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The Elastic Problem (Simple Harmonic 
Motion)
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ÅSolve this differential equation to find 
ὼὸ ὧÃÏÓ‫ὸ ὧÓÉÎ‫ὸ ὃὧέί‫ὸ •

ÅWith velocity and acceleration 
ὺὸ ὃ‫ÓÉÎ‫ὸ •
ὥὸ ὃ‫ÃÏÓ‫ὸ •

ÅTotal energy of the system
Ὁ ὑὸ Ὗὸ
ρ

ς
άὺὸ

ρ

ς
Ὧὼ

ρ

ς
Ὧὃ



The Pendulum Problem (with some assumptions)

ÅWith position vector of point mass ᴆὼ ὰίὭὲ—ᴆ ὧέί—ᴆ, 
define ᴆὶsuch that ᴆὼ ὰᴆὶand ᴆ— ὧέί—ᴆ ίὭὲ—ᴆ

ÅFind the first and second derivatives of the position vector:
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The Pendulum Problem (with some assumptions)

Defining force of gravity as Ὂ άὫᴆ άὫὧέί—ᴆὶ

άὫίὭὲ—ᴆ—and tension of the string as Ὂ Ὕᴆὶ:
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Derivation of Equations of Motion

Åm = pendulum mass

Åmspring= spring mass

Ål = unstreatchedspring length

Åk = spring constant

Åg = acceleration due to gravity

ÅFt = pre-tension of spring

Års = static spring stretch,  ὶ

Ård = dynamic spring stretch

År = total spring stretch ὶ ὶ



Derivation of Equations of Motion
-Polar Coordinates
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Derivation of Equations of Motion
-Rigid Body Kinematics
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Derivation of Equations of Motion 
-Rigid Body Kinematics

Free Body Diagram

After substitutions and evaluation:



Derivation of Equations of Motion
-Lagrange Equations

Kinetic Energy

Potential Energy



Derivation of Equations of Motion
-Lagrange Equations

Å[ŀƎǊŀƴƎŜΩǎ 9ǉǳŀǘƛƻƴΣ bƻƴƭƛƴŜŀǊ Ŝǉǳŀǘƛƻƴǎ ƻŦ Ƴƻǘƛƻƴ



Elastic pendulum in the real world
tŜƴŘǳƭǳƳΧ ōǳǘ ƴƻǘ ŜƭŀǎǘƛŎΥ

9ƭŀǎǘƛŎΧ ōǳǘ ƴƻǘ ǇŜƴŘǳƭǳƳΥ



Elastic pendulum in the real world –Spring 
Swinging



Elastic pendulum in the real world 
-Bungee Jumping



Trivial Cases

ÅSystem not integrable

ÅInitial condition without elastic potential

ÅOnly vertical oscillation

ÅInitial condition with elastic potential



Equilibrium States

ÅIƻƻƪΩǎ [ŀǿ 
ÅGravitational Force

ÅAt equilibrium
ÅSystem at equilibrium

Stable state
Unstable at
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Turning things into a handy system:
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Some regimes make familiar shapes!

Initial Conditions:
X = 1; Vx= 0;
Y = 0; Vy= 0;
Z = 1.1; Vz= 0;

Parameters:
w = 3; g = 9; l = 1;

So motion stays in the XZ plane
Positive Z is vertical.

Motion is shown to be relatively
changeless over 50s



What happens if we shake things up?

Initial Conditions
X = 1.1;  Vx= 0;
Y = 0; Vy= 0;
Z = 1.1;  Vz= 0;
Parameters:
w = 3; g = 9; l = 1;



Turning things up a bit…

Initial Conditions:
X = 1; Vx= 0;
Y = 0; Vy= .2;
Z = 1.1; Vz= 0;

Parameters
w = 1; g = 10; l = 1;

totalTime= 200;
stepsPerSec= 10;



Let’s take a closer look at the same regime:

This is the XZ ╧
plane

Z-axisᴻ

X-Axis O



Now look at the XY plane again.

Is it the swivel that is causing the pendulum
to avoid the center?



Awesome they almost meet!
(Quasi-awesome)
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Dr. Peter Lynch’s model:

Initial Conditions:

x0=0.01;
xdot0=0.00;
y0=0.00;
ydot0=0.02;
zprime0=0.1;
zdot0=0.00;
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