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I. Introductory Remarks. My main purpose in this paper is to prove 

a bifurcation theorem for nontrivial periodic solutions of a general 

system of Volterra integral equations. The motivation for considering 

this problem can be found in models which arise in population dynamics, 

epidemiology and economics [1,3,6], an example of which appears in §5. 

The approach taken is that which is usually referred to as the method 

of Liapunov-Schmidt (or often called ~he method of alternative pro- 

blems). This method, which is applicable in a very general setting, 

is outlined in §2 in a way suitable for the type of problems I have 

in mind. The fundamental ingredient for this approach in its appli- 

cation to many problems is a Fredholm alternative. A Fredholm alter- 

native for systems of Volterra integral equations is proved in §3. 

The main bifurcation result (Theorem 4) appears in §4 and an applica- 

tion is given in §5 to a scalar model which has arisen in the mathema- 

tical theory of population growth and of epidemics. 

2. Some General Remarks. 

spaces and suppose L:X-~Y 

R(L) and nullspace N(L). 

throughout. 

Let X and Y be real normed linear 

is a bounded linear operator with range 

The following assumption will in force 

HI: R(L) and N(L) are both closed and admit bounded projections. 

Let P:Y-~R(L) be a bounded projection as guaranteed by H1. It 

follows from HI that X = N(L)~ M where M is closed and that L 

has a bounded right inverse A:R(L)-~M, LA = I. Let B(X,r) denote 

the open ball of radius r • 0 centered at zero in a normed space X. 

We consider the operator equation 

§ This work was performed while the author was an Alexander von Hum- 
boldt Foundation Fellow on sabbatical leave at the Lehrstuhl f~r Bio- 
mathematik der Universitit T~bingen, Auf der Morgenstelle 28, D-7400 
T~bingen, West Germany. 
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(I) Lx = T(x,X) for (x,X) ~B(XxA,r) 

where A is a real Banach space and T:B(X x A,r)--~Y is a continuous 

operator about which more is assumed below. It is easy to see that 

(x,k) solves (I) if and only if 

(2) z - APT(y+z,I) = O 

(3) (I-P)T(y+z,l) : 0 

where x = y+z, y E N(L), z ~M. 

The problem of interest here is the existence of nontrivial solu- 

tions near x : O (i.e. small amplitude solutions) under the assump- 

tion that (x,~) = (O,k) is a solution for all small XE A and thus 

it is natural to set x = ~(y+z) for a small real parameter ~ in 

(I) and hence in (2)-(3). Assume 

H 2 :  N(L) J {O} . 

Let E n denote real Euclidean n-space and I -  I X denote the norm in X. 

The following will be assumed about the operator T. 

T(£x,X) : ~(x,k,£) for O ~ IEl <E I ~ +~ and x ~B(X,r) 

where T:B(X,r) x B(AxEI,r) --~Y is q~ I times continuously 

Fr~chet differentiable in (x,X,E). Furthermore, for some 

O ~ y~N(L) , ~ylx ~r, suppose ~(y,O,O) = ~x(Y,O,O) = O. 

Note that H3 implies that 

. Letting x = E(y+z) in 

(x,X) = (O,X) solves (I) for all small 

(2)-(3) one @ets, after cancellation of 

an ~ , the following equations 

(4) 

(5) 

z - APT(y+z,X,~) = 0 

(I-P)T(y+z,X,E) = O 

which are to be solved for (z,k) EM×A as functions of E (where y is 

fixed as in H~5 o) An existence theorem for (4)-(5) could now easily 

be stated by means of a straightforward application of the implicit 

function theorem, provided the Fr6chet derivative of the left hand 

side of (5) with respect to I at (z,~,K) = (O,O,O) is a homeomor- 

phism. This can be seen by applying the implicit function theorem to 

(4) to obtain a solution z : z(l,C), z(O,O) : O, which when substi- 



52 

tuted into (5) yields an equation solvable for I = A(~) again by 

the implicit function theorem. (Or alternatively one can simply apply 

the implicit function theorem to the operator defined by the left hand 

sides of (4) and (5).) 

If dim ~ and codim R(L) are finite, then (5) becomes a real 

algebraic problem of a finite number of real equations for a finite 

number of real unknowns. Specifically, if 

H4: m : codim R(L) ~ +~ 

HS: A : E m 

then (5) reduces to m real equations in m real unknowns and 

states that the components c = c(z,X,e) ~E m of the left hand side of 

(5) (with respect to any finite set of elements which span a complement 

of R(L)) vanish. The requirement that the Fr6chet derivative of the 

left hand side of (5) with respect to I at (z,k,c) = (O,O,O) be a 

homeomorphism then becomes the nondegeneracy condition that (note 

that Cz(O,O,O) = 0 by H3) 

H6: D := det cl(O,O,O) ~ O . 

The real matrix Cx(O,O,O ) is m ×m. Under these conditions one gets 

the following result from the implicit function theorem. 

THEOREM I. Assume that all of the hypotheses H__ ! through H6 

hold. For some ~o >O' Eo~-£I' there exist operators z:B(E I,So)--)M, 

~:B(E I,~O )-~E m which are q >_ I times continuously differentiable and 

are such that (x,l) = (~y+£z(K),X(£)) solves (I) for alllEl~_~ 
o 

where (z(O),X(o)) = (0,0). 

Note that the solutions in Theorem I are nontrivial since x ~ O 

for ~ # O (since y ~ O in H3). Theorem I is a bifurcation result 

since the two solution branches (O,A) and (x(C),~(£)) intersect at 

(O,O). (Moreover, it can be shown that all solutions near (0,0) have 

the form in Theorem I so that the implicit function theorem implies 

that these nontrivial solutions are unique.) 

Before proceding to some applications to Volterra integral equations 

it may be worthwhile to discuss briefly the hypotheses HI-H6. First 

of all, H_~I and H_~4 are motivated by (and are really abstract prop- 
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erties of) so-called Fredholm alternatives for the linear equation 

Lx = f, f ~Y. Thus, in applications, the establishment of a Fredholm 

alternative on suitable spaces would be the preliminary step in making 

use of Theorem I. This, of course, is not necessarily easy, but has 

been done for many types of operators L on certain Banach spaces. 

For example, for spaces of periodic functions the Fredholm alternative 

is well known for ordinary differential systems and has been proved 

for more general Stieltjes-integrodifferential systems £2]. Examples 

for partial differential equations can be found in [5]. A Fredholm 

alternative for Volterra integral systems is proved here in §3. 

Secondly, H2 is the familiar requirement in bifurcation theory 

that the linearization at the critical value l= 0 be singular. 

If A is viewed as a finite space of real parameters in equation (I) 

then the condition H5 requires that the problem have "enough" para- 

meters, namely m = codim R(L). In many applications (for example, 

those concerning periodic solutions of autonomous systems) m = 2 in 

which case H_~5 requires that two parameters be available in the 

equation. Either parameters which explicitly appear can be used (in 

most applications there are usually more than enough parameters appear- 

ing explicitly) or parameters can be introduced by means of rescalings 

of independent variables (such as the unknown period in Hopf bifurca- 

tion, e.g. see [4,5] and §5 below). 

Finally, H6 is a technical, but necessary assumption involving 

T and a knowledge of R(L). It is necessary in the sense that it is 

well-known in bifurcation theory that bifurcation does not necessarily 

occur at the ciritcal value of the linearization and that some further 

nondegeneracy condition (such as If6) is required to insure that bi- 

furcation take place. In applications, the description of R(L) (and 

hence c in H_66) usually involves an adjoint operator and its null- 

space. Note that higher order terms in x which appear in T do 

not contribute to D . 

Hypothesis H3 on T is rather routine to check in applications 

and in fact is usually verified by simple inspection. Besides a mini- 

mal amount of smoothness it requires that T be, roughly speaking, 

higher order in x and l • 

Once a Fredholm alternative has been established for the linear 

operator L the key hypotheses (the ones requiring the most analysis 

in applications) in Theorem I are H2 and H6. 
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3. Linear Volterra Operators. Assume that 

[k(t) is a real n x n matrix valued function defined 

A1:land piecewise continuous on an interval O ~ t ~a, O < a ~ +~. 

Then the operator 

j ~ t  
(6)  Ly : =  y ( t )  - k ( t - s ) y ( s )  d s  , O . ~ a ~ : +  ~° 

t - a  

is a bounded linear operator from X(p) into itself where X(p) is 

the Banach space of real continuous, n-vector valued p-periodic func- 

tions under the supremum norm lYlp = sup o ~t ~ p ly(t)l The integral 

appearing in L is continuous in t for any p-periodic function 

Y eL1[O,a] . 

Any function y EX(p) is square integrable on O ~t ~p so that it 

is associated with a unique Fourier series ~+=_ aj exp(ijwt), w = 

2~/p where a = a< , j ~0 (" denotes complex conjugation) and 
laJl 2 -3 3 ~+~ < +~ The Fourier coefficients of Ly are 

a 

(7) (I n -kj(p))aj where kj(p):= ~0 k(s)exp(-ijws) ds 

Here I n is the n X n identity matrix. If f ~R(L) then Ly = f 

for some y EX(p) which implies 

(Aj) (I n - kj(p))aj = fj , j ~0 

(where the f are the Fourier coefficients of f) are solvable for 
J 

a. for all j k O. The following lemma establishes the converse. 
J 

LEMMA I. f ER(L) if and only i_~f (Aj) is solvable for aj for 

all j ~ O, in which case the a (with a = a< for j > O) are the 
J -J  J - 

Fourier coefficients of a y ~X(p) such that Ly = f for all t . 

Proof. It is only necessary to prove the converse. Let a solve 
3 

(Aj) and define a_j = ai, j >0. A (Stieltjes) integration of kj(p) 

by parts shows that 
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Ikj(p) l ~_ C/j , j>O 

for some constant C >O independent of j (but depending on p). 

Here Ikjl means any matrix norm, say the largest absolute value of 

the entries in k . This means 
3 

-I 
(8) (I n kj (p)) exists for j ~ jo ~ 0 

for some jo ~ 0 and is bounded uniformly in j so that 

laj I ~-- ~Ifj I ' J ~:--Jo " 

From this and the fact that f EX(p) implies the square summability 

of the f follows the square summability of the a Thus these 
3 3 

determine a p-periodic function y6L2[O,p] (by the Riesz-Fischer aj 

theorem). The Fourier coefficients of Ly are easily seen to be 

given by (7) and consequently, by the definition of a as a solu- 
3 

tion of (Aj), the functions Ly and f have identical Fourier coef- 

ficients and must be equal almost everywhere. However, the integral 

in L is continuous (as is f) so we conclude that y is an L 2 

function which is equal almost everywhere to a continuous function. 

The function y can then be redefined on a set of measure zero so as 

to be continuous and hence lie in X(p). Since this redefinition 

does not change the integral in L one obtains a function y ~X(p) 

such that Ly = f everywhere. §§ 

The operator 

t+a 
LAY := y(t) - ; kT(s-t)y(s) ds 

t 

will be called the adjoint of L. 

by L A and (Aj) replaced by 

Lemma I applies with L replaced 

T T 
(A<)3 (I n - k~(p))a : f , j m 0 

3 J 3 -- 

T 
where k$ is the conjugate transpose of k . Thus 

3 3 
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a 

k~(p) := f kT(s)exp(ijws) ds , w : 2~/p . 
0 

Since the coefficient matrix in (AT) i s  t h e  c o n j u g a t e  t r a n s p o s e  o f  
3 

that in (Aj) one obtains the following result from (8) and Lemma I 

with f = O. 
3 

THEOREM 2. The nullspaces of both L and L A in X(p) are finite 

dimensional and m = dim N(L) = dim N(L A) ~ + 

The number m can be computed by finding the nullity 9j of each 

singular matrix I - k (p) (by (8) there are at most a finite set 
n 3 

J of j's for which this matrix is singular). Each independent com- 

plex vector a in the nullspace of this matrix gives rise to two 
3 

independent real solutions of Ly = 0 if j > 0 (namely the real and 

imaginary parts of a exp(ijwt)) and one if j = 0 (namely a itself). 
3 o 

Thus, m = 9o + 2 ~"OCj~J ~j 
Define 

(x,y) := p-1 SO p x(t)-y(t) dt 

for x,y ~X(p). The next theorem describes the range of L and the 

complements of the range and nullspace of L. 

THEOREM 3. X(p) : N(L)O M and X(p) = R(L)~) N(LA) where 

M = {xEX(p): (x,y) = 0 for all yEN(L)} 

R(L) : {x eX(p) : (x,y) : O for all y~N(LA) } 

are closed. 

Proof. That M and R(L) are closed is obvious, as is the 

decomposition X(p) = N(L)~) M. It remains only to establish that 

R(L) is given as described in the theorem. By Lemma I and well- 

known algebraic facts, f ~R(L) if and only if the Fourier coeffic- 

- kT (p) which ients f3 are all orthogonal to the nullspaces of I n 3 

is the same as to say if and only if f is orthogonal to solutions 

of LAY = O (by Lemma I for L A and by (AT)j with all fj = O). §§ 
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It follows from Theorem 3 that R(L) and N(L) admit continuous 

projections. Thus, with regard to the hypotheses of the previous 

section §2, this theorem yields the following result. 

COROLLARY I. The linear operator L:X(p)-~X(p) defined b~ (6) 

satisfies HI and H4 when k(t) satisfies AI 

4. A Bifurcation Theorem for Volterra Integral Equations. Consider 

the systems 

t 
(9) x(t) - ] k(t-s)x(s)ds = T(x,k) , lee m , 0 <a <+~ 

-a 

(10) f 
t 

y(t) - k (t-s)y (s)ds : 0 
t-a 

where k(t) satisfies AI and T satisfies H3 with X = Y = X(p) 

for some p > 0 and A = E m. In order to apply Theorem I it follows 

from Corollary I that one needs only H2, H5 and H6. Hypotheses 

H_~2 and H5 are equivalent to the following assumption. 

I For some period p >O the linear homogeneous system (10) has 

A_~2: exactly m>O independent, nontrivial p-periodic solutions 

yj eX(p) , I~ j ~m. 

By Theorem 2 the adjoint equation 

~t+a T 
y(t) - Jt k (s-t)y(s)ds = O 

A X(p) which span also has exactly m independent solutions yj 

N(LA). Assume without loss in generality that 

A A 
(Yj 'Yk ) : Sjk " 

(Such adjoint solutions can be found by choosing independent solu- 

tion vectors of (A~)~ with fj : 0 to be orthonormal.) The compo- 

nents of the projection I-P of any function x 6X(p) onto N(L A) 

are then (x,y~) so that c in H_~6 is given by 
3 
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c(z,l,e) : col((T(y+z,l,e),y~)) 

Thus H6 becomes 

D # O for some solution y ~X(p), y ~ O, ~Ylp mr of (10) 

where 

D := det((~i(Y,O,O),y~)) , ~i = (313ki)T ' I = col(k i) 

and I ~-i,j ~--m. 

Theorem I of §I now gives the following result. 

THEOREM 4. Assume At, A2 and A3 hold and that T satisfies 

H3 with X = Y = X(p) and A : Em- Then there is an [o >O such 

that (9) has nontrivial p-periodic solutions of the form x = ~(y+z), 

= I(8) for I£I ~So where (z,yj) : O, I ~j ~m, z(O) = O, I(O) = 0 

and z(~), ~(~) are q ~I times Fr6chet differentiable i__~n C . 

The key hypotheses in any application of Theorem 4 (see §5) are 

A2 and A3. Note that in order for A_22 to hold it is necessary (see 

Lemma 1 and (Aj)) that the "characteristic function" of (10) 

<a 
d e t ( I  n - k ( s ) e x p ( - z s ) d s )  

have purely imaginary roots. Also note that any higher order (i.e. 

O(Ixl~)) terms in T yield order £ terms in ~ and hence make no 

contribution to D in A3. 

With the Fredhom alternative for Stieltjes-integrodifferential 

systems given in [2] , a theorem similar in content to Theorem 4 can 

easily be stated for such systems by means of Theorem I. This theorem 

would be a considerable generalization of that given in [2] (and would 

include as a special case the existence part of the well-known Hopf 

bifurcation theorem for ordinary differential systems). 

Note that T need not be independent of t so that the period p 

can be prescribed by the equation. In autonomous problems p can be 

used as one of the parameters (as in Hopf type bifurcation) although 

the analysis is frequently greatly simplified if explicit parameters 

are used. 
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5. ~___ Application. The scalar integral equation 

(11) < t]dN (s) N(t) = r (1-N(s))ds , O <r , O~_d <I 

has arisen in the mathematical theory of epidemics and popula%ion 

dynamics [1,3,6]. For d : O there are no nonconstant periodic 

solutions [1,6], but since d represents a delay due to a certain 

indubation period one might expect nonconstant periodic solutions 

for at least some d>O. Numerical evidence of such periodic solu- 

tions was reported in [I]; we will confirm their existence here. 

In order to apply Theorem 4 several changes of variable must be 

made. If 

(12) r > I/(I - d) 

then (11) has a positive equilibrium e : I - r-1(1-d) -I. Let 

x = N - e. First (11) will be studied with d held fixed and r 

treated as a bifurcation parameter. Since the null space of the lin- 

earization turns out to have dimension m = 2 ((11) is autonomous in 

the sense that time t translates of solutions are solutions) a 

second parameter is needed which will be taken (in the classical 

Hopf bifurcation manner) to be an unknown period p. After a change 
-I 

of independent variable from t to tp is made, solutions are then 

sought in X(1). If these changes of dependent and independent vari- 

ables are made in (11) and if, for notational simplicity, a variable 

2- (1-d)r 
B : 

l-d 

is defined, then (11) reduces to 

~t -d/p (13) x(t) = p (Bx(s) - f(B)x2(s)) ds 
~t-I/p 

f(B) := 
2 - (]-d) B 

1-d 

Bifurcation from the trivial solution x = 0 will occur at some 

critical values of B (i.e. r) and the period p. Let B o and Po 
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denote these (yet to be determined) critical values, set ~I = P-Po 

12 = B-~o and rewrite (13) in the form of (9) with n = I, a = I/p ° 

and 

0 , 0 {s < d/Po 
k(s) 

L Sop ° , d/p o~ s ~I/Po 

~t -d/(11+P o) T(x,I) = (~1+Po) ((~2+~o)X(S) - f(~2+~o)X2(S)) ds 
t-I/(~1+p o) 

- ft~ak(S)X(S) ds 

This kernel k(s) satisfies At. It is also easy to see that this T 

satisfies H3 with X = Y = X(1), A : E 2 and q = I. (The operator 

is just T above with an ~ placed in front of x2(s).) Thus, to 

apply Theorem 4 one need only justify A2 and A_~3 with m = 2. 

(I) To find solutions y EX(1) of (10) one can turn to the 

scalar equations (A) with f. = O. There exist exactly two indepen- 
3 3 

dent l-periodic solutions of (10) if and only if 1-k (I) # O for 
3 

j ~ I and 1-ki(I) = O. A straightforward calculation shows that 

1-k (I) = I-B (l-d) and for j ~I that 1-k (I) equals 
o o 3 

( I - (BoPo/97 j ) cos~j (1+d)/PoSin~j (l-d)/po ) 

+ i (~oPo/~Yj) sin~j (1+d)/PoSinqj (l-d) /Po " 

From this it is seen that m = 2 if and only if Po is chosen so that 

(14) 

sin~(1+d)/p o = O , sin~(1-d)/Po # O 

(-1)~sin~j (1-d)/p ° # j (-1)3~sin~(1-d)/Po for all j>_2, 

is given by 
o 

~o = (~T/Po) (-I) cscW(1-d)/Po ' ~ = (1+d)/Po 

and ~o # I/(I-d) Note that (14) implies that ~ is a positive 
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integer. Moreover since it is required that (12) hold, 8 o must 

satisfy 8 o <I/(I-d) The problem then is: given d, choose Po 

such that all of these conditions hold. Note that (14) fails to 

hold for any Po if d = O. This means no bifurcation occurs when 

no "incubation" or "delay" is present. 

An in depth study of this problem for Po will not be taken up here. 

One can however easily observe that (14) and all of the conditions on 

8 o hold if Po : 1+d and if d satisfies 

(15) singY(1-d)/(1+d) > I/2 

In this case 

(16) 8 = -~(1+d)-IcscZ(1-d)/(1+d)- • 0 
o 

Thenm m = 2 and Y1(t) = sin 2~t , Y2(t) = cos 2~t. Since (Aj) and 

(A~) are scalar equations the adjoint solutions are the same, that is 

yj(t)J = yT(t) 
3 

Note that (15) holds if and only if 1/11 •d <5/7. Inequality 

(15) is sufficient, but not necessary for m = 2. I conjecture that 

: for in fact any d satis- m 2 for suitably chosen Po and 8 o 

fying O •d <I. §§ 

(2) Equation (11) is autonomous in the sense that time translates 

of solutions are solutions and as a result one loses no generality in 

assuming that y = sin 2~t in A3 (as opposed to any other nontrivial 

linear combination of Yl and y2 ) . A straightforward, but rather 

lengthy calculation shows that D in A3 is a nonzero constant multi- 

ple of I - cosZ~(1-d)/(1+d) and consequently D # O for d satis- 

fying (15). §§ 

In terms of the original variables Theorem 4 now yields the follow- 

ing result for equation (11). 

THEOREM 5. If 1/11 •d •5/7 then 

followin~ form for small I~I : 

(11) has solutions of the 

(17) N(t) = e + ~sin2qt/p + gz(t/p,£) 

for p : I + d + ~i(£), r : 2(I-d) -I - 8 ° - ~2(~) and 
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e 1-r-1(1-d)-1> O where S ° __ = <0 is given by (16); where z(-,C) 

is l-periodic, is Fr~chet continuously differentiable in g with 

z(t,O) m 0 and is orthogonal to sin2~t and ces2~t ; and where each 

~j (£) is a continuously differentiable real valued function of C 

satisfying lj(O) = O. 

Note that the solution (17) of (11) is p-periodic in t and 

that (12) holds (i.e. e >O) for small ISI . If d - I/2 Theorem 5 

proves the existence of those nonconstant periodic solutions found 

numerically in [I] for p near 3/2 and r near 4 + 4~/3~ . 

In Theorem 5 the constant d is held fixed in (11) and the two 

parameters r and p are used in the application of Theorem 4. It 

is also possible to use the explicitly appearing parameters d and r 

as the bifurcation parameters in Theorem 4, in which case p is held 

fixed. If this is done the details are similar to (and in fact sim- 

pler than) those given above for the proof of Theorem 5 and are con- 

sequently omitted here. The following theorem results from this alter- 

native approach. 

THEOREM 6. Given any p satisfying 12/11 <p <12/7 there exist 

p-period solutions of (11) for small ~I of the form 

N(t) = e + Esin2~t/p + Sz(t,6) , e = I - r -I (l-d) -I 

for d= p - I + 41 (S) , r = 2(2-p) -I ~o - ~2 (E) 

-I 
Bo =-~P csc~(2-p)/p ~ O ; 

where 

where z(-,£) i ss p-periodic and orthogonal to both sin2~t/p , 

cos2~t/p and is Fr6chet continuously differentiable in £ with 

z(t,O) m O ; and where each ~j(~) is a continuously differentiable 

real valued function of ~ satisfying ~j (0) : O . 

Theorem 5 and 6 are easily seen to yield the same bifrucation 

phenomenon and to be identical to lowest order in E . 

It is of interest to know the signs of ~ as functions of ~ in 
3 

the above results, for they determine the "direction of bifurcation" 

I hope to deal with this problem as well as to apply Theorem 4 to 
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other more general models (in particular, to systems of Volterra 

integral equations such as appear in [1,3]) in future work. 

6. Some Further Applications to Scalar Equations. 

scalar (n = I ) equation 

u~t-b  
(18) x(t) = (k(t-s,~)x(s) + g(t-s,2,x(s))ds , 

t-a 

0 ~ b ~a ~ +~ where g satisfies 

A_~4: 

Consider the 

g ~ E  1 

g: [a,b] X E IX B(EI,r)-*E I 

and Ig(t,B,x)l = o(Ixl) 

compact ~ sets. 

is continuously differentiable 

uniformly for a £t~b and on 

Suppose that the linearized equation 

f 
t - b  

(19) y(t) = k(t-S,Bo)Y(S) ds 
t-a 

has exactly two independent po-periodic solutions for some period 

po~ 0 and some I~ oEE I. If without loss in generality Po is the 

minimal period then these solutions are sin 2~t/Po, ccs 2~t/Po, 

which because (19) is scalar are also solutions of the adjoint 

equation. If the changes of variables ~ = t/p and ~(~) = x(Tp) 

are made in (18), then (18) can be written in the form (9) 

with n = I, with k(t) replaced by Pok(Pot,2o)U(t:b/Po ) >/here 

u(t;c) is the unit step function at c, with a replaced by 

a/P o , with ~I = 2-2o and ~2 = P-Po' and finally with 

• ~ t -b / (~2+P o) 
T(x,~):= (~2+Po)Jt_a/(~2+Po) (k((~2+Po)(t-s),~1+2o)X(S) + 

~t-b/P o 
g((~2+Po)(t-s)'~1+Bo'X(S)))ds - Po~ k[Po(t-s)'Bo)X(S)dS 

t-a/p o 

(the bars on x and t having been dropped for convenience). 

By A_44 this T satisfies H3 for q = p = I provided k is con- 

tinuously differentiable in its arguments. Theorem 4 can now be 

applied with p = q = I and m = 2 provided D ~ 0 in A3 with 
2 2 

y(t) = ~isin 2wt + K2co3 2~t, ~I + ~2 % O. In the usual Hopf-type 

bifurcation theorems this nondegeneracy condition is related to the 

transversal crossing of the imaginary axis by a conjugate pair of 

roots of the characteristic equation. This can also be done here 

as follows. In order that (19) have exactly m = 2 independent 
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pc-periodic solutions it is sufficient (but not necessary) that 

the characteristic equation 

~b a (20) h(z,S):= I - k(s,~)exp(-zs)ds = 0 

have two and only two (conjugate) purely imaginary roots z = 

+2~i/Po when B = Bo" If the root z = 2wi/p o is simple (i.e. 

hz(2Wi/Po,Bo) ~ O) then the implicit function theorem implies 

that (20) has a unique continuously differentiable branch of 

solutions z = z(B), Z(Bo) = 2~i/Po near B = Ho" By implicit 

differentiation one can compute z' (Bo). A lengthy, but straight- 

forward calculation shows that D, as calculated in A3, is a non- 

zero constant multiple of Re z'(~o). The result is the following 

Hopf-type bifurcation theorem for the scalar equation (18). 

THEOREM 7. Assume g satisfies A4 and that k(t,~) is con- 

tinuously differentiable in t and B on 0 ~b ~t~a~+~ and 

for B near Bo" Assume that (20) has two and only two purely 

imaginary roots +2~i/Po, pc > 0 for Q = Bo' that these roots are 

slmole and that Re z'(Bo) ~ 0 where z(Q) is the unique branch 

of roots of (20) satisfying z(B o) = 2wi/Po. Then for small 

real ~ equation (18) has p-~eriodic solutions of the form 

x(t) = ~y(t/p) + £z(t/p,£) , ~ = Bo + ~1 (~) ' P = Pc + ~2 (8) 

where y(t) = ~Isin 2Wt + K2cos 2~t, ~{ + K~ ~ 0, where z(t,~) 

i_~s ~ l-periodic function of t and where z and h i have the 

properties in Theorem 4 with q = I. 

As a final application consider the scalar equation with two 

parameters given by 

t 
(21) x(t) = ft-a (~lk1(t-s) + ~2k2(t-s))x(s) ds + R(x,~) 

coI(~I,~ 2) gE 2 ~0 a = , ki(s)ds = I for i = 1,2 . 

Suppose that the linear equation 

~t 
(22) y(t) = _a(~ik1(t-s) + ~2k2(t-s))y(s) ds 

o o has, for an isolated pair ~o = c°1(~I'~2) g E2' exactly two 
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independent p-periodic solutions (namely sin 2~t/p and cos 2~t/p 

which because (22) is scalar are also the adjoint solutions) for 

some period p> 0. A simple Fourier analysis shows that this is 

true if and only if 

W:= 01 (1)$2(1)-S 1(1)C2(1) ~ 0 , (C 1(1) -1)$2(1)  ~ (C2(1)- ! )S 1(1) 

(23) 81 o = $2(1)/W and B2 o = _SI(1)/W 

and for every integer n~2 either S2(1)S1(n)-SI(1)S2(n) ~ 0 or 

$2(I)01(n)-S I(I)C2(n) ¢ W . Here 

a ~0 a 
Si(n):= fO ki(s)sin 2~ns/p ds , Ci(n):= ki(s)cos 2~ns/p ds. 

The primary reason for mentioning these details here is to show 

that the assumption that (22) has, for an isolated 8 o ~E 2, 

exactly two independent p-periodic solutions implies W ~ 0. As 

will be seen below this in turn will imply the nondegeneracy condi- 

tion D % 0. 

Equation (21) has the form (9) with k(t) = B~k1(s)+B~k2(s) 

and 

t 
T(x,~):= ~t_a(~ik1(t-s) + ~2k2(t-s))x(s) ds + S(x,~) 

where ~ = 8-8 o~E 2 and S(x,~):= R(x, ~+8o). Assume 

A5: 

R: B(X(p),r) XE 2 -~X(p) is qhl times continuously Fr~chet 

differentiable and IR(x,8)Ip = o(IXlp) near x = 0 uni- 

formly on compact 8 sets. 

Then T satisfies H3. Inasmuch as an easy calculation shows that 

D given in A3 is equal to D = -(K~ +K~)W/4 ~ 0 for y(t) = 

K1sin 2~/p + K2cos 2~vt/p, ~ + K~ ~ 0, Theorem 4 now yields the 

following result for the scalar equation (21). 

THEOREM 8. Assume that the kernels k i satisfy AI and that R 

satisfies A5. If the linear equation (22) has, for an isolated 
o o solutions for B = col(81,B2)~E- , exactly tw___£ independent p-periodic 

some period p>0, then (21) has ~ branch of nontrivial p-periodic 
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in Theorem 4 with m = 2. 
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6o given by (23), as described 
i " 

All of the bifurcation theorems in this paper are purely existence 

results. It would also, of course, be of interest to study the 

stability of the nontrivial periodic solutions found in the theorems 

above, a problem not addressed here. 
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