then R embeds in Fy, naturally via x +— 1 ® x. Choose an isomorphism
Ay ~ G, for some integer [ and let ASS be the image of (Rso)! in Ap/(Fs). Then Hp induces an
isomorphism A% ~ ap.

We now recall the definition of automorphic forms, Eisenstein series and intertwining operators
following the convention in [ , Section 5 and 7]. Let A(M) be the space of automorphic forms on
M(F)\M(A). These are smooth moderate growth functions on M (F)\ M (A) which are finite under
the translation of a maximal compact subgroup of M (A) and the center of the universal enveloping
algebra of Lie(M (R)). Let Ap(G) denote the set of automorphic forms on U(A)M (F)\G(A). These

are smooth, K-finite functions such that for all k¥ € K, the function m — ¢(mk) belongs to A(M).
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We write AL(G) for the set of ¢ € Ap(G) such that the function m + e~ PPHPM) ¢ (mg) on M(A)
is Afj-invariant for any g € G(A) and satisfies

sup e*(PP7HP(9)>¢(g) < 00.
geG(A)

For a cuspidal automorphic representation p of M(A) with a central character trivial on A%7, let
AL(G), be the space of functions ¢ € AL(G) such that for all k € K, the function m — ¢(mk)
belongs to the space of p. Set AL(G). = >0 AL(G),, where p runs through cupidal automorphic

representations of M (A) with a central character trivial on A%5.
The Weyl group W is Ng(Ag)/My. Let P = MU and @Q = LV be parabolic subgroups of G. We
say that P and @) are associate if M and L are conjugate by an element in Ng(Ap). Let W (M, L)
be the set of w € W of minimal length in the coset wWj, with wMw™! = L. Let w € W (M, L),

and s € a*R(C, we have the standard intertwining operator
M(w,s) : Ap(G) = AH(G),
given in the domain of convergence by

(2.2) M(w,s)¢(g) = €<_wS’HQ(g)>/ d(w  ug)elHHP ™ ua) gy,
V(A)NwU (A)w=1\V (A)
For ¢ € AL(G). and s € ap ¢, we have the cuspidal Eisenstein series F (g, ¢, s) which is given, in

its domain of absolute convergence, by

(2.3) E(g,¢,s) = Z ¢(5g)e<S’HP(5g)>-

0eP(F)\G(F)

Further properties of cuspidal Eisenstein series and their constant terms will be recalled when we

need them.

2.3. Symmetric pairs. Let D be a central division algebra over F of dimension d?. Set G, =
GL, (D). We denote by 1,, the identity matrix in G,, and w,, the matrix whose anti-diagonal entries
are one and zero elsewhere. We usually suppress the subscript n and write only G when there is
no confusion.

Let E/F be a quadratic field extension and 7 be an element of F'* so that E = F[/7]. Assume
that E' can be embedded into Mat,, (D) as an F-subalgebra. If this is the case, nd is even and such
an embedding is unique up to an inner automorphism by the Skolem-Noether theorem. Let H be
the centralizer of E* in G. We fix an explicit embedding of E into Mat,, (D) as follows. If d is odd

and hence n is even we take

-1 b
a+ b7 @ Inf2 TVUn/2 , a,belF.
bwn/Q CL‘].n/Q
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Then D = D ® E is a central division algebra over F and H is isomorphic to GL,, /Z(DE) and

consists of matrices

b
W)= | ° T2 ) 6, b € Mat, (D),
wn/Qb Wn/20Wn /2

Let 6 be the involution on G defined as the conjugation by h(0,,/2,1,,/2). Then H is the group of
fixed points of #. If d is even then E embeds into D. We obtain an embedding of E into Mat,, (D)
from the embedding into D. The centralizer H equals GL,(C), where C is the centralizer of F
in D which is a central division algebra over E. In this case, let 6§ be the involution on D or on
Mat,, (D) defined as the conjugation by /7 or \/71,. Then H is the group of the fixed points of
6. We also fix an element 1 € D* such that #(p) = —p. Such an element exists because 6 is an
involution on D which is not the identity map.

We will also consider the case F = F' x F. This will only play an auxiliary role in the global-to-
local argument. We make a further assumption that d = 1 which will be sufficient for our purposes.
Then G = GL,,(F') and we take the embedding of F* x F* — G with

1
(a,b) — @in/2 , a,beF*.
bl, /o

The centralizer H of F* x F'* is isomorphic to GL,, /o(F) x GL,/5(F) consisting of diagonal § x 5
blocks. It is the group of fixed points of the involution given by conjugation of the image of (1, —1).

Each (ordered) partition (nq,--- ,n) of n corresponds to an upper triangular parabolic subgroup
P = MU. Unless explicitly saying the contrary, by a parabolic subgroup of G we always mean an
upper triangular parabolic subgroup. From now on assume that ¢ and k are positive integers such
that n = tk and P the parabolic subgroup corresponding to (k,--- , k). Explicit coset representa-
tives for P\G/H have been given in | , Section 2.2 and 3.2]. We do not need it but only the
representative of the open double coset. Assume that E is a field. If d is odd we take n = 1,,. If d

is even and t is odd we put

1k —plg
m =1k, Mit1= ;i :
1k plg

and take 1 = 141)/2. If d and ¢ are even we put
Tk —plg
i 1y —ply o
1— 3 +1 — i )
L ply i+ Ui
Lk plg

and take n = 1;/. With these choices, the double coset PnH is open in GG. Now assume that

E=FxFandd=1. Put
1, 1
- /2 2\
17L/2 _1n/2
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Then PnH is open in G. For any subset Y of G, we set Y7 =Y NnHn ' and Y(n) =" 'YnNH.
Note that P(n) = M (n)U(n) by | , Porposition 2.2 and 3.2].

2.4. Representations. Suppose that F' is a nonarchimedean local field. By a representation we
mean an admissible representation. Let P = MU be the standard parabolic subgroup corresponding
to the partition (nq, - -+ ,n;) of n and we fix a maximal compact subgroup K of G such that G = PK.

As in the global case, there is a natural function Hp : M — ap characterized by

{x, Hp(m)) = log|x(m)|r

for any x € X*(M) and m € M, where |- |r is the normalized absolute value on F. We extend Hp
to G by

Hp(muk) = Hp(m), meM, uelU, ke K.

The space a*R(C is identified with C? as usual. Let s = (s1,--- ,s;) € Ct. Let p1,--- , p; be irreducible
representations of Gy, - -, Gy, respectively, and p = p; X - - - X p; be the representation of M. Let

IS(p,s) =ndS p1v*t @ -~ @ pprt

be the normalized parabolically induced representation, where v stands for the absolute value of the
reduced norm of any central simple algebra. Following usual practice we also write the parabolic

induction I§(p, s) as

VX o X ot
f1 Pt

We stick to the convention that all parabolic inductions in this paper are normalized.
Suppose that P = MU and @@ = LV are associate parabolic subgroups, and w € W (M, L). We

have the standard intertwining operator
M(w,s) : I8(p, 5) = IS (wp, ws)
defined in the domain of absolute convergence by

(2.4) M(w,s)¢p(g) = €<_wS’HQ(g)>/ d)(w_lug)e<5’HP(w71“9)>du.
VNwUw—1N\V

Here wp is the representation of L = wMw™! given by wp(l) = p(w™w) for all | € L.

We now recall the local Jacquet-Langlands transfer and classification of square integrable rep-
resentations of GG. The local Jacquet-Langlands transfer JL is a bijective map from the set of
irreducible square integrable representations of Gy, to that of GLyq(F) | , Section 2.3]. Let p
be an irreducible supercuspidal representation of G. Since JL(p) is a square integrable representa-
tion of GLx4(F'), by the classification of Zelevinsky | , Theorem 9.3], it is the unique irreducible

quotient of

(2.5) P2 5o gy e=1)/2
9



where [, is an integer and p’ is an irreducible supercuspidal representation of GLy4 /L, (F). By [

B.2], the representation
o\ D1/2 5 5y B=Re/2 o (= DEp/2

of G has a unique irreducible quotient St;(p) which is a square integrable representation and all
irreducible square integrable representations of G are of this form. Note that JL(St:(p)) = Sty, (p').

We make some remarks on the archimedean places. The consideration at the archimedean
places only appears in the global-to-local argument. Suppose that F' = R or C. Without explicit
mentioning of the contrary, by a representation of a reductive Lie group G, we mean an admissible
finitely generated (g, K)-module, where g is the complexified Lie algebra of G, and K is a maximal
compact subgroup of G, cf. | , Section 3.3.2]. One notable exception is Proposition 4.2 where
we make use the canonical Casselman—Wallach globalization of an admissible finitely generated
(g, K)-module, cf. | , Chapter 11], in particular Theorem 11.6.6.

Finally suppose that F' is a number field. The global Jacquet-Langlands transfer is an injective
map from the set of irreducible discrete series representations of Gy, (A) to that of GL,4(A) [ ,
Theorem 5.1]. We use JL to denote this map since there is no chance of confusion. Let ¢ be an
irreducible discrete series representation of G, (A). The representation JL(o) is characterized by
JL(0), = o, for any place v at which G, (F},) is isomorphic to GL,4(F,). Note also that if o, is a
square integrable representation of G,,(F), then JL(0), = JL(0y).

3. INTERTWINING PERIODS: GLOBAL THEORY

3.1. Regularized periods. We recall the theory of relative truncation operators developed by
Zydor [Zyd]. We temporarily switch to the setup of reductive symmetric spaces. So G is a reductive
group over a number field F', together with an F-rational involution 6§ on G. In what follows 6
acts on various objects and we use —Y to denote the fixed point of . Let H = G? be a symmetric
subgroup. The setup of [Zyd] is more general, but we specialize to this case and translate some
terminologies in [Zyd] into more familiar ones of symmetric spaces.

We fix a maximal -stable F-split torus Ay of G such that A}, = Ag is a maximal F-split torus
of H (whose existence is guaranteed by | , Proposition 3.5]). Parabolic subgroups containing
Ay or Aj will be referred to as semi-standard. All parabolic subgroups that we work with in the
regularization process will be semi-standard. We recall from [ , Lemma 3.1] that parabolic
subgroups P’ of H are precisely those of the form P N H where P is a 6-stable parabolic subgroup
of G (the reference [ ] works with local nonarchimedean local fields, but this lemma and its
proof work over any base field of characteristic not two). We fix a minimal parabolic subgroup
P} = M{Uj of H and a f-stable parabolic subgroup Py = MyUy of G with P = Py N H. In what
follows for any #-stable parabolic subgroup P = MU of G, unless otherwise explained, we always
write P’ = M'U’ = PN H. To ease notation, ap,, a p, and other related spaces will be abbreviated
as ag, ag and etc. We will encounter various bilinear pairings and we denote them all by (—, —).

There should be no confusion which pairing it is.
10



Let P = MU be a 0-stable parabolic subgroup of G. Let Ap C a} be the set of simple roots for
the action of Ap on Lie(U). Define the positive chamber

ap ={veap|(v,a)>0foral a€Ap}

We also define the positive chamber a;, of aps similarly using the parabolic subgroup P’ of H. We

write aar/ for a;,. The involution # acts on ag. We have ag = ag and hence for any subset Y of ap
0 iy

P

we have Y% = Y Nay. In particular a;,’ = c@ N agy for all f-stable parabolic subgroups P of G.

If Y is a subset of ay we denote by Y its closure in ay. The relative chambers denoted by 3p, 312
and 3}5 in [ , Section 3] are indeed our a}o;., aJIS’e and aJIS’g, respectively. We fix an inner product
on ag which is invariant under the action of the Weyl group of H.

Let Q' be a parabolic subgroup of H. We set

PG(Q') = { #-stable parabolic subgroups P of G satisfying PN H = Q’} ,

and
Fe@Q)= U Per
Q/CP/
where the union ranges over all parabolic subgroups P’ of H containing @’. By [Zyd, Example 0.3,

Proposition 3.1], ]—"G(P(’)) is precisely the set of #-stable parabolic subgroups P of G such that
a;’e # (). Moreover by [Zvd, (3.1)], we have

+ +0 ¥ _ +.0
ag = H ap’,  ah = H ay’.
PePS(Q) PEFE(Q)

For P,Q € FY(P}) such that P C Q, let ag’e be the orthogonal complement of a% in a with
respect to the fixed inner product on ay. We write a@f for aP(;g. For X € ay, let Xp (resp. X,
resp. Xg) be the orthogonal projection of X onto a?g (resp. a®?f, resp. anD’Q).

For P,Q € FY(P}) such that P C Q, let z be any fixed point in ag’e. Following 7y, Section 3.2],

we put ?g the characteristic function of the interior of the cone
+,0
{anO/ | (v,o —2) >0 forall z €ap },
and Tg the characteristic function of the interior of the dual cone
{)\(a:—z) cal | A>0, xea;’a}.

These definitions are independent of the choice of z. We omit the superscript if Q = G.

Let us fix an element Treg = THreg € G as in [Zyd, Section 3.5]. It is by definition an element
so that [Zyd, Lemma 2.7] holds. The definition of this element is part of the reduction theory and
is rather technical, but we do not really need the precise form of it. The point is that any element

T € Treg+ aa', will be sufficiently regular, i.e. sufficiently away from the walls of the Weyl chambers.
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Let @ be a parabolic subgroup in F%(P}) and ¢ a locally integrable function on Q(F)\G(A).
For a parabolic subgroup P contained in @), recall that the constant term ¢p is defined by (2.1).
The relative truncation operator is defined as follows, cf. [Zyd, Section 3.7]

im Q.0
(3.1) AT9p(z) = > (—ntimer Yo FE(Hp (02)? = T9)¢p(d2),

PeFE(Py) SEP(F\Q'(F)
PcQ

for all z € Q'(F)\H(A). The sums in the definition of AT'? are all finite, cf. [Zyd, Lemma 2.8].
When Q = G, we write AT = AT, We observe that if ¢ is a locally integrable function on
G(F)\G(A) then
ATQp = AT Qg
We also have an inversion formula [Zyd, Lemma 3.7]
(3.2) o)=Y Y. TlHp(6z)q — To)AT9(5z)
QEFC(Py) 0€Q (F)\H(F)
for all ¢ being a locally integrable function on G(F)\G(A) and = € H(A).
Take a parabolic subgroup @Q = LV in F G(PO'). We define

L(8)?! = {z e L'(A) | Hy(x)g = 0},

For T € Treg + ag,, the function h — AT¢(h) is of rapid decay by [Zyd, Theorem 3.9]. Thus we can
define a functional P” on A(G) by

PTo)= [ AT g(h)dh.
(FO\H(A)G:1

To each ¢ € A(G) and each P € FE(P}), one associates a set of relative exponents Ep(¢)’ C ay ¢,
cf. [Zyd, Section 4.2]. Let pp be the projection of pp — 2pps to ay. Define a subspace of A(G) by

A(G)™8 = {¢ € AG) | (A + pp,a%?) # 0 for all A € Ep(¢)’ and all maximal P € FC(P})}.

According to | , Section 9], all cuspidal Eisenstein series defined as in (2.3) whose parameter
(s in (2.3)) takes generic values belong to this space. In fact the argument of | ] shows that
these Eisenstein series lie in a slightly smaller subspace A(G)*™* C A(G)"™®. Strictly speaking only
the Galois symmetric spaces are considered in | ], but the argument carries over in general
without change.

The main assertion of [Zyd, Theorem 4.1] is that the map
T — P (¢)

is a polynomial exponential in 7" and if moreover ¢ € A(G)"™8, its purely polynomial part is a

constant. This constant is denoted by

PW)=/‘ @(h)dh,
H(F)\H(A)G!

and is referred to as the regularized period of .
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3.2. Global intertwining periods. In this subsection we return to the setup of the symmetric
space introduced in Subsection 2.3. We will consider a very special case, namely t = 2 and k = 1 so
G = GLy(D) where D is a central division algebra over a number field F. If d is odd then H = Dy,
which is anisotropic. If d is even, then E embeds in D and H = Resg/p GL2(C) where C is the
centralizer of E in D.

Let P = MU be the unique upper triangular parabolic subgroup of G. Then P and its transpose
are the only proper parabolic subgroups of G and ag’* is one dimensional. We fix an identification
ag”é ~ C which sends the unique simple weight to 1. We also fix an identification ug ~ R so that
the unique simple coroot is sent to 1. Then the pairing between aIGD,C and ag’* reduces to the usual
multiplication of real and complex numbers.

If d is odd, then G = PH and we put n = 1. If d is even, then there are two double cosets. We
—H

1
have fixed a representative of the open one as n = (
7

). In this case M" is isomorphic to

a

D>, embedded in M as ( o )), a € D*. The other double coset is PH which is closed and
a

PN H = MnN H is isomorphic to C* x C*.
Let ¢ € AL(G). and s € ag”é. We define the global (open) intertwining period by

(3.3) J(¢,s) = / / G(mnh)dm | e>Hr@m)qp,
P()(A)\H(4) \J M7(F)\M(4)P1

where M"(A)PY = M(A)NM'(A)PL. Let us first check the invariance property. Since M" consists

of elements of the form <a ) , a € D*, the function

0(a

h — e<87HP(77h)>

is left invariant by P(n)(A). Moreover M"(A)P1AL = M7(A) where AL, consists of (a ),
a

a € FX. Since ¢ € AL(G), we have ¢(zg) = ¢(g) if z € AL. It follows that the function
h — ¢(mnh)dm
Mn(F)\M1(A)P1

is left invariant by P(n)(A). The defining integral of J(¢, s) thus makes sense.

Theorem 3.1. Let m be an irreducible cuspidal automorphic representation of D*(A), and ¢ €
AbL(G)rmav. The integral (3.3) is absolutely convergent when Res >> 0 and has a meromorphic
continuation to the whole complex plane. Moreover if w is not self-dual, then we have the functional

equation
J(¢7 S) = J(M(w7 S)d)v _S)

where w € W (M, M) is the nontrivial element.
13



We note that if d is odd, this theorem is essentially trivial. The group H is anisotropic modulo
the center so absolute convergence and meromorphic continuation are obvious. Moreover recall that
we have the Eisenstein series E(g, ¢, s) on G(A), defined as in (2.3). The usual unfolding argument
gives that

(3.4) E(h, ¢,5)dh = J(¢,5)

/1’1(1’)\1‘1’(1%)‘;’1
The functional equation then follows from that of the Eisenstein series.

The rest of this subsection will deal with the case d being even. We will prove a relation
similar to (3.4), with the period integral on the left hand side replaced by the regularized period.
Theorem 3.1 follows immediately.

Let us first check the absolute convergence.

Lemma 3.2. There is an s € R so that if Res > so then the defining integral of J(¢,s) is

absolutely convergent. Moreover for a fixed s1 > sg, the function

ts J(¢, 81+ —1t)

1s bounded.

Proof. The proof is essentially that of | , Lemma 27]. As D is a division algebra, the inner
integral of (3.3) is over a compact region. Since cusp forms are bounded, it is enough to show the
integral
/ o5 Hp(h) g,
P(n)(A\H (A)
converges absolutely when Re s is sufficiently large. Boundedness in the imaginary part of s also

follows from this, since |e(sHP(1)| = ¢Res,Hp(mh))  Explicitly the function g — e*HP¥) is given

by
(a Z) k— v(ab™1)*

where a,b € D*(A) and k lies in the maximal compact subgroup K of G used to define Hp.

Asin | , Lemma 27], we represent the function g — e!sHP9)) by an integral. We consider

/ BBt dt,
D (A)

where ¢ is a Schwartz function on D(A) and dt is the multiplicative measure on D*(A). This

the integral

integral is a type of Godement—Jacquet zeta integral, which is convergent when Re s is large and
is a holomorphic multiple of {p(s — %(d — 1)), the standard zeta function for D. We can choose ¢
so that it actually equals (p(s — 3(d — 1)). Let ® be a Schwartz function on D(A) x D(A) that is
invariant under the right translation of K and ®(0,t) = ¢(t). Consider
v(g)®
(p(2s — 3(d — 1))

/ B((0,8)g)v()%dt, g€ G(A).
DX (h)

14



By our choice this integral equals e(*#r(¥)) We can rewrite this integral as an integral over M as

(s,Hp(9)) — 1 (0.1 -
‘ CD(QS—%(d—l)) /Mn(A) ((0,1)yg)v(vg)*dy

After a change of variables we get for h € H(A)

1

(s,Hp(nh)) — / ®((0,1)nyh)v(nyh)d

e s Lnyh)v(nyn)”dy.
¢p(2s — 5(d— 1)) Jumw)

Since M (n) = P(n) we have

/ oS Hp () g, — ! /
P(n)(A)\H(A) (p(25s — 5(d—1)) Ju)

For a,b,c,d € C, the function

(3.5) ®((0, 1)nh)v(nh)*dh.

b
<a ) — ®(a — pe,b— pd)
c d

is a Schwartz function on My (C'). Moreover if

we have

It follows that the right hand side of (3.5) is a Godement—Jacquet zeta integral for GLa(C). There-

fore it converges absolutely for Re s sufficiently large. This proves the lemma. O

Theorem 3.3. Let 7 be an irreducible cuspidal automorphic representation of D*(A) and ¢ €
Ab(G)rmav. Assume that  is not self-dual. Then if Rs is sufficiently large then

(3.6) / ’ E(h,¢,s)dh = J(¢,s).

H(F)\H(A)%!

Proof. Before we delve into the proof, let us first make various objects in Subsection 3.1 explicit in
our context.

The space ap is spanned by two coroots e; and es, where

The involution 6 acts trivially on ap and ap. Thus we have ap = aps and ap = ap,. For all
m € M'(A), we have Hp(m) = Hp/(m). We also have

pp = 2pp

as dimp D = 2dimp C.
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The subspaces ag and ag are spanned by e; + e2 and e; — eg respectively. The element e; — es
is the unique simple coroot, and we have made an identification ag ~ R which sends e; — es to 1.

The function 7p is the characteristic function of the region
{ae1 + bea | a > b}.

Therefore when restricted to aIGD, it is nothing but the characteristic function of Rsg. There is an
element 7T € ap and the truncation operator 7' lies in Treg + a]t. In the current situation, this
simply means that T¢ € ag is a large real number.

There are only two proper parabolic subgroups of G, i.e. P and its transpose. We have
FE(P')y={P,G}.

The group H(A)%! consists of elements h with v(h) = 1. The group M'(A)"! consists of
a
( b> , a,be C*(A), v(a)=v() =1

Therefore M'(F)\M'(A)P! is compact.
Put Al,, = A3, N H(A)%!. Then the map Hp : AL, — af is a bijection and its inverse is
denoted by

a4 — AL, X e
By the Iwasawa decomposition, cf. [Zyd, Subsection 4.3], we have
(3.7) H(A)S =U'(A) AL, M'(APTK

where K is a maximal compact subgroup of H(A). That is, any element h € H(A)%! can be

written in the form
ueXmk, uweU'(A), X €af, me M'(A)P! ke K.

We fix a measure on K and on U’(A) such that the volumes of K and U’(F)\U’(A) equal one. The
space aIGD is given the usual Lebesgue measure. We fix a measure on H (A)G’1 and then there is a

unique measure on M’(A)P! such that

(3.8) / f(h)dh = / / / / {7210 £ (ueX mk)dkdmd X du,
H(A)G’l (A) ag /(A)P,l K

for all compactly supported locally integrable function f on H(A)%!.
We have Hp:(ueXmk) = X. If T € af, with the identification a% ~ R, then

1, X>T
rp(Hp(ueXmk) — T) =
0, X<T
We now begin the proof of the theorem, following the argument of | , Theorem 9.1.1] closely.

Due to our specific situation the computation can be made very explicit.
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Let f be a Paley—Wiener function on ag’é, cf. | , I1.1.2]. In our current setup, with the

identification a]GJ’(*: ~ C, this means that f is of the form

(o)
f6)= [ etetat,
— o
where ¢ is a compactly supported function on R. In particular f is holomorphic and is of rapid

decay uniformly as Im s — oo in any vertical strip a < Res < b.

Claim. Assume that f vanishes at 0. Then for some sufficiently large real number sy we have

(3.9) / / E(h, &, ) f(s)dsdh = / / h, &, 5) f(s)dhds,
H(F)\H(A)G:1 JRes=so Res=so J H(F)\H(A)¢

both sides being convergent as iterated integrals.

Using the inversion formula (3.2), the left hand side of (3.9) equals

2 / F)\H(A)C /R ATRE(h, ¢, ) f(s)7q(Hp (h)g — Tg)dsdh

QEFG(P)

As the central character of E(h,¢,s) is trivial, we may assume that T € aIGD. We recall that by
definition AT?E(g, ¢, s) = AT’QEQ(g, ¢,s) where Eg stands for the constant term along . The
sum over () contains only two terms: Q = G or Q = P. If Q = P, then the constant term is

computed in | , Section 9]
Ep(g, ¢, s) = ¢(9)e'>TP9) 4 M(w, s)¢p(g)el =P,

where w is the unique nontrivial Weyl group element of G. The left hand side of (3.9) thus equals

/ / ATE(h, ¢, s)f(s)dsdh
H(F)\H(A)G1 JRes=s¢

+ / / d(h)eSTP M) £ ($)rp(Hp (k) — T)dsdh
P/(F)\H(A)G:1 JRe s=s¢

+ / / M (w, $)d(h)e ") £ (s)rp(Hpr(h) — T)dsdh.
NG JRe s=s0

We denote these terms by I + I 4 I11 and compute them separately.
e Since sg is large and ATE(h, ¢,s) is of rapid decay, the double integral I is absolutely

convergent and we can change the order of integration.
e We now compute 1. Write h = ueX*mk as in (3.8). Then

II:/ / / x(eXm)el=20r)X £(5)dsd X dm.
M'(F)\M'(A Res= so

Here ¢x(g) = [ ¢(gk)dk, and we have moved the integral over K inside because K is
compact. Since ¢ € AL(G), we have

¢(ag) = elrrHria) g (g)
17



for all a € A5} by definition. It follows that
O (eXm)els 20PN = g (m)e*™.

Thus

11 :/ / / b (m)e*X f(s)dsd X dm.
M/ (F)\M'(A)P1 JT JRes=so

Let s( be a sufficiently negative real number. We can shift the integral over Res = sy to
Res = s{, because f is a Paley-Wiener function. Along the line Res = s{, the inner two
integrals are absolutely convergent and can be switched. Elementary computation then
gives

esT

II:/ qﬁK(m)dmx/ ——f(s)ds.
M!(F)\M'(A)P:1 Re s=s}, S

As f(s) vanishes at s = 0, the integrand is holomorphic. Thus we can shift the contour
Re s = s{, back to Res = sp and obtain that

11 = —/ o (m)dm ></ f(s)ds.
M/ (F)\M'(A)P:1 Res=sy S

The integral I11 can be computed similarly. Like the integral I, it equals

III = / / / (M (w, $)¢) i (m)e™** f(s)dsd X dm.
M/ (F)\M'(A)P1 JT JRes=so

The domain of the outer integral is compact. As sq is a large real number, the intertwining

operator M (w, s) is given by the convergent integral (2.2). It follows from (2.2) is bounded
by some constant independent of the imaginary part of s. Therefore the integral I11 is
absolutely convergent. We can change of the order of integration, and there is no need of

shifting the contour as in the computation of integral I1. The result is

efsT
= _/Resso -5 fle) </M’(F)\M'(A)P‘1(M(w’ S)d))K(m)dm) o

With these computations, the conclusion is that the left hand side of (3.9) equals

(3.10)

/ / ATE(h, ¢, 5)f(s)dsdh
Res=so J H(F)\H(A)G:!

¢ (m)dm x /

Re s=sg

e*ST
‘/ /) ( / (M (w,s>¢>K<m>dm> ds.
Res=so —% M/ (F)\M"(A)P

18
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The right hand side of (3.9) is computed in [Zyd, Corollary 4.3]. The regularized period of E(g, ¢, s)

equals

/ ATE(h, ¢,s)dh
H(F)\H(A)%!
(3.11) T ST
= oxc(mydm < (M(w,5)9)iclm) .
S M’(F)\M’(A)P’l —S M’(F)\M’(A)Rl
The computation in [Zy] assumes that A% is trivial. But as our Eisenstein series has trivial central

character, we may view it as an automorphic form on Ag(A)\G(A). In the computation (3.11), this
amounts to assuming that 7' € a%, which is what we have done. Thus the result of [Zyd] applies.

Each term of (3.11) is bounded along the line Re s = sg. It follows that the regularized period of
E(g, ¢, s) is also bounded along this line. The integration of of (3.11) along Re s = sy against f(s)
is absolutely convergent and it follows from (3.11) that the right hand side of (3.9) equals (3.10).
This proves the claim, i.e. the identity (3.9).

Let us now unfold the left hand side of (3.9). The usual unfolding argument gives that the left
hand side of (3.9) equals

/ 6(nh) ( / €<8’HP("h)>f(s)ds> dh
P(n)(F)\H(A)%1 Re s=s0

+ / o(h) < / el Hp () f(s)ds> dh.
P/(F)\H(A)G:! Re s=s0

We show that the second term vanishes. Indeed with the choice of the measures (3.8), we can

(3.12)

rewrite the second integral as

/ / / / o (mh)e*X f(s)dsdmdhd X.
—oo J M/(A)\H(A) J M'(F)\M'(A)Pt JRes=so

The inner two integrals, i.e. those over m € M’'(F)\M’(A)P! and over s, can be put in any order, as
the integrand containing m and that containing s are separated. By our assumption, 7 is not self-
dual and hence it is not distinguished by C*(A). It follows that the integral over M'(F)\M'(A)P!
vanishes. This proves that the second term of (3.12) vanishes.

The first double integral in (3.12) is absolutely convergent by Lemma 3.2. We can switch the
order and conclude that the left hand of (3.9) equals

/ (6, 5) f(s)ds.
Re s=sg

In conclusion, we have proved that

/ (/ E(h,¢,s>dh> fods= [ J0.5)1(s)as
Re s=sg H(F)\H(A)G-1 Res=sg

for all Paley—~Wiener functions on ag’(*: which vanish at s = 0. The desired identity (3.6) then

follows from the following calculus fact, which is a very special case of | , Lemma 9.1.2].
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Fact. Let a be a bounded countinuous function on Res = sqg. If

/Res:so a(s)f(s)ds =0

for all Paley—Wiener functions f vanishing at s = 0, then a(s) = 0. g

Proof of Theorem 3.1. As in the case d being odd, Theorem 3.1 follows from Theorem 3.3 imme-
diately. 0

4. INTERTWINING PERIODS: LOCAL THEORY

4.1. Local intertwining periods. We assume that F' is a local field and E/F a quadratic étale
algebra. Let 1, k,d be positive integers, ¢t = 2r and n = tk. We keep the setup in Subsection 2.3,
ie. G = G, with an embedding E* — G, H the centralizer of E* in G. As in Subsection 2.3, for
simplicity we further assume that d = 1 if £ = F x F. In this section, to ease notation, we usually
write G instead of G(F') for the group of F-points. Similar notation applies to other groups.
Assume t = 2. Let P be the parabolic subgroup of G corresponding to the partition (k, k) and
PnH the open double coset in G. We fix a maximal compact subgroup K of G with G = PK.
Let p be an irreducible representation of Gj. Then © = pX p" is an irreducible M"-distinguished

representation of M. Indeed, an element of M7 is of the form

(" o)

fwkmwk, FE is a field and d is odd,

¥(m) = < O(m), E is a field and d is even,

where m € GLg(D),

m, E=FxF.
For any element h € G}, we define a representation "p by "p(g) = p(hgh™"'). Put
Wkp, FE is a field and d is odd,

v ﬁp, E is a field and d is even,

p, E=FxF

and we fix a nonzero Gy, invariant pairing (-, -) between p and ?p". Then

Bl @) = (v,0)

is a nonzero M"-invariant linear form on 7.
We identify aIGD’(*: with C, the unique simple weight being sent to 1 € C. Let s € C and ¢ be a
section of I§(m,0) and we put

s(9) = d(9)e> P e I (m,s),  B(s(g)) = B(d(g))e!> P,
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These ¢ are sections of Ig(w, s), independent of s when restricted to K and will be referred to as

flat sections. We define the local (open) intertwining period

(4.1) T6.5) = [ O
n

The following result is | , Théorem 2.8] if F' is nonarchimedean and | , Théoreme 3] if

F' is archimedean.

Theorem 4.1. The integral (4.1) converges absolutely when Re s is sufficiently large. As a function
of s, J(¢, s) has a meromorphic continuation to C. Moreover for any s where J(, s) is holomorphic,

o — J(¢,s) is an H-invariant linear form on Ig(w, s).
Uniqueness of linear models implies the following functional equation.

Proposition 4.2. Let w be the nontrivial element in W (M, M). There is a meromorphic function
a(s) such that
a(S)J(¢a S) = J(M(w’ S)d)v _5)

for all sections ¢.

Proof. At a generic point s, the induced representation Ig(ﬂ',s) is irreducible, and J(¢,s) and
J(M(w, s)¢,—s) are holomorphic. For any s we can find some ¢ supported in the open double
coset such that the defining integral of J(¢,s) is convergent and J(¢,s) # 0. Both J(¢,s) and
J(M(w, s)¢, —s) define H-invariant linear forms on I§(w,s). The existence of a(s) then follows
from the uniqueness of such linear forms (See [ , Theorem 1.1] and | , Theorem 8.2.4]
when F = F x F' and | , Corollary 5.8 and Theorem 6.7] when E is a field). The archimedean
case needs more explanation. We make use of the canonical Casselman—Wallach globalization of
an admissible finitely generated (g, K)-module, cf. | , Chapter 11]. The statement of | ,
Theorem 8.2.4] asserts that there is a unique continuous H-invariant linear form on the Casselman-—
Wallach globalization of I§(r, s). By | , Théoreme 3|, the intertwining period J(-, s) extends
continuously to the Cassleman—Wallach globalization of I§(m,s). Actually | | showed that
when Re s is sufficiently large, the defining integral for J(-, s) is absolutely convergent for all ¢ in
the Cassleman—Wallach globalization of I§ (7, s), and ¢ — J(#, s) is a continuous linear form. The
existence of «(s) then follows. Finally in any case the function a(s) is meromorphic in s because
both J(¢,s) and J(M (w, s)p, —s) are. O

4.2. The local functional equation. The goal of this subsection is to compute the constant
a(s) in Proposition 4.2 when F' is nonarchimedean. One can also compute it in the case F' being
archimedean, but we do not do it as this is not relevant to our purpose. Let us keep the notation
from Proposition 4.2. Throughout this subsection, we assume that F' is nonarchimedean and p is
an irreducible supercuspidal representation of Gi. When k£ = 1, we further assume that p is not a
character. This in particular implies that the Jacquet-Langlands transfer JL(p) is not a twist of

the Steinberg representation of GLgq(F'), cf. | , p- 425].
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We use global methods. First we prove a globalization result.

Proposition 4.3. We can find the following data.

(1) A quadratic extension of number fields € /F which split at all archimedean places, a p-adic
place vy of F so that £,/ Fy, = E/F, and vy is the only place of F above p.

(2) A central division algebra D over F of dimension (kd)?, D, is isomorphic to My(D) and
D, is isomorphic to Matgq(Fy) if v splits in E.

(3) An irreducible cuspidal automorphic representation o of D*(A) so that o is not self-dual,
vy = p, JL(0) is a cuspidal automorphic representation and o, is an unramified principal

series representation if v | co.

Proof. We can take £/F and vp having the property (1) according to | , Lemma 5] and the
proof of | , Theorem 6]. By Brauer-Hasse—Noether theorem, there is a central division algebra
D with the property (2).

Let Doo = [] 1o Dov- Let GL(Doo)! be the subgroup of elements g = (g,), in GLx (Do) satisfying
|det gy|, = 1 for all v | co. Then we have a decomposition GLg(Dwo) = GLE(Doo)! X Zoo, where

v]oo

Z is the connected component of the identity of the center of GLj (D).

Fix a non-empty set V' C Z;, where 2; is the unitary dual of Z.,. Take a non-empty open
set UM of irreducible tempered unramified principal series representations of GL%(Dwo)! so that
if 0 € UD then it is not self-dual. Note also that U() has positive Plancherel measure. Let
U®? = {p} be a subset of the tempered spectrum of GLg(D). Then U®) is an open subset
with positive Plancherel measure. We also take a finite place v’ different from vy so that D, is
isomorphic to Matyq(F,) and an irreducible supercuspidal representation p’ of D). Let U ) = {p'}
be a subset of the tempered spectrum of ’DUX,. Again U®) is an open subset with positive Plancherel
measure. By | |, i.e. the limit multiplicity property for D* (the group is anisotropic), there
is an irreducible cuspidal automorphic representations o of D*(A), such that ooc|gr, (Do)t € U ™,
Owy = p, 0 = p’ and the restriction of the central character of o to Z is in V. In particular, all
archimedean components of o are unramified principal series. Since JL(0),» = o,/ is supercuspidal,

JL(0o) is a cuspidal automorphic representation of GLg4(A). This completes the proof. O

Remark 4.4. The argument is borrowed from | , Theorem 3.8.1], and it makes use of strong re-
sults from | |. What we need to prove essentially is that elements in a dense subset of tempered
unramified principal series representations of GLx (D) can be globalized to cuspidal automorphic
representations whose components at vy and another split place v are fixed supercuspidal represen-
tations. We have not checked all the details, but a much softer argument like [ , Section 16.4]

should suffice for this purpose.

We denote by A the ring of adeles of 7. We embed £* in G = GLy(D) as in Subsection 3.2
and let H be the centralizer of £*. Let P = MU be the upper triangular parabolic subgroup of

G. Let n be the representative of the open double coset as in Subsection 3.2. Let ¢ € A%(G)Uggv.
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As before we identify ag’é with C. By Theorem 3.1, we have a global intertwining period J(¢, s)
which is given when Res >> 0 by

/ / (&) o (mnh)dmdh.

P(n)(A)\H(A) /M7 (F)\M7(A)P-1
Let us fix a nonzero element
By € Homppn(z,) (00 Ko/, C)
for each place v of F so that the product of 8, equals the linear form
M7 (F)\M7(A)P:1

If ¢ =[], ¢v is factorizable, we have

(4.2) J(8,5) =[] Jo(d0,9),

when Res >> 0. The absolute convergence of the right hand side will be proved as a corollary
of Proposition 4.5. Note that our proof of the convergence of the defining integral of J(¢, s), i.e.
Lemma 3.2 does not give the absolute convergence of the right hand side. Instead the convergence
of the right hand side gives an independent proof of the absolute convergence of the defining integral
of J(¢,s).

Our next goal is to compute Jy,(¢y, s) for almost all v. Let us first remark that the embedding
&y, — D, at the place v might not be the same the one fixed in Subsection 2.3, but this does not
affect the calculation as all such embeddings are conjugate and hence different embeddings give the
same function a(s). We will take the embedding of £, — D, as given in Subsection 2.3.

Let us assume the following.

e The place v is either unramified or split in £. If v is nonarchimedean then the residue
characteristic is odd.

e The division algebra D splits at v.

e The representation ¢ is unramified at v and ¢, € o, is spherical.

e The linear form f3, is chosen so that £,(¢,(1)) = 1.

Of course, these conditions are satisfied at almost all places.

Proposition 4.5. With the above assumptions, we have

L(2s,0,, N?)L(s + %, oy)L(s+ %, Oy @ My)
L(2s +1,0,,Sym?)

Jo(Pu, 8) =

Proof. This has been established in | ] (v nonsplit) and | ] (v split), and we just need to

transport their results to our situation. First we observe that we have
L(2s,04, A?) = L(0,0,|-|*, A?)

and similar equalities hold for other L-factors appearing in the proposition. Therefore by suitably

twisting o,’s we only need to prove the proposition when s = 0.
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As o, is unramified, we assume that o, is a subrepresentations of

X1 X X2 X -+ X Xkd,

where X1, , Xxa are unramified characters of F*. A pairing between o, and o,/ is given by

wr= | f@)f (qura)dg, feou feol.
Pra(Fu)\ GLga(Fov)

where Py is the upper triangular Borel subgroup of GLy4(F,) and the measure is taken so that
the volume of Pyq(Fy)\ GLxq(Fy) equals one. Recall that M"(F,) consists of matrices of the form

mn , me GLkd(]:v)-
WrdMWEd

The M"(F,)-invariant linear form 3, on o, X o,/ is then given by

Bo(f @ ) = (f, [).
Let f°, f*V be spherical sections of o, and o,/ respectively, normalized so that f°(1) = f*V(1) =
1. Let ¢ be the spherical section of Inds((]]_f:))

p(1) = fe® foV.

It is also viewed as a spherical sections of the unramified principal series

oy, X o) satisfying

X1 X o X Xkd X X - X XX/;dl~
Let ¢, be the spherical section of
X1 X - XXkdXXJ;} XX Xy
normalized so that ¢y (1) = 1. There is a standard intertwining operator

M (W)t X1 X =+ X Xkd X Xpg X - X X7+ = X1 X X Xkd X X7+ X X Xpog»

;[ Lk
w = .
Wd

By the Gindikin—Karpelevich formula we have

(4.3) M(w')gy = c(x) - ¢

given by the Weyl group element

where 1
L(0, xaX; ")

cx= 1] Lliagl
1<a<b<kd ( » XaXp )

We write x; = |-|% for some s; € C. Let us assume that
Res; >> Reso >> -+ >> Respg >> 1.

which guarantees that the integrals under consideration (including the defining integral of M (w'))

are absolutely convergent. It is enough to prove the proposition under these assumptions as both
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sides are meromorphic with respect to s1,--- , spq. Write the Levi decomposition of Piq as Prg =
T1qUgq, where Ugq is the unipotent radical of Py and Trq is the diagonal torus. Note that the

defining integral (2.4) of the standard intertwining operator becomes in this case

M@y = [ o <w' (1“ u) g> du

Let Pg be the standard upper triangular Borel subgroup of G. Since H(F,) N Py(F,) consists of

t
, te de(]: v)
WidtWid
and H(F,) N P(F,) coincides with M"(F,), we have

Bo(M(w) gy (1)) = / Moy [ (? dg
- Pa(Fu)\ GLga(Fv) JWkd

1
/ by w' | g h | dgdu
Prq(Fv)\ GLga(Fv) de(]:v JWkd
/ g h | dgdu
Pa(Fu)\ GLga(Fv) de(]:v WidUWEd WkdgWikd

/ qﬁx(mh
H(F,)NPo(Fu)\H(F,)NP(Fy)

matrices of the form

Hence we obtain

/ h)dh = / / b (mh)dmdh
H(]:v)ﬁpo(]:u)\H(fu - H(F,)NPo(Fu)\H(Fy)NP(Fy) JH(Fy)NP(Fp)\H(Fy)

Bo(M(w")py (h))dh

H(F,)NP(Fy)\H(Fy)

= c(x) - Ju(9,0).

For the last equality, we used (4.3). By | , Lemma 5.6 and (89)] and | , Section 4.5], the

first integral equals

1T L(0, xix;)L(0, xix; ") ﬁL(l/Q,Xz) (1/2,ximrr)
1<i<j<kd L(17Xz‘Xj)L(17Xin_l) il L(1,x?)

A little computation gives that this simplifies to

L(0,0,, A2)L(1/2,0,)L(1/2, 0, ®m)

) L(1,0,,Sym?)

The proposition then follows. O

Corollary 4.6. The right hand side of (4.2) is absolutely convergence when Res >> 0.
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Proof. Let S be a finite subset of places of F' such that the conditions before Proposition 4.5 are
satisfied if v € S. By Proposition 4.5, the right hand side of (4.2) equals

H L(2s,0,,A*)L(s + %, oy)L(s+ %,O'U ® My
L(2s +1,0,,Sym?)

)

< [T 7(¢v, ).
v S veS
The product over v € S is absolutely convergent because of the convergence of the partial L-

functions. The product over v € S is finite. O

For convenience we introduce the following notation. Let R be a commutative ring, R’ be a
subring and a,b € R. We write a ~p/x b if there is some ¢ € R’ so that a = cb.

Let us fix a nontrivial additive character ¢ = ®, of F\A. The gamma factors in the next
proposition are those defined by the Langlands—Shahidi method which coincide with those defined

using local Langlands correspondences | , Theorem 2.1].

Proposition 4.7. Let the notation be as in Proposition 4.2. Then

a(s) ~grs)x 7(—28,JL(p)v,/\Q,wvo)*lfy(Qs,JL(p),Sme,zpvo)*l.
Proof. Let S be the finite set of place such that if v ¢ S then the assumptions before Proposition 4.5
are satisfied. By Proposition 4.5, we obtain

T(6.5) = L5(2s,0,A)L5(s + 5,0)L°(s + 5,0 @ ne/r
8= L5(2s +1,0,Sym?)

)
X H Jo(bw, 5).
vES
This equality, a priori holds for Res >> 0, in fact holds for all s as both side have meromorphic
continuation. Moreover for any v € S, by the Gindikin—Karpelevich formula, we have
L(2s,0, X 0y)
M = w
(w7 S)¢’U L(QS + 1’ O X O'v) ¢'U7

ng)) o, X o,, normalized so that “¢,(1) = 1. This,

combined with the global functional equation J(¢,s) = J(M(w, s)¢, —s), gives that

Jv(M(wv 5)¢v7 *5)
=060

where “¢, is the spherical section of Ind

veS
equals
L3(2s +1,0,A?) L3(s + %, o) L3(s+ %,0 ®Ne/F) L3(1 —2s,0V,Sym?)
L5(=2s,0Y,N\?) LS(5 — s,0Y) L3(3 — s,0Y ®@ng/7)  L5(2s,0,Sym?)

We have the functional equations

(4.4) L5(s,0,A%) = [ [ (s, JL(0w), A2, 90) L5 (1 — 5,0V, A%)

and similar functional equations for all partial L-functions above. This needs some explanation.
Recall that JL(o) is a cuspidal automorphic representation of GLxg(A) with JL(o), =0, if v € S
(we have identified GLg(D,) with GLgq(F,)). Then by definition we have

L(s,0,A%) = L®(s, JL(0), A%),
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and similar equalities for all other partial L-functions. Thus (4.4) is nothing but the global func-
tional equation of L°(s, JL(c), A?).
We thus conclude that

. V(s + %vJL(Jv)vdjv)'Y(S'f‘ %vJL(O'v@Uv)awv)
[Jou() =11 (=25, JL(00)V, A2, 0 )7(28, IL(0), Sym>, 1)

ves ves 7
The point is that S contains only nonarchimedean places and by [ , Lemma 9.3] the factors with
different residue characteristics are algebraically independent. By Proposition 4.3, the place vy is

p-adic and it is the only place above p in S. It follows that there is a nonzero constant C' so that

V(s + 5. JL(p), oy )¥(s + 5, JL(p @ 0oy, o)
v(—2s, JL(p)V, A2, by, )1(25, JL(p), Sym?, ¢y,)

The representation JL(p) is a square integrable representation of GLgy(F'). It is the unique irre-

O‘vo(s) =

ducible quotient of

D)2 L )2

where [, is a positive integer, p’ be an irreducible supercuspidal representation of GLy, /lp(F ). Thus

by [ , Theorem 2.3] we have

L(s,JL(p)) = L (s v 2_ 1,,0/) .

By our assumption, JL(p) is not a twist of the Steinberg representation. Thus nd/l, # 1. Therefore
by | , Section 2.6.1], L(s,JL(p)) = L (s + l”gl,p’) is the constant 1. Similarly L(s,JL(p ®
Tw,)) is also the constant 1. It follows that v(s + 5, JL(p), 1w, )7(s + 5, JL(p ® Ny, ), thuy) equals the
epsilon factor €(s + 3, JL(p), 1y, )€(s + 5, JL(p ® 1), Puy), Which is an element in C[g=*]*. The

proposition follows. O

4.3. Applications to distinction. The goal of this subsection is to prove Theorem 1.3. The
setup is the same as Theorem 1.3 which we now recall. The following notation will be kept in
this subsection. We have n = kt and P the parabolic subgroup of G = GL, (D) corresponding
to the partition (k,k,---,k). Note that unlike the previous two subsections, here ¢ can be an
arbitrary integer. Recall that 7 is the fixed representative of the open double coset PnH in G and
M" = M Nn~'Hn. Let p be an irreducible self-dual supercuspidal representation of G with JL(p)

being the unique irreducible quotient of

p/V(lilP)/2 X oo X ply(lﬁil)/2

where p’ be an irreducible self-dual supercuspidal representation of GLyg4 /1,(F). We assume that if
k = 1, then p is not a character. We consider distinction of w, where m is the unique irreducible

quotient of
py(l—t)lp/2 « p,/(3—t)lp/2 X o X py(t—l)lp/2_

First let us link the local factors of p to those of p'.
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Lemma 4.8. We have
v(=s, JL(p), A%, 9) (s, JL(p), Sym?, ¢) !

L(_57P/7Sym2) L(Sapl7/\2)
L(=s+1,,p/,Sym?) L(s + 5, p/, \?)

if 1, is even,

~ +s]x
H] L(_S7p/7/\2) L(Svp,asme) . .
5 —v if lp is odd.
L(—s+ 1, p/,Sym?) L(s + Iy, p', A\?)
Proof. To simplify notation, we set
L (s, JL(p)) = L(s, JL(p), A*), L-1(s,JL(p)) = L(s, JL(p), Sym?)
€+1(S’ JL(,O), ,QZ)) = 5(87 JL(p)a /\27 ¢)7 571(57 JL(p)7 TIZ)) = 6(5’ JL(p)v Sym2a ¢)
’Y-‘rl(sa JL(p)v ¢) = ’Y(Sa JL(p)7 /\27 ¢)7 7—1(57 JL(p)7 ¢) = 7(87 JL(p)v Sym27 ¢)
Since we have the relation
I I
(4.5) Lii(s,JL(p HL( yi-1(s + 1, —1i,0), —1(s,JL(p HL _nyi(s +1, =1, 0'),
=1 =1
we get
i(s,0L(p) ll_[ Lei(s+l—ip) Lyl
Lii(1+s,JL(p)) 2% Layi-i(s+ lp —i+ 1, p)  Liy(s+1,p)

Similarly we have

Loa(—s,JL(p) % Linii(—s+l,—i,0) L pi(=s,0)

L,1(1 -5, JL(p)) B i=1 L(—l)i(_s + lp —i+ 1ap/) B Lfl(_s + lpap/) .

Because p is self-dual we conclude that there is some a(s) € C[¢**]*

(=8, TLp) A2 ) (. TL). Sy ) = ate) AR LG LD
:a(s)L(_) 1(=s,0) L( (8, 0)
L_i(— s—i—lp, 2 L+1(8+lp, oN
This proves the lemma. U

We now begin the proof of Theorem 1.3. The strategy is to treat t = 2 first and then reduce the

general case to it.

Lemma 4.9. The space of H-invariant linear forms on pr=st x pvs is one dimensional for all s.

Proof. First we assume that s # % In this case, the induced representation pr—% x prb is

irreducible and the lemma follows from | , Corollary 5.8].
Next we consider the case s = % In the proof of | , Proposition 5.6], it is observed that the
only double coset which contributes to the space of H-invariant linear forms is PnH. Denote by

_1 17 \°
pr 2% x pra'e
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the H-invariant subspace of sections supported in this open coset. We have
e}
4.6 Homy (pr—2% x pr2te,C) = Homy ((pr—2% x pr2le) ,C),
P P p P

the map being given by restriction. By Frobenius reciprocity the right hand side of the above
equality is isomorphic to

Hom pzm (pl/_%l” X pyél”, C)

Recall that M" consists of elements of the form (a ), a € GLg(D). Therefore this space is

O(a
one dimensional.

Lemma 4.10. The local intertwining period J(-,s) is holomorphic at the point s = —%lp and

. ) . 1 1
defines a nonzero H-invariant linear form on pv~2% x pyzle.

Proof. Suppose that the local intertwining period is not holomorphic at —%l p» then for some positive
integer a

(s +3Lp)" I (-, )
defines a nonzero H-invariant linear form on pl/_%l” X pV%l”. However for any section supported in
the open double coset the defining integral of the local intertwining period is absolutely convergent
and therefore (s + 31,)?J(, s) is zero when restricted to (pyfélp X pyélp)o. This is contradictory
to (4.6). Thus the local intertwining period is holomorphic. It is also clear that it is nonzero

because we can choose some ¢ supported in the open cell such that J(¢, —%lp) £ 0. O

Let us introduce the following notation. For a real number a, the representation

pylﬁa « lep(aJrl)

has a unique irreducible quotient. Its kernel is denoted by Z([a,a + 1],). It is also the unique
irreducible quotient of
puhe(@+]) 5 lea,
Recall that p and hence p’ are self-dual. It follows that precisely one of L(s,p’,Sym?) and
L(s, p', A?) has a pole at s = 0. The next proposition proves Theorem 1.3 in the case t = 2.

Proposition 4.11. Let the notation be as above. The following are equivalent.
(1) Z([-1/2,1/2],) is H-distinguished.
(2) L(s,p', A%) has a pole at s = 0.

Proof. Let 0 = pX p be a representation of M and take a non-zero element 3 of Hompm (o, C). Let
w be the nontrivial element in W (M, M). The intertwining operator
M (w, —%lp) : pl/_%lf’ X pl/%l" — ,OV%I” X pu_%l”.

is holomorphic and nonzero according to | , Proposition 7.1]. Simple Jacquet module com-

putation shows that all intertwining maps pu_%lp X puélﬂ — py%l" X py_%lp are multiples of the
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intertwining operator M (w,—3l,). It follows that the image of M(w,—3l,) is the unique irre-
ducible submodule of pV%l’J X pl/f%lf’. By Lemma 4.10 the space of H-invariant linear forms on
py%lp X pl/félp is one dimensional and is given by multiples of the local intertwining period. It
follows that Z([—1/2,1/2|,) is H-distinguished if and only if J(, %lp) vanishes on the image of
M (w, —31,).

Now assume (1). Let ¢5 be a flat section of I§(p,s). By Proposition 4.7 and Lemma 4.8,
J(M(w, s)p,—s) equals J(¢, s) multiplied by

L(—2s, p',Sym?)L(2s, o', A?)

L(725+lp,p’,Symz)L(Zs+lp,p’,/\2)

(4.7)

and an element in C[g™*]*. Thus (4.7) has a zero at s = —%p. All factors in (4.7) are holomorphic
and nonzero at s = —%’ except for L(2s+1,, p/, A?) which could have a pole. Therefore we see that
(1) implies (2).

The converse direction follows from reversing the argument. O

We return to the situation of an arbitrary ¢. For each 2 — ¢ < j <t — 2 with j =t mod 2, we

define a subrepresentation ;(p) of pr(1=Dh/2 x ... x py(t=Dlp/2 by

() = 102 - Il s Z((—1)/2, (7 + 1)/2,) x A2 x - x pt=Dios2)

Set
I(m) = Y. mip).
2—t<j<t—2
j=t mod 2
It follows from the proof of | , Proposition 2.7] that this is the maximal (proper) subrepresen-
tation of pr(1=D/2 x ... x pp(t=Dl/2 and is the kernel of the natural projection
py(lit)lP/Q X oo X py(til)lP/Q — .

Lemma 4.12. For 2 —t < j <t — 2 which satisfies j =t mod 2, suppose that the representation
7;(p) is H-distinguished. Then we have j = 0 and L(s, p', A%) has a pole at s = 0. In particular, if
t is odd, any mj(p) is not H-distinguished.

Proof. Assume to the contrary that either j # 0 or j = 0 but L(s, p’, A%?) does not have a pole at
s = 0. Let us prove that m;(p) is not H-distinguished. Let P; = M;U; be the parabolic subgroup
of G corresponding to the partition (k, ..., k,2k, k,... k) of n with 2k in position % Let

o=p 2R R U2 ) Z([(G—1)/2, (G + 1)/2],) ® /2 ) ) (= Dle/2
be a representation of M;. Then we have m;(p) = Indgj o. In | , Section 2.2 and 3.2,
representatives of P;\G/H have been analyzed and to each double coset representative A there

is an associated parabolic subgroup P;). We write r for the Jacquet module functor along the

unipotent radical of Pj y N M;. Mackey theory implies that Homg(7;(p), C) is embedded in

) Hom (r(0),C),
A
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where the sum runs over all double coset representatives of P;\G/H. Let us prove that all sum-
mands are zero. Assume that 7*(c) admits an M]f\—invaria,nt linear form. Note also that p is
supercuspidal and the only nonzero Jacquet module of Z([(j —1)/2,(j +1)/2],) is from the para-
bolic subgroup corresponding to the partition (k, k), cf. | , Proposition 2.7]. Hence there are
only two possibilities: we either have P; y = P; or P;\ = P.

First suppose that Pj y = P, then r*() is isomorphic to p - - -Kp;, where p; = pr(A—t+2(=1)lp/2,
The description of the double coset representative in [ , Section 2.2 and 3.2] indicates that A
corresponds to a symmetric matrix S = (s; ;) of size t — 1 with non-negative integer entries, which

satisfies the following.

(a) The sum of i-th row equals 2k if i = t% and k otherwise.
(b) Let X' = (X\],...,\}) be the partition (s11,81,2,--.,51,t6—1,52,1,---,5t—1,4—1) of n, where
O-entries are ignored. Then X = (k, k. k, ... k).

Let ¢ be the involution on the set of idices {1,2,...,t} induced from transpose s;; — s;j;. By

[ , Proposition 2.2 and 3.2], M j)‘—distinction implies the following.

o If 1(4) # i, then p; ~ pz/(i).
o If 1(i) =i, then p; is Hy-distinguished, where Hy is the centralizer of E* in GLg (D).

In any case we have p; ~ pbv(z.) and taking the central characters into consideration, the only
possibility is ¢(i) =t — i + 1 for all i. Therefore the matrix S should be anti-diagonal, but this is
not possible because of the conditions (a) and (b).

Now we suppose that P; y = P;, then 7*(c) = o and Z([(j —1)/2, (j +1)/2],) as a representation
of GLok(D) is GLok(C)-distinguished if d is even and GLy(Dp)-distinguished if d is odd. But this
is not possible if j # 0 since the central character of Z([(j —1)/2,(j +1)/2],) is not trivial and is
also not possible if j = 0 by Proposition 4.11. O

Finally we prove Theorem 1.3. For readers’ convenience we restate the result as follows. We do

not assume that p is self-dual.

Theorem 4.13. (1) Suppose t is odd and hence E* embeds in GLi(D) and we let Hy be the
centralizer of E*. Then m is H-distinguished if and only if p is Hy-distinguished.
(2) Suppose t is even. Then 7 is H-distinguished if and only if L(s,p’,Sym?) has a pole at

s =0.
Proof. Assume that ¢ is odd first. By (the proof of) [ , Proposition 5.6]  being H-distinguished
implies that p is Hg-distinguished.
Conversely, suppose that p is Hg-distinguished. Then it is self-dual. By [ , Proposition 7.2],
pr=0/2 5o pu(t=Dl/2 is H-distinguished. From Lemma 4.12, we see that Z(7) is not H-
distinguished. Therefore any non-zero H-invariant linear form on prte(1=0/2 x ... x pple(t=1)/2

factors through 7. This proves the first assertion.
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Now assume that ¢ = 2r is even. Suppose that 7 is H-distinguished. The Langlands parameter

of 7 takes the form
¢p/ D Syrntlp—1 Cc?. Wg x SLQ((C) — GLnd(C),

where ¢, is the Langlands parameter of p’. By [ , Theorem 1.1], the Langlands parameter of
7 takes value in Sp,,4(C). Since t is even, the image of Sym*»~1(C) lies in Spy,(C). This implies
that ¢, lies in the orthogonal group Oygy;,(C). This is equivalent to that L(s, o/, Sym?) has a pole
at s =0.

Conversely, suppose that L(s, o, Sym?) has a pole at s = 0. Then p is self-dual by [ ,
Theorem 3.18]. Therefore p is self-dual, and L(s,p’, A?) is holomorphic at s = 0. By | ,
Proposition 7.2] again, pr(=0/2 5o pt=Dlo/2 ig H_distinguished. It follows from Lemma 4.12
that Z(r) is not H-distinguished. Therefore the non-zero H-invariant linear form on pr=9k/2 x

oo x prt= /2 factors through nr. O
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