
Math 410 (Prof. Bayly) FINAL EXAM (comprehensive part): Wednesday 11 August 2004

There are 4 problems on this exam. They are not all the same length or difficulty, nor the
same number of points. You should read through the entire exam before deciding which
problems you will work on earlier or later. You are not expected to complete everything,
but you should do as much as you can. It is extremely important to show your work!

No calculators are allowed on this exam. If your calculations become numerically awkward
and time-consuming, you should describe the steps you would take if you had a calculator.

NOTE Problems 3 and 4 are rather lengthy; I have included a blank sheet between them
to give you extra writing space.

(1)(20 points) Consider the functions of ~x = (x, y)T :

q(~x) = x2 + 4xy + 5y2 , d(~x) = x2 + y2 , r(~x) = q(~x)/d(~x).

(a)(10 points) Express q(~x) as ~xTA~x for a symmetric matrix A. Factor A into the product
of a lower triangular matrix L and upper triangular U , and determine the possible range
of values of q(~x).

(b)(5 points) Evaluate r(~x) at the points (1,0), (0,1), (1,1), (1,-1), and one other point of
your choosing.

(c)(5 points) Determine the maximum and minimum values of the function r, and check
that they are larger and smaller, respectively, than the largest and smallest values you
found in (b).



(2)(20 points) Four teams A, B, C, and D play a tournament, and the results may be
described as follows: In game a B beats A by 1 at B’s home field, in game b A beats C by
2 at C’s home field, in game c D beats B by 2 at B’s home field, and in game d C beats
D by 1 at C’s home field. We would like to find a vector ~p of team ”potentials” such that
the differences between potentials equal the score differences in the actual games.

(a)(5 points) Draw a network representing the tournament, in which nodes are teams and
edges represent games. The head of the arrow should indicate the home team, the tail the
visiting team, and the numerical value = (home score) - (visitor score).

(b)(10 points) Write down the edge-node matrix A for the network, the vector ~b of score
differences. Then, by looking at the network, guess the null vector ~m for AT , and check by
actually multiplying. Can you tell from ~m and ~b if a solution exists to the system A~x = ~b?

(c)(5 points) If there was no exact solution to A~x = ~b, find a related linear system for
the least squares best approximate solution. (You do NOT have to solve it! Just find the
related matrix and right-hand side.)



(3)(30 points) Let

A =
(

1 −1 0 1
2 −1 −1 0

)
, ~x =



w
x
y
z


 .

(a)(5 points) Draw the aiming vectors in the 2d plane.

(b)(10 points) Find the general solution to the homogeneous system A~x = ~0 and express
as a combination of free variables multiplying null vectors.

(c)(5 points) The entries in each null vector indicate a combination of aiming vectors that,
if placed head-to-tail, will return to the starting point. Choose one of the null vectors and
sketch a picture indicating this behavior.

(d)(10 points) Suppose ~b =
(

4
7

)
. The minimum-length solution to A~x = ~b can be sought

indirectly as ~x = AT~u, where ~u satisfies (AAT )~u = ~b. Find this min length solution.



Extra workspace for problems 3, 4!



(4)(30 points) Let

A =




1 −2
1 −1
−2 3


 , ~x =

(
x
y

)
, ~b(1) =




1
1
0


 , ~b(2) =



−1
0
1


 .

(a)(10 points) Find the null vector(s) ~m of AT , and use to determine for which ~b(1)or(2)

the system A~x = ~b has a solution.

(b)(5 points) Find the general solution to the system in the case when a solution exists.

(c)(10 points)Find the left pseudoinverse (ATA)−1AT ,

(d)(5 points) In the case when no solution exists, use the l.p.i. to find the least squares
best approximate solution.


