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1. Introduction

Modulational instabilities of monochromatic waves in weakly
nonlinear and strongly dispersive systems [1] are not only ubiq-
uitous in nature (in water waves [2], plasma waves [3], optical
waves [4], elastic waves [5]), but are responsible for much of the
striking behaviors seen in light filamentation [6] and freak waves
in fluid mechanics [7] and in optics [8]. This instability causes an
increase of initially small amplitude variations of a monochromatic
wave, which can ultimately destroy this wave. Such modulations
affect a long spatial scale that usually scales as one over the small
amplitude of the carrier wave. The new finding of this Letter is an
instability at a length scale that is shorter than the carrier wave.

We investigate this kind of instability for a class of wave equa-
tions

i
∂φ

∂t
= Lαφ + σφ|φ|2 (1)

in one dimension that describe the dynamics of a complex ampli-
tude φ(x, t) in one spatial dimension. The operator Lα is defined
via its eigenfunctions and eigenvalues Lα exp(ikx) = |k|α exp(ikx).
Eq. (1) can be derived from a Hamiltonian H = H2 + H4 with
H2 = ∫

ω(k)|ak|2 dk, ω(k) = |k|α and H4 = ∫
σ |φ|4/2 dx, where ak

is the Fourier transform of φ. We consider the two important cases
α = 2 and α = 1/2.

α = 2, ω = k2 yields the second order differential operator
L2 = −∂2/∂x2 so that (1) is the nonlinear Schrödinger equation
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iφ̇ + ∂2φ/∂x2 − σφ|φ|2 = 0. This equation is canonical in the
sense that it can be obtained from many wave equations by ex-
panding the linear dispersion about a carrier wavenumber, and
by expanding the nonlinearity in powers of the small amplitude.
In this context the nonlinear Schrödinger equation describes long
modulations of the carrier wave. But here we take the nonlin-
ear Schrödinger equation as an equation of its own right that is
satisfied by monochromatic waves φ = A exp(ikx − i(k2 + σ A2)t)
where the amplitude A is considered to be real and positive for
simplicity. A modulation of this carrier wave is achieved if the
amplitude is initially not constant, but varies slightly in space
with a wavenumber q as A + a cos(qx) + b sin(qx). This leads
to a system of coupled modes, namely two at k and at k ± q.
The four corresponding frequencies are almost phase matched as
ω(k + q) + ω(k − q) − 2ω(k) = 2q2 (Fig. 1(a)). Still, these modes
can interact resonantly when the nonlinearity has the appropriate
sign to offset the detuning [9]. For σ = −1 (the focusing nonlinear
Schrödinger equation) waves are unstable under long-wave modu-
lations with q ∼ A.

Majda, McLaughlin and Tabak [10] have studied an equation of
the form (1) in which the dispersion relation ω = √|k| is not an-
alytic and whose graph is concave down (Figs. 1(b)–(d)), in order
to mimic the dispersion of gravity waves in deep water. This MMT
equation was originally designed to check predictions of wave tur-
bulence theory in one dimension. Numerical investigations show
that coherent structures, namely short-wave pulses [11,12] for
σ = 1 and wave collapses [13–16] for σ = −1 emerge from dis-
integrating waves in this system.

In order to gain some understanding of these findings, we now
consider the instability of monochromatic waves of (1) with ω =√|k|. Fig. 1(b) shows that the four corresponding frequencies at k,
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Fig. 1. The dispersion ω = k2 of the nonlinear Schrödinger equation (a), and the
dispersion ω = √|k| of the MMT equation (b)–(d). The nonlinear Schrödinger equa-
tion (a) and the MMT equation (b) admit long-wave modulational instabilities (with
|q| � k) for opposite signs of the nonlinearity. The instability to short-wave am-
plitude modulations q ≈ 5k/4 is possible for either sign of the nonlinearity in the
MMT equation (c). Solitons in the MMT equation lose power by radiation of reso-
nantly excited modes on the second branch of the dispersion (d).

k ± q almost match as ω(k + q) + ω(k − q) − 2ω(k) ≈ −q2/(4k3/2)

for |q| � |k|. The negative detuning can be offset by a nonlinearity
with σ = 1. This indicates the possibility of a long-wave modula-
tional instability with q ∼ A. Note that this instability occurs for a
positive sign of σ , while the nonlinear Schrödinger equation ad-
mits modulational instabilities only for σ negative.

The fact that no such instability is possible for α = 1/2, σ = −1
appears to contradict ample numerical evidence for the existence
of wave collapses [13–16] in this equation: How can a wave col-
lapse be initiated without a Benjamin–Feir instability? Fig. 1(c)
suggests that the concave down dispersion ω ∼ √|k| admits an
additional instability: The resonance condition can be fulfilled for
some q > k > 0, so that k − q is at the left branch of the disper-
sion while k and k + q are at the right branch, a case that has not
been recognized in the literature on this subject. We investigate
this instability in detail and discuss its effects on the formation of
coherent structures.

2. Long- and short-wave instabilities

2.1. Linear stability analysis

We perform a stability analysis by perturbing a monochromatic
wave with small modulations |a|, |b| � A to obtain

φ(x, t) = ei(kx−Ωt)(A + a(t) cos(qx) + b(t) sin(qx)
)
. (2)

The unmodulated wave (a = b = 0) has the nonlinear dispersion
relation Ω = |k|α + σ A2. It is assumed with no loss of gener-
ality that k > 0, q > 0. The linearized dynamics of the vector
v = (Re(a), Im(a),Re(b), Im(b))T is given by v̇ = Bv with the ma-
trix

B =
⎛
⎜⎝

0 D −M 0
−D − 2σ A2 0 0 −M

M 0 0 D
0 M −D − 2σ A2 0

⎞
⎟⎠ (3)

and

D = (|k + q|α + |k − q|α − 2|k|α)
/2
M = (|k + q|α − |k − q|α)
/2 � 0. (4)

The characteristic equation is

λ4 + 2λ2(M2 − Q
) + (

M2 + Q
)2 = 0 (5)

with Q = −D(D + 2σ A2). The eigenvalues are

λ1,2,3,4 = ±iM ± √
Q . (6)

Q > 0 signals an instability Re(λ) > 0. Note that the matrix B is
non-normal and also defective when the eigenvalues are degener-
ate either by M = 0, or by D = −2σ A2 and therefore Q = 0, or
by Q = −M2. In these cases the eigenvectors don’t span the full
vector space. This can lead to algebraic growth of perturbations.

It is well known that the focusing nonlinear Schrödinger
equation (σ = −1) is modulationally unstable with Re(λ) =
±√

q2(2A2 − q2) for 2A2 > q2, whereas waves of the defocussing
(σ = 1) nonlinear Schrödinger equation are not modulationally un-
stable. To study the square-root dispersion α = 1/2 we introduce
the parameter s = q/k and the rescaled function

R(s) = D/|k|1/2

= (|1 + s|1/2 + |1 − s|1/2 − 2
)
/2. (7)

This function is depicted in Fig. 2. It has zeros R(s = 0) = R(s =
5/4) = 0, and R(s) < 0 for 0 < s < 5/4 with a cusp-shaped min-
imum at s = 1, R(s = 1) = 1/

√
2 − 1. R(s) is positive for s > 5/4

with R(s) ∼ √
s for large s.

2.2. Domains of the instability

2.2.1. Zero eigenvalues and maximum eigenvalues
To determine the domain of instability we first consider its

boundaries Re(λ) = √
Q = 0. This is satisfied by D = 0 and for

D = −2σ A2. D = 0 or equivalently

R(s) = 0 (8)

is solved by s = 0 and s = 5/4 and yields the two lines q = 0 and
q = 5k/4 where Re(λ) = 0. The condition D = −2σ A2 can be writ-
ten as

R(s) = −2σ |k̃|−1/2 (9)

with the rescaled dimensionless wavenumber k̃ = k/A4 (k and A4

have the same dimensions).
To determine the maximum of Re(λ) we note that ∂ Q /∂k = 0

and ∂ Q /∂q = 0 are both satisfied at D = −σ A2. In rescaled vari-
ables this reads

R(s) = −σ |k̃|−1/2. (10)

We discuss the domains with Re(λ) > 0 separately for σ = 1 and
σ = −1.

2.2.2. Instabilities for σ = 1
Condition (9) corresponds to intersection points of the lines

R(s) and −2|k̃|−1/2 in Fig. 2. There are two such intersection points
at s1 and s2 if the minimum of R(s) is below the line −2|k̃|−1/2.
In the intervals 0 < s < s1 and s2 < s < 5/4 we obtain Q > 0 and
therefore Re(λ) > 0.

For high values of the amplitude A4 > (
√

2 − 1)2|k|/8 there is
no intersection of R(s) and the line −2|k̃|−1/2. In this case all mod-
ulations with 0 < s < 5/4 (that is 0 < q < 5k/4) yield Re(λ) > 0.

We can express k and q at Re(λ) = 0 as parametric functions
of s. With the scaled wavenumbers q̃ = q/A4 and k̃ = k/A4 the
parametric curves with Re(λ) = 0 are given by
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Fig. 2. The function R(s) = (|1 + s|1/2 + |1 − s|1/2 − 2)/2 with s = q/k. R(s) = 0 at
s = 0 and s = 5/4 and R(s) = −2σ |k̃|−1/2 = −2σ A2|k|−1/2 at s1, s2, s3 correspond
to eigenvalues λ with a zero real part. Eigenvalues with a positive real part are
obtained in the case σ = 1 for 0 < s < s1 and s2 < s < 5/4, and in the case σ = −1
for 5/4 < s < s3.

Fig. 3. Instabilities for σ = 1 depending on k̃ = k/A4, q̃ = q/A4. In the shaded re-
gions there is an eigenvalue with Re(λ) > 0 while the eigenvalues are imaginary
outside these regions. The dotted curves indicate local maxima of Re(λ) with re-
spect to q̃. Insert: Instabilities for large k̃, q̃, which corresponds to small A. There is
a long-wave modulational instability with q̃ ∼ k̃3/4 or q ∼ Ak3/4. In addition, there
is an instability against short-wave modulations in the narrow channel at below
q = 5k/4.

k̃(s) = 4/R2(s)

q̃(s) = 4s/R2(s). (11)

The condition (10) for maxima of Re(λ) = √
Q with respect to q

and k yields the parametric curve

k̃(s) = 1/R2(s)

q̃(s) = s/
(

R2(s)
)
. (12)

Eq. (10) cannot be satisfied if −|k̃|−1/2 < R(s = 1) = 1/
√

2 − 1, that
is the line −|k̃|−1/2 is below the minimum of R(s). In this case,
the highest possible value of Re(λ) is achieved at s = 1, that is at
k̃ = q̃ or k = q.

Fig. 3 shows the curves Re(λ) = 0 in a k̃–q̃ diagram with 0 �
{k̃, q̃} � 100 and with 0 � {k̃, q̃} � 10 000 (insert). High values of
k̃, q̃ ∼ A−4 correspond to a small amplitude A. Positive real parts of
the eigenvalues are achieved in the shaded regions. This region of
instability lies below the line q̃ = 5k̃/4, and it is split in two parts
by a wedge-shaped region where the eigenvalues are imaginary.
The tip of this wedge is given by −2|k̃|−1/2 = R(1), k̃ = q̃ = 8/

(3 − 2
√

2 ).
In the limit of small amplitudes A � 1 the intersection points

in Fig. 2 are at s1 � 1 and s2 ≈ 5/4. With R(s1) ≈ −s2/8 Eq. (9)
1
Fig. 4. Instabilities for σ = −1 depending on k̃ and q̃: The shaded narrow corridor
above the curve q = 5k/4 indicates eigenvalues Re(λ) > 0. The dotted curve indi-
cates a local maximum of Re(λ) with respect to q̃. This is an instability against
short-wave modulations with q > 5k/4. The homogeneous mode is unstable un-
der modulations with q ∼ A4. There is no instability against long-wave modulations
q < k.

yields q̃ = 4k̃3/4 or q = 4Ak3/4. This is the lower boundary of the
wedge-shaped region Re(λ) = 0. The intersection point s2 yields
the upper boundary of the wedge as q̃ = 5k̃/4−3k̃1/2 or q = 5k/4−
3A2k1/2. Between the upper boundary of the wedge and the line
q̃ = 5k̃/4 there is a narrow channel with Re(λ) > 0. This signifies
an instability against modulations with a wavelength that is shorter
than the wavelength of the carrier wave, corresponding to k < q <

5k/4. To conclude, waves are affected both by long-wave (q ∼ A)
and by short-wave (q ≈ 5k/4) instabilities.

2.2.3. Instabilities for σ = −1
R(s) is unbounded from above, so for σ = −1 it is always pos-

sible to satisfy condition (9), R(s) = 2k̃−1/2. The intersection point
s3 > 5/4 corresponds to Re(λ) = 0.

In the limit of small A, s3 ≈ 5/4, we obtain the curve q̃ =
5k̃/4 + 3k̃1/2 or q = 5k/4 + 3A2k1/2.

Fig. 4 depicts a shaded region with Re(λ) > 0 and its bound-
aries Re(λ) = 0. This is a narrow band above the line q = 5k/4. At
k = 0 all modes with q < 4A4 are unstable. There is no instability
region below the line q̃ = 5k̃/4. To conclude, waves with k � A4

are unstable only under short-wave modulations, that is modula-
tions that are shorter than the carrier wave.

3. Discussion

3.1. Long-wave and short-wave instability for σ = 1:
Emergence of radiating pulses

In [11] we studied a damped and driven version of the MMT
equation and found spontaneously forming traveling pulses. These
pulses are similar to bright solitons, but they contain essentially
only one single loop. The formation of such pulses originates from
the instability of waves under short wavelength modulations with
|q| ≈ 5|k|/4 (Fig. 1(c)). This causes amplitude variations at a length
scale that is shorter than the scale of phase variations. Eventually
the amplitude becomes close to zero locally. As a result the wave
disintegrates into short pulse-like structures that vary in phase and
amplitude at similar scales ∼ 2π/k and ∼ 2π/q.

A second finding in [11] is that these traveling pulses lose
power by radiating low-amplitude waves. The reason for this is
that the pulse resonantly excites linear waves, a mechanism that
is known from quasisolitons [15]. As it turns out, this emission
of radiation is possible only if the tangent of the dispersion curve
at a point k intersects the opposite branch of the dispersion rela-
tion at a point krad (with krad = −(

√
2 − 1)2k for the square root
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dispersion, see Fig. 1(d)). Three of the four interacting modes are
near k and contribute to the pulse, and one mode krad for the radi-
ation is on the opposite branch of the dispersion. This distribution
of modes has some similarity with that of Fig. 1(c) where three
modes at the right branch (two at k and one at k +q) interact with
one at the left branch (at k − q ≈ −k/4). It is remarkable that both
the modulational instability (which creates the pulse) and the ra-
diation (which leads to the decay of the pulse) rely on interactions
between modes on both branches of the dispersion.

3.2. Short-wave instability for σ = −1: Emergence of collapses

Numerical studies [13,14,16] of the MMT equation with σ = −1
have encountered wave collapses, that is the formation of high-
amplitude structures in finite time. The collapses lead to a surge
in the two energy contributions H2 and H4 while the total en-
ergy is conserved since the quadratic part H2 and the quartic part
H4 of the Hamiltonian have opposite signs. Again, we have to at-
tribute the appearance of these strongly nonlinear structures to the
instability by short modulations q ≈ 5k/4 for k � A4. The homo-
geneous mode is unstable under modulations q ∼ A4, but there is
no conventional Benjamin–Feir instability in this case.

In the numerical experiments of [16] an external force sup-
plies wave action and energy to the system by exciting long waves.
Damping is applied at high wavenumbers (to absorb energy from
a direct cascade), and at very small wavenumbers (to absorb wave
action from an inverse cascade; this damping affects waves that
have a bigger wavelength than the waves that are excited by the
driving force). The driven modes have the highest amplitudes and
are most unstable. This instability then initiates the finite-time
blow-ups of the amplitude.

Surprisingly, wave collapses emerge only when the strength
of the external force exceeds a certain threshold [16]. The sys-
tem then achieves a statistically stationary nonequilibrium state in
which wave turbulence coexists with strongly nonlinear collapses.
In contrast to this, wave turbulence without high-amplitude events
is observed when a driving force below this strength is applied.

Fig. 4 suggests an answer to the question why no collapses ap-
pear for small driving forces. In this case the average amplitudes
are small, so possible instabilities concern high values of k̃ and
q̃. Consequently only a narrow band of modulations destabilizes a
mode with k. Now with q ≈ 5k/4, the mode k − q ≈ −k/4 is in the
low-|k| damping range. The damping diminishes the amplitude of
this mode and suppresses the instability.

On the other side, a strong external driving force leads to higher
amplitudes, and therefore to smaller values of k̃, q̃. In this case
the band of the modulational instability is broader (Fig. 4). Corre-
spondingly the range of possible values of k − q that leads to an
instability is also broader. If k − q is outside the low-wavenumber
damping range, this modulation is not affected by the damping. For
this reason the modulational instability is expected to take place if
the amplitude is sufficiently high. We will study this behavior in
detail in a longer paper.

3.3. Defocussing and focusing behavior

It appears to be problematic to refer to Eq. (1) with α = 1/2,
σ = ±1 as “defocusing” and “focusing” in analogy with the nonlin-
ear Schrödinger equation with σ = ±1 [13]: For the “defocusing”
MMT equation with α = 1/2, σ = 1 there is a modulational in-
stability. One can derive a focusing nonlinear Schrödinger equation
to describe modulations of a carrier wave in this equation. This is
related to the fact that the “defocusing” MMT equation supports
bright quasisolitons [11,15]. However, collapses are not possible
because H2 and H4 are both positive. For the “focusing” MMT
equation with σ = −1, the signs of H2 and H4 are opposite so
that collapses are possible, but waves (with the exception of the
homogeneous mode) are not unstable against long-wave modula-
tions: Modulations of a carrier wave are described by a defocussing
nonlinear Schrödinger equation. This is due to the concave down
dispersion d2ω/dk2 < 0 with ω > 0. In contrast to this, for the
nonlinear Schrödinger equation with d2ω/dk2 > 0, ω > 0 the pos-
sibility of collapses (in two or more dimensions) coincides with
the modulational instability. It seems to us that avoiding the terms
“focusing/defocusing” in the context of the MMT equation could
prevent misunderstandings.

There is no simple way to predict the behavior that results from
modulational instabilities. Irreversible processes such as collapses
or radiating pulses as in the MMT equation are not always ob-
tained in nonintegrable systems. An example somewhat similar to
the system studied here are Rossby waves where periodic behav-
ior results from a modulational instability when the amplitude of
the carrier wave is not too high [17]. The same kind of behavior
was observed in the discrete nonlinear Schrödinger equation [18],
where one can suspect the breakup of KAM-tori as the cause for
irreversibility at higher amplitudes.

4. Conclusions

Nonlinear wave dynamics with a concave down dispersion
function such as ω = √|k| can exhibit a modulational instabil-
ity where the wavelength of the modulation is smaller than the
wavelength of a carrier wave with k �= 0. We expect this type of
instability to be widespread in systems with four-wave interaction:
Its occurrence depends on a global feature of the dispersion rela-
tion, namely the existence of three equidistant intersection points
of a straight line and the dispersion curve (Fig. 2(c)). It affects
modulations with a wavelength of the order of the carrier wave.
This short-wave instability can co-occur with a normal long-wave
Benjamin–Feir instability (as for σ = 1), but it can also affect sys-
tems with no such instability (for σ = −1).

The short-wave instability can have dramatic effects on the dy-
namics as it enhances short pulses. This is the precursor of the
important fully nonlinear events that have been observed numeri-
cally in previous papers, namely short radiating pulses (for σ = 1),
and wave collapses (for σ = −1). Such events have been shown
to be crucial for explaining anomalous turbulent behavior in this
system [11].
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