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Background: The Rationale for Change

Significant changes have taken place in the teaching of calculus in the US during the past decade. Since the challenges facing the teachers of calculus are similar to those facing teachers of mathematics at all levels, calculus offers a useful window on the future. 

The teaching of calculus came under scrutiny in the US for several reasons. One was concern over the students’ apparent lack of understanding of the subject, especially when asked to use it in an unfamiliar situation. Faculty outside mathematics frequently complained that students could not apply the concepts they had been taught. Sometimes ideas were being used in ways that were sufficiently different than in mathematics that it was not surprising that students did not make the connection. For example, the minimization of average cost is done symbolically in mathematics, if at all, whereas it is usually done graphically in economics.  Similarly, line integrals and the divergence of a vector field are defined symbolically in most mathematics courses—the line integral using a parameterization and the divergence using partial derivatives. In physics and electrical engineering, however, students are expected to know from a diagram whether a line integral or divergence is positive or negative. This requires a level of visualization seldom expected in calculus courses in the middle 80s.

But students also had difficulty recognizing mathematical ideas that were presented the same way as in mathematics. A small difference in notation or the absence of familiar clues—such as “largest” or “smallest” in an optimization problem—easily threw students off. This striking difficulty in transferring knowledge between fields suggested that students’ conceptual understanding was not sufficiently robust.

In addition, many students came to college believing that mathematics centers on computational techniques, rather than interpretation and understanding.
 These students spent little energy thinking about where ideas came from or how they were used. Besides being a disappointment to faculty, these students never saw the power of mathematics to unite disparate fields.

Materials used in the middle 80s suggested that mathematicians were doing little to challenge students’ views that mathematics was applying formulas. Exam questions were often of the form “Use method X to do Y”; problems in the text were usually to be done by the formula most recently presented. Consequently students got little experience in choosing a method. Even the choice of variables seldom needed thought. It was not uncommon for an entire set of exercises in a text to be written as functions in terms of x, with at most a couple that involved t or (. Since an unfamiliar variable is a real stumbling block to students and x is virtually never used outside mathematics, this lack of variety significantly limits students’ ability to apply their mathematics. 

Another concern in the middle 80s was the high failure rates in college calculus courses. At that time, the National Science Foundation projected that there would be a shortage of math/science majors in the 21st century. This prediction led to an effort to ensure that the pipeline through high school and college did not loose potential math or science majors.  Calculus courses were urged to become “a pump not a filter.”
  As the first course taken by many potential math/science majors and the last course taken by many high school teachers, calculus was of pivotal importance. Transforming it would affect not only college math and science majors but also the way in which pre-college mathematics was taught. 

The fact that not all students fare equally in the pipeline was also a concern: the data clearly showed that women and minorities were more likely to drop out of mathematics than their peers. Demographics trends—a much larger percentage of the workforce will be female and minority in the future—as well as simple concerns for equity suggested that the mathematics pipeline needed adjustment.

However, many mathematics faculty who became involved in rethinking calculus courses were in fact drawn in by the developments in technology. By the early 80s there were computer programs that could perform many of the skills taught in mathematics courses.  An article entitled "The Disk with a College Education”
 reflected faculty discomfort with teaching manipulations that could be done by a computer. The advent of graphing calculators in the late 1980s made rethinking the curriculum urgent. 

It was fortunate that all these forces for change—concern over student understanding, the pipeline, and technology—arose simultaneously. The result was a large and diverse group of people determined to rethink calculus. The call for change fell on many receptive ears.

The Nature of the Changes That Have Been Implemented

The changes that have taken place in the teaching of calculus over the past decade involve a greater emphasis on conceptual understanding. The “Rule of Four”—that ideas be represented graphically, numerically, verbally, and symbolically—is now widely used. Experience translating between different representations develops comprehension. Verbal explanations and mathematical modeling encourage reflection and deepen understanding. 

Computers and calculators played an important role in facilitating graphical and numerical work. Thus, the modernization of the curriculum by technology also enabled an increase in conceptual understanding. Subsequent debates have pointed out that technology can also undermine learning.  However, this occurs only if technology is misused: for example, if the curriculum remains unchanged while technology is added. Consequently, significant effort has been put into identifying topics that technology makes mindless, and in investigating ways of using technology to deepen understanding.

The emphasis on modeling in many recent materials has the effect that students are now exposed to a wider variety of applications. Faculty are more apt to choose an example outside mathematics, and more likely to talk to their colleagues in the sciences about mathematics at the level of calculus. Thus, although there is still plenty of work to be done, rethinking calculus has led many mathematicians to start to build bridges to other fields. As a result of this change in attitude, the current curricular review being done by the Mathematical Association of America has for the first time requested significant formal input from other disciplines.

The changes described in this section are now quite widespread. They began in books that were specifically designed to incorporate them, but have now migrated into standard texts. 

Impact of New Curricula

The best way to get a flavor of the new course is from the problems they ask students to do. A common error made by mathematicians is to judge the level of a course by the exposition in the text. However most students at the calculus level do not read the exposition, but turn immediately to the problems. Since what students learn is determined by what he or she does, not by what he or she hears, courses should be judged by the problems they assign.

Problems typical of new curricula include the following:

1. Let P(t) be the population of the US in millions where t is the year. What do the following quantities or statements represent, in terms of the US population?
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2. The temperature outside a house during a 24-hour period is given, for 0 ( t ( 24, by
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where F(t) is in degrees Fahrenheit and t  is in hours.

(a) Find the average temperature, to the nearest degree Fahrenheit, between t = 6 and t = 14.

(b) An air conditioner cooled the house whenever the outside temperature was at or above 78 degrees Fahrenheit. For what values of t  was the air conditioner cooling the house?

(c) The cost of cooling the house accumulates at $0.05 per hour for each degree the outside temperature exceeds the outside temperature exceeds 78 degrees Fahrenheit. What was the total cost, to the nearest cent, of cooling the house for the 24-hour period? 

3. The following graph represents the number of hours of daylight in Madrid for one month. 

(a) Estimate the derivative, dH/dt. 

(b) What is the practical interpretation of this derivative?  

(c) What month does the graph show?
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The first problem focuses on the meaning of a derivative, and involves no calculation. Students find this problem difficult if they do not think of a derivative as a rate of change and are not used to using units. The second problem,
 which was on the 1998 Advanced Placement (AP) Calculus exam (a national exam taken by more than 100,000 high school students each year) required students to interpret an integral in a way that was almost certainly new to them. Ten years earlier, such a problem would not have been considered for the AP exam. 

The third problem
 also asks for an interpretation, but the difficulty here lies in part (c), which uses the fact that in the northern hemisphere there are less than 12 hours of daylight at the start of the month of March and more than 12 hours at the end. Such problems, which require information from outside mathematics, may not be appropriate in all circumstances (for example, on exams), but they do emphasize the connection between mathematics and other fields. 

Although using technology in calculus is the most visible, and perhaps the most controversial, change, it is not the most fundamental. Expecting conceptual understanding on homework and exams is more important. Although faculty often spend more time designing lectures than homework, current students learn more from homework than from lectures. Thus, changes in homework and exams have a larger effect on students learning than changing lecture content. Requiring thinking is central to establishing the idea that mathematics is more than applying formulas. To the surprise of faculty, students often described the new courses as being “more theoretical” than the old. Although they are not using the word “theoretical” in the usual mathematical sense, from a student perspective they are right. The new courses require more reasoning, justification, and explanation. Just getting an answer is no longer enough.

Graphing calculators are now common at the high school level; college courses are more variable. Some decided not to allow calculators; others feel that such policies undermine students’ respect for mathematics and so incorporate technology. Both high schools and colleges still believe that students need skill with paper and pencil calculation. Calculators are allowed on half the AP exam; on the other half, students must demonstrate fluency by hand. Colleges often give no calculator “gateway” tests that must be passed at a high level of mastery in order to pass the course. The problems on a gateway test are likely to be routine applications of the differentiation or integration rules, such as the following:
1. 
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The software packages commonly used in other fields have also become more common in college mathematics. Courses for engineering may use Maple or Mathematica; courses for business students may use spreadsheets. 

The use of technology has changed the emphasis in calculus courses. Students quickly adjusted to graphical reasoning; interestingly, they did not adjust as easily to numerical work. Although numerical methods were important in industry long before visualization was practicable, visualization has had the larger impact in education. Graphical reasoning has become central—graphs are now so much easier to draw that students use them voluntarily, instead of only when specifically requested to do so. This enables a wider variety of students to succeed in calculus, since many are more comfortable thinking graphically. Women students seem to particularly appreciate the increased flexibility offered by new approaches.

The use of technology has generated a great deal of discussion among mathematics faculty. Much of this is a timely conversation about what we value, now that much of the computation can be automated. Some of the discussion is less fruitful, as valid concerns about preserving paper and pencil skill are overshadowed by a shrill attempt to stop the clock. 

In order to remain the central discipline that it has been for the past century, mathematics will need to address two problems: it must both keep pace with the times and be able to teach thinking. 

The Future: The Challenge of Computer Algebra Systems

Although the challenges of the past decade were significant, the challenges of the next decades will be larger still. There are now inexpensive calculators that can factor, solve equations, take derivatives and integrals, and so on, all symbolically. Since symbolic manipulation is now the core of most algebra and calculus courses, changes will have to be made. Either calculators will have to be banned—a move that will not impress students—or the curriculum will have to be re-focussed. Re-focussing the curriculum involves answering some hard questions, such as:

· Which techniques are important for students to learn to hand because they generate understanding?

· Which techniques were useful in the past because they generated answers, but are no longer needed?

To get started thinking about these questions, a useful exercise is to take a list of problems, some of which should be done by hand, and some for which technology is appropriate. Faculty members then discuss where to draw the line between those that should be done by hand and those for which technology is appropriate.

There are several research questions to which answers are urgently needed. For example, it is not known about whether it is possible to teach conceptual understanding by looking at examples generated by a computer algebra system (CAS). Or is the experience of doing computations by hand crucial for developing understanding? The current faculty built their understanding through hand calculations, but that does not tell us how else this might be done. Mathematics needs a stronger tradition—similar to that in physics—of research on how students learn.

Let me give two guidelines for charting our course in the future: 

· Banning calculators with a CAS will, on average, decrease students’ skill with symbolic manipulation. 

The reason for this counterintuitive idea is that the existence of CAS affects the dignity with which students regard the learning of symbolic manipulation. It is hard to take seriously learning a skill that can be done by machine. Thus, a course in which students know they are being trained to mimic a machine will not evoke much effort. To convince students that manipulative skills are worth acquiring requires refocusing courses so that symbolic manipulation is required even though a CAS is used.

The second guideline concerns the way in which a CAS is used. Our experience with scientific calculators shows that estimation is an essential skill, as it enables students to check their answers. The symbolic analogue is recognizing the form of an expression. This will be an essential skill for students using a CAS. Since current courses generally concentrate on teaching the manipulations, and rather than on recognizing the form of answers, the balance between the two must change: 

· In courses concentrating on symbolic manipulation, more effort should be put on recognizing the form of an expression.

Notice that this is not advocating that no emphasis be put on manipulations. Just how much is needed to generate fluency and understanding is an open question.

Recommendations

To make progress on incorporating a CAS effectively will require the collaboration of several communities. The perspective of research mathematicians and scientists is essential; so are engineers and professionals from industry. Practicing teachers are necessary to ensure that proposals can be carried out with real students. Together, these groups need to decide what is important and how to deliver it when students have easy access to a symbolic manipulator.
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�See, for example, “Are We Encouraging Our Students to Think Mathematically?” in How to Teach Mathematics by Steven G. Kranz, 2nd edition, American Mathematical Society, 1999.


� Calculus for New Century Conference, October 28-29, 1987.


� Herbert Wilf, Notices of the American Mathematical Society, January 1982.


� This does not say that the exposition is unimportant; merely that courses should be judged by their problems.


� From the 1998 AP Calculus exam (slightly abbreviated). 


� From Calculus, by Hughes Hallett, D, Gleason, A.M, et al., 2nd edition, p. 125 (New York: John Wiley, 1998).


� “Women in Consortium Calculus”, in The Mathematics Teacher, vol 88, p. 546-549,NCTM, Oct 1995.
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