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Pulse stabilization by high-order dispersion management
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The stabilizing effects of dispersion management (DM) at second and third order are studied for both
single-channel and wavelength-division multiplexed (WDM) systems. We first derive a model for the slow
evolution of a pulse in an optical fiber with high-order dispersion management (HODM). For single-channel
systems, in contrast with conventional DM with constant third-order dispersion, this equation possesses a
stable solution, the ground state for its associated Hamiltonian, which propagates nearly periodically under
direct numerical simulation. Improved performance for WDM systems is also observed, as complicated pulse
interactions, which can lead to undesirable effects such as frequency shift, are prevented by HODM. © 2002
Optical Society of America
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For the past decade, the technique of dispersion
management (DM) has been remarkably successful
in improving performance in optical transmission
systems.1 – 3 However, because of the frequency de-
pendence of the dispersion, the application of this
technique to wavelength-division multiplexed (WDM)
systems is not straightforward.4 Dispersion compen-
sation at a particular frequency does not guarantee
appropriate compensation in neighboring frequency
channels. A natural way to surmount the difficulty
is to manage dispersion at both second and third
order.5 – 7 This technique, which has already been
incorporated into new dispersion slope compensating
fibers, achieves dispersion f lattening in an average
sense and has yielded impressive results.3,5,8

In this Letter we derive an approximate model
that describes the slow evolution of short pulses in
such a system. The pulses under consideration are
suff iciently narrow that the model is valid even for
single-channel systems. We verify the existence of
stable solutions for the slow evolution equation, with
numerical simulation of the averaged equation and di-
rect numerical simulation of the full equation. These
simulations indicate that for both single-channel and
WDM systems, pulses in high-order dispersion man-
agement (HODM) fiber links exhibit markedly better
performance than in the equivalent conventional DM
system with constant third-order dispersion. The
evolution of optical pulses in a fiber with DM at second
and third order is governed by

iEz 1 b2�z�Ett 1 ib3�z�Ettt 1 ajEj2E � 0 , (1)

where E is the envelope of the electric f ield, b2�z� and
b3�z� are dispersion coeff icients at second and third
order, respectively, and a is the strength of Kerr non-
linearity. The spatial coordinate is z, and the tempo-
ral coordinate is t. We consider dispersion coefficients
of the form bi�z� � b̃i�z� 1 �bi�, i � 2, 3, with b̃i�z�
piecewise constant and periodic with the same period
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L and �bi� the average of bi�z� over the period. We
assume that �b2� . 0 and �b3� � 0.

Current optical f ibers used for HODM are charac-
terized by the dispersion parameter D � O �1 ps�
km nm�, average dispersion parameter D̄ �
O �1023 ps�km nm�, differential dispersion parame-
ter S � O �1021 ps�km nm2�, effective core area
Aeff � O �10 mm2�, and nonlinear index coeffi-
cient n2 � O �10220 m2�W�.9 Using standard re-
lationships,10 we translate these parameters into
b̃2, b̃3 , �b2�, and a with b̃2 � O �1 ps2�km�,
b̃3 � O �1021 ps3�km�, �b2� � O �1023 ps2�km� and a �
O �1�km W�. Def ining the characteristic lengths
zb̃2 � t02�jb̃2j, zb̃3 � t03�jb̃3j, z�b2� � t02�j�b2�j, and
zNL � 1�aPpeak, where Ppeak is the pulse peak power
and t0 is the pulse width, we see that for a pulse of
width 1 ps and power 1 mW, zb̃2 � O �1 km� , zb̃3 �
O �10 km� ,, zNL � z�b2� � O �1000 km�. We define
the dimensionless variables u � E�

p
Ppeak, j � z�zb̃2 ,

and t � t�t0, and we arrive at the following equation:

iuj 1 d̃2�j�utt 1 i
zb̃2

zb̃3

d̃3�j�uttt 1
zb̃2

zNL
juj2u

1
zb̃2

z�b2�
�d2�utt � 0 . (2)

Here d̃2�z� � zb̃2b2�z��t02, d̃3�z� � zb̃3b3�z��t03, �d2� �
z�b2 ��b2��t02, and zb̃2�zb̃3 � 1021, zb̃2�zNL � zb̃2�z�b2 � �
1023.

The pulse undergoes rapid shape changes as a result
of rapidly varying linear dispersion, but its spectrum
varies slowly on the spatial scale of the dispersion map.
Using a standard averaging approach,11,12 we make the
transformation

u � L �A� �
Z `

2`

exp

√
iv

(
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Z j

0
	d̃2�s0�

2 v�zb̃2�zb̃3�d̃3�s0�
ds0
)!

Âdv (3)
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and arrive at the equation for the slow evolution of the
spectrum Â�j, v�:
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where D2 � v2 2 v1
2 1 v2

2 2 v3
2 and D3 �

v3 2 v1
3 1 v2

3 2 v3
3. If we consider a symmet-

ric dispersion map d̃j �j� � Dj for j [ 	0, u� and
j [ 	L 2 u, L�, d̃j �j� � 2Dj for j [ 	u, L 2 u�,
and define the map strengths to be s2 � uD2 and
s3 � uD3, we may directly compute Q�D2, D3� �
4u sin�s2D2 2 s3D3��L�s2D2 2 s3D3�.

The averaged equation is the Euler–Lagrange equa-
tion for the averaged Hamiltonian:

H �A� �
zb̃2

z�b2�
�d2�
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2
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1
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jL �A�j4dtdj ,

where L is defined by Eq. (3). We state that this
Hamiltonian possesses a ground state, which is
smooth, decays rapidly for large t, and propagates
stably for the full evolution equation. The ground
state is a solution for a nonlinear eigenvalue problem:
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where v̂�v� is defined through A�j, t� � exp�ilj�v�t�
and l is the minimum value of	�zb̃2�zNL� �1�L� 3RL
0
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2` jAj2dt over the class of functions withR
`

2` jAt j
2dt , ` and

R
`

2` jAj2dt fixed. This equation
is solved via iteration. The inset in Fig. 1 shows the
shape of the ground-state solution for the parame-
ters L � 1, d̃2�j� � d̃3�j� � 5.0 if j [ 	0, 0.25� or
j [ 	0.75, 1.0�, d̃2�j� � d̃3�j� � 25.0 if j [ 	0.25, 0.75�,
�d2� � 1.0, zb̃2�zb̃3 � 1.0, zb̃2�zNL � zb̃2�z�b2� � 0.1.
The eigenvalue computed in this case is l � 0.38. The
solution is computed on the time domain 	230, 30

with 2048 Fourier modes. The logarithm of the
amplitude jA�t�j is plotted versus time. One observes
a nearly Gaussian central peak, along with many
secondary peaks that decay rapidly. This is similar
to the structure of the ground states observed for
the case b3�z� � 0,12,13 which is also included in the
inset for comparison. This ground-state solution can
be used as a bit carrier in f iber-optic systems with
management of second- and third-order dispersion.
The remainder of this Letter demonstrates the
stabilizing effects of HODM. It is well known
that, in general,14 third-order dispersion breaks
the time symmetry of the modeling nonlinear
Schrödinger equation, deforming pulses and leading
to the emission of continuous radiation.15,16 The
green curve in Fig. 1 depicts the solution profile
in a single-channel system with constant third-
order dispersion. The simulation parameters are
d̃2�j� � d̃3�j� � 61.0 and zb̃2�zb̃3 � zb̃2�zNL � 0.1
for evolution up to 15 z units, corresponding to an
evolution through 150 km of f iber with real fiber
units of to � 3.5 ps, Ppeak � 10 mW, b̃2 � 1.2 ps2�km,
b̃3 � 0.43 ps2�km, �b2� � 0.12 ps2�km, zb̃2 � 10 km,
and zb̃3 � zNL � z�b2� � 100 km. The dispersion map
is set up symmetrically as described above. One
clearly observes pulse deterioration for conventional
DM systems with constant third-order dispersion.
However, this destruction is prevented in the system
with HODM. The blue curve in Fig. 1 shows the
solution profile for a HODM fiber with d3�j� � 60.1
and the same initial data. The use of HODM imposes
time symmetry, and the initial profile is nearly
recovered after each period of compensation.

The deleterious effect of constant third-order
dispersion is even more serious for WDM systems.
Pulses propagating in different frequency channels
experience different group velocities and inevitably
collide. In the presence of constant third-order
dispersion, these collisions are inelastic and the indi-
vidual pulses degrade after each collision. Moreover,
if b̃3 is suff iciently large, the pulses coalesce and
propagate as a single formation. Figure 2 shows

Fig. 1. Stabilization of pulse deterioration. The f igure
shows snapshots of amplitude prof iles of pulses traveling
in a DM system with constant third-order dispersion (green
curve) and in a HODM system (blue curve). The initial
profile is the same for each simulation (red curve). The
inset shows the amplitude profiles of the ground states for
the averaged Hamiltonians, both with and without inclu-
sion of third-order dispersion.
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Fig. 2. Pulse collision in a conventional DM fiber with
constant third-order dispersion. The figure shows the
evolution in the time domain of two pulses that are initially
separated in both the time and the frequency domains
in a conventional DM fiber with constant third-order
dispersion. Snapshots of the amplitude profile were
taken every 5 km.

Fig. 3. Pulse collision in a f iber with HODM. The figure
shows the evolution in the time domain of two pulses that
are initially separated in both the time and the frequency
domains in a f iber with HODM. Snapshots of the ampli-
tude profile were taken every 5 km.

the result of a collision of this type. The simulation
parameters are the same as those described for the
simulation corresponding to Fig. 1. We solve original
equation (2) with Gaussian initial pulses separated
in the time domain by 20 ps and in the frequency
domain by 1 THz. Our numerical results show that
HODM fibers can restore an elastic character to the
pulse interaction and eliminate the effects of pulse
coalescence. Figure 3 shows a pulse collision with
the same initial data and parameters as the previous
simulation but with management of third-order dis-
persion. The shapes of the pulse trajectories reveal
an elastic character of collision, as pulses separate
after collision with no evidence of coalescence. These
results suggest that HODM fibers have great potential
to improve performance in WDM systems.

We have provided theoretical and numerical evi-
dence of the existence of stable optical pulses in optical
fiber links with second- and third-order dispersion
management. We have also demonstrated that the
implementation of HODM and the use of these stable
pulses as bit carriers can improve performance of both
high-speed single-channel systems and WDM data
transmission systems.
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