PROBLEM SET 21

Exercises 2.4.23, 2.4.24

PROBLEM 1

Let f(z) be a non-negative function on a measure space (X, B, ). Prove that

plo: f@) 2 1)< /X f(@)dp
for every t > 0.

PROBLEM 2

Let ¥(x) be a convex (concave up) function.
a) Prove that
\I/(tlcl + .- tncn) < tl\IJ(Cl) + - 'tn\I/(Cn)

for all real numbers ¢;, ¢; such that ¢; > 0 and ¢ +---¢, = 1.
b) Let (X, B, 1) be a measure space, and let u(X) = 1. Prove that

\IJ( /. ¢><x)du) < [ W@

for every simple function ¢(z) on X.
¢) Under the assumptions of part b) prove that

\If( /. f(x)du) < [ w(s@)an

for every non-negative measurable function on X.
d) Let f(z) be a non-negative function on the real line. Prove that

Y e e < vim( L [T S@gy).
/- (7 [ ae)

PROBLEM 3

o .
sinx
dx.
1z

For what values of « it exists as a Lesbegue integral, and for what values of « it
converges as an improper Riemann integral?

Consider the integral
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