REMARKS ON THE MEMBRANE
AND BUCKLING EIGENVALUES
FOR PLANAR DOMAINS

LEONID FRIEDLANDER

ABSTRACT. I present a counter-example to the conjecture that the first eigenvalue
of the clamped buckling problem in a planar domain is not smaller than the third
eigenvalue of the fixed membrane in that domain. I also prove that the conjecture
holds for domains that are invariant under rotation by angle /2.

1. INTRODUCTION

Let 2 be a bounded planar domain with smooth boundary I". By A;1(Q2) <
A2(Q) < --- Tdenote the eigenvalues of the Dirichlet Laplacian in Q (the membrane
eigenvalues;) each eigenvalue is repeated as many times as its multiplicity is. Let
51(Q) < B2(Q) < --- be the values of the parameter 3, for which the buckling
problem

(1.1)

= on I’

{ A?w(z) + fAw(z) =0 in Q
ow(z
w(z) = —818 )
has a non-trivial solution. Here v(z), z € T, is the outward unit normal vector
to I'. With some abuse of terminology, I call 8;(€) an eigenvalue of the buckling
problem in €, and a non-trivial solution of (1.1) will be called an eigenfunction.
Payne proved in [P] that

(1.2) Br(€2) = A2(Q),

and he suggested that the even sharper inequality 81 (2) > A3(Q2) may hold. In this
paper, I present a counter-example to the last conjecture.

Theorem 1. There exists a convex planar domain € with smooth boundary such
that (1(2) < A3(£2).

Theorem 1 is proved in section 2 by looking at the buckling and membrane
eigenvalues of a deformed circle. For a circle, the first buckling eigenvalue coincides
with the second membrane eigenvalue, wich is of multiplicity two. It turns out that,
for almost every deformation of a circle, the multiple eigenvalue of the Dirichlet
Laplacian splits in such a way that the first buckling eigenvalue becomes strictly
in between the second and the third membrane eigenvalues. The typical graphs of
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the buckling and membrane eigenvalues as functions of the deformation parameter
can be seen in Fig. 1.

Third membrane
eigenvalue

First buckling eigenvalue

Circle

Second membrane
eigenvalue

Fig. 1. The buckling and membrane eigenvalues
for adeformed circle

The second theorem that I prove says that the conjecture holds for domains with
a rotational Z/47 symmetry.

Theorem 2. Let a bounded planar domain Q be invariant under rotation by the
angle w/2. Then $1(2) > A3(Q).

Let me first remind the reader that the inequalities 3;(Q2) > X;(Q) follow imme-
diately from variational characterization of the Dirichlet and buckling eigenvalues.
The buckling eigenvalues can be determined by applying min-max formulae (e.g.,
see [CH]) to the quotient

B fQ |Aw(x)|>dx

By(w) = fQ |Vw(z)|2dz’

with w(z) taken from the Sobolev space HZ(f2). The eigenvalue problem for the
Dirichlet Laplacian is equivalent to A%u + AAu = 0, with the boundary conditions
u(xz) = Au(xz) = 0 on T'. From this fact, one can easily conclude that the same
min-max formulae give the Dirichlet eigenvalues; however the test functions shoud
be taken now from the space H2(Q) N H} (). Because the latter space is bigger
than HZ(£2), one gets smaller values for \;(Q2).

Remark. Unfortunately, Payne’s proof of inequality (1.2) contains a gap. Let
wy(z) be a non-trivial solution of (1.1) with 8 = (1(R2), and let ui(z) be the
eigenfunction of the Dirichlet Laplacian that corresponds to the smallest eigenvalue
A1(2). To prove (1.2), Payne uses test functions v;(x) = a;wi(z) + Ow:(x)/0x;,
j = 1,2, that are orthogonal to uj(z) (see (34) and (35) in [P].) Such functions
clearly exist if

(1.3) /le(x)ul (x) # 0.
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However, it is not clear why (1.3) should hold. It is known that the ground state
of the buckling problem is not necessarily positive (see [AL] and references there.)
Numerical calculations in [W] show that it is not positive even for a square. If there
is no positivity for w;(x) then (1.3) becomes questionable.

Fortunately, Payne’s proof can be easily repaired.! In the case when

| @@ o

one takes a two-dimensional space L of functions spanned by w1 (z) and wy(z). All
functions from L belong to H2(2) N H} (). Let us estimate the Rayleigh quotient
Ry(%)) for a function ¢ = aw; + buy from L. One has

/ Aw, (z)us (z / YV, (z) - Vi () = — A /Q wi () ()dz = 0,

and therefore

/|A1/J|2dx:/ |aAw1—)\1bu1\2dx:|a|2/ \Aw1|2dx+A§|b\2/ |uy|?da
Q Q Q Q
:,“W/ \Vw1|2dx+A1|b|2/ |V |*dx
Q Q

<m / (a2 Vwn 2 + b2 Vur [Pl = g / Vy|2de,
Q Q

The Rayleigh quotient Ry(1¢)) does not exceed p; for all functions ¢ from a two-
dimentional subspace L of H?(Q)NH}(Q); so A2(Q) < u1(£2) in the case when (1.3)
does not hold as well.

2. PROOF OF THEOREM 1

A domain 2, for which 5; < A3, will be a small perturbation of the unit disk D =
{z : |x| < 1}. The eigenfunctions and the eigenvalues of the Dirichlet Laplacian in
the disk are well known. One has X\o(D) = A3(D) = j7, where ji is the smallest
positive zero of the Bessel function J;(r). The corresponding eigenspace E is two-
dimensional; functions v1(z) = ¢J1(j1,17)sind and vy () = ¢J1(j1,17) cosf form an
ortho-normal basis in E. Here (r,6) are polar coordinates, and the constant ¢ is
chosen from the condition

1 7'&'62 J1,1
1 :/ vj(x)zdx = 7'('02/ rJl(jl,lr) dr = —— TJ1(7”)2d7“~
D 0 J1 1
Therefore,
)
(21) 02 — '71—’1
s 011,1 rJy(r)2dr

IR. Laugesen told me that he knew about the gap in Payne’s proof in 1994; he found then a
slightly different way of filling the gap.
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It can be easily computed that the first eigenvalue of the buckling problem for the
disk, B1(D), equals the same j12)1, it is simple, and the corresponding eigenfunction

(2.2) w(z) = Jo(j1,17) — Jo(ji,1)-

The boundary conditions are satisfied because Jj = —J;. I do not normalize w(z).

Let «(f) be a smooth function on the unit circle S, and let Q(7) = {z: 0 <r <
1+7a(f)}. If |7] is small enough, then Q(7) is a convex planar domain with smooth
boundary. For small values of 7, the double eigenvalue Ao = A3 of the Dirichlet
Laplacian in D splits into two 7-analytic functions Ay + p;7+---, j = 1,2. The
numbers p; are eigenvalues of the matrix A = (a;;), with

8vi ov;
Q5 = — o Wa—;a(ﬂ)dﬁ
(see [GSch], [M].) If
(2.3) / 7 (0) sin(20)d6 £ 0,
0

then the matrix A is not scalar, pu; # uo, and, for small positive values of |7/,
A2(Q(71)) # A3(22(7)). Let

A2(2(7)) + A5(22(7)) .

1(r) = -

Then

2m
(2.4) 1(0) = %trA = —%ngilji(le)Q/o a(6)de.

Let (1) = 51(2(7)). For small values of |7|, the function 3(7) is real-analytic.
Indeed, one can construct a family of diffeomorphisms ®(7) : Q(7) — D that is
real-analytic in 7. They induce a family of Riemannian metrics ®(7).(d;;) on the
disk D. These metrics give rise to Laplace-Beltrami operators A(7) in D, and,
finally, 3;(7)~! are eigenvalues of the operator

T(r) = (A(1)*)p) 2 AT (A(T)*)p) "2

Here (A(7)?)p is the bi-Laplacian with the Dirichlet boundary conditions u =
Ou/Ov = 0 on the boundary S. The family of self-adjoint operators T'(7) is real-
analytic in 7; the standard perturbation theory (e.g., see [K]) tells us that, for small
values of |7|, the ground state is simple, and ((7) is real-analytic in 7. Moreover,
one can construct a family of eigenfunctions w(7) of the buckling problem that
correspond to the smallest eigenvalue 5(7) and that is real-analytic in 7. Functions
w(7) can be chosen to be real-valued.

My goal now is to compute 8'(0). To do the computation, one can transplant
the problem to the disk, and then use the Rayleigh formula from the perturbation
theory. This approach is rather straightforward, but it is somewhat time consuming.
I use a different approach, similar to the one used in [GSch]. I assume that a(6) > 0.
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Then, for positive values of 7, all eigenfunctions w(7) are defined in the disk D.
Differentiating the equation (1.1) with respect to 7 and setting 7 = 0, one gets

(2.5) A2 (0) + B (D) AW (0) + B'(0)Aw = 0.

Here, by ' T denote the 7-derivative. The equation (2.5) is valid in D. T multiply
(2.5) by w, integrate over D, use Green’s formula, and use the equation (1.1) to get

(2.6) /Sa“é( ) Awd — /S ()M—“’da (0 /|Vw|2 dz = 0.

Notice that w’(0) vanishes on S. Indeed, both w(7) and its gradient vanish at
r =1+ 7a(f). Therefore, w(T)(1,0) = O(r?), and w ( )(1,6) = 0. So, the second
term in (2.6) vanishes. Then, for positive small values of 7,

ow(r) _ 0%w(T) 5
B (1,0) = —Ta(h) 52 (1+7a(6),0)+O(r2).
One divides the last equality by 7 and takes the limit 7 — 0 to get
/
(2.7) 200 (1,0) = —w,,(1,0)a(0).
Obviously,
(2.8) Aw(l,0) = w,.-(1,0).

Equations (2.6)—(2.8) lead us to the formula

S lwrr(1,0)[2a(6)d6
Ip IVw|?dx

By substituting the explicit formula (2.2) for w(z) into (2.9) and by using Jj(r) =

—Ji(r), one gets
A )2 27
3(0) = 31 1110, 1)| / a(6)dd.
on JI g2 (r 0

Now, compare the last formula with (2.4) and (2.1) to see that
B0 = o) = B2,

If the condition (2.3) is satisfied then p; # ua, and one of the p’s, say pi,
is bigger than 3’(0). For small positive values of 7, the third eigenvalue of the
Dirichlet Laplacian is jfl + 1T + O(7?), and it is bigger than the first eigenvalue
of the buckling problem, which equals 57, 4+ 3'(0)7 + O(7?). Note that the same
thing happens for small negative values of 7; then jil + peT + O(72) is the third
eigenvalue of the Dirichlet Laplacian. We see that, as long as (2.3) is satisfied, any
small deformation of the disk gives a counter-example to the conjectue 51 > As.
Remark. R. Laugesen noticed that, for constructing a counter-example, one can
avoid computing '(0) for a general function «(f). Take «(f) = sin(20). Then
f'(0) =0 (see (2.4).) The counter-clockwise rotation by angle /2 about the origin
maps (7) onto Q(—7) because (0 + 7/2) = —«(f). Therefore, 5(—7) = B(7),
and 3'(0) = 0 = f/(0). The condition (2.3) clearly holds for sin(26). This argument
works for functions of the type

o0

a(0) = (ax cos((4k + 2)0) + by sin((4k + 2)0))
k=0

(2.9) 8(0) = -

with bo 75 0.
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3. PROOF OF THEOREM 2

Let p be the counter-clockwise rotation of the plane R? about the origin by angle
7/2. The space L?(f2) splits into the direct sum of spaces L%(2) and L%,(f)
where LE(Q) = {u(x) € L*(Q) : u(p(z)) = Cu(z)}. These spaces are invariant
under both the Dirichlet Laplacian and the buckling operator, so the spectra of
both problems split into the union of their spectra in four symmetry sectors. I
denote the corresponding eigenvalues by ;. and (3; where ¢ = £1,+i. Notice
that L2(Q) = L2,(Q), both the Dirichlet Laplacian and the buckling problem are
invariant under complex conjugation; therefore A;; = A; _; and ;,; = 3; —;. Notice
also that the proof of 3; > A; works for each symmetry sector separately; so
Bj.c(2) > A;c(€)).

C(ISE 1 ﬂl(Q) = ﬂl,ii(Q)~
The first eigenvalue of the Dirichlet Laplacian belongs to the L7 sector because of
positivity of the ground state. Therefore, in this case,

A1(Q) = A11(Q) < A1 £i(R) < Br1,14(Q) = B1(Q),

and there are at least three eigenvalues of the Dirichlet Laplacian, A; and A\;; =
A1,—q, that are smaller than (.

Case 2. $1(Q2) = p1,1(€2) or B1() = B1,-1().

In both cases, the ground state of the buckling problem, w;(z), can be taken as
a real-valued, even function with respect to central symmetry o = p2. All its
directional derivatives Qw; /0w are odd functions with respect to o; therefore they
are orthogonal to u(z). For a unit vector w, I denote @ = p(w). One has

BT 2 (x4
H= fQ |Vw; [2dz 12 " '
fg((aw) + (2w >dx

Notice that dw; /00 = £0w; /Ow; therefore,

_ fQW%Pdw

Bl (Q) 2 9
fQ ( B&ul ) dx
and the Rayleigh quotient
2
R(v) = Jo IVvPde
Jo [v]2dz

equals (1(€2) for any function from a two-dimensional space {v(z) = adw;/0z1 +
bOw, /0z2} C Hi () that is orthogonal to u(x). Therefore, 51(2) > A3(Q).

Acknowledgement. 1 am grateful to Richard Laugesen who pointed my attention
to the problem during the spectral geometry conference in La Jolla in January of
2003. He also made several remarks on the first draft of the paper.

REFERENCES

[AL] M. Ashbaugh, R. Laugesen, Fundamental tones and buckling loads af clamped plates, Ann.
Scuola Norm. Super. Pisa 23 (1996), 383-402.



MEMBRANE AND BUCKLING EIGENVALUES 7

[CH] R. Courant, D. Hilbert, Methods of Mathematical Physics, vol. I, Interscience, 1962.

[GSch] P. R. Garabedian, M. Schiffer, Variational problems in the theory of elliptic partial dif-
ferential equations, J. Rat. Mech. Anal. 2 (1953), 137-171.

M] A. M. Micheletti, Perturbazione dello spettro dell’operatore di Laplace, in relazione ad
una variazione del campo, Ann. Scuola Norm. Sup. Pisa, 26 (1972), 151-169.

K] T. Kato, Perturbation theory for linear operators, Springer-Verlag, Berlin—Heidelberg—
New York, 1966.

[P] L. E. Payne, Inequalities for eigenvalues of plates and membranes, J. Rat. Mech. Anal. 4
(1955), 517-529.
W] Ch. Wieners, A numerical existence proof of nodal lines for the first eigenfunction of the

plate equation, Arch. Math. (Basel) 66 (1996), 420-427.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ARIZONA TUCSON, AZ 85721
E-mail address: friedlan@math.arizona.edu



