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Rapid oscillation of the base of the pendulum has the potential to create additional stable points
inside a physical system. This report explores these multi-timescale systems, modeling a pendulum
with its base oscillating at arbitrary angle, then investigating both the theoretical and experimental
stability. Going further, this report creates simple experimental models of more complex systems.
This includes a derivation and simulation of an oscillating pendulum in an electric field.

I. INTRODUCTION

The vertically oscillating pendulum has its roots dat-
ing back over a century. Stephenson first published an
article describing a potential stability for a pendulum in
the upright position given a high frequency oscillation.[1]
However, the important step for the mathematical anal-
ysis of separating the system into fast and slow systems
was not determined until 40 years later by Kapitza.[2]

This separation of fast and slow oscillations makes this
system ideal for modeling many more complex systems.
One system of note is the ion trap. By modeling a elec-
trically charged pendulum with another charge under-
neath its lowest point, two stable equilibrium points are
induced. Oscillating the pendulum’s base may allow for
a model of an ion trap by forcing the pendulum to change
which equilibria it rests in. This, like many other appli-
cations, requires an understanding of the simple case of a
vertically oscillating pendulum. Thus, a full derivation of
this case will be covered before delving into other, more
complex applications of the same principles.

II. MOTION EQUATION

A reformulation of classical mechanics in terms of a
variational principle, known as ”calculus of variations”,
simplifies complicated physical systems. This method is
particularly useful when dealing with systems more natu-
rally described by non-Cartesian coordinates like pendu-
lums. The mathematician Lagrange used this variational
principle in the late-18th century to re-derive Newtonian
mechanics.[3] His method eliminates forces of constraint
such as tension while taking the same form in any co-
ordinate system. The derivation in this paper uses this
Lagrangian formulation.

The method begins by writing down the kinetic and
potential energies of the system, T and U respectively, as
in Eq. 1. m is the mass of the object, g is the acceleration
due to gravity, xcm and ycm are center of mass locations,

∗ edriesen@email.arizona.edu
† jadenjohnston@email.arizona.edu
‡ massimopascale@email.arizona.edu
§ evanjridley@email.arizona.edu

FIG. 1: A base oscillates with angular frequency ω and
amplitude d at and angle φ from the vertical axis. A

pendulum of length l with and mass m attaches to the
end of the base. The pendulum is at an angle θ from

the vertical axis.

ẋcm and ẏcm are center of mass velocities, Icm is the
moment of inertia about the center of mass, and θ̇ is the
angular velocity.

T =
1

2
m
(
ẋ2cm + ẏ2cm

)
+

1

2
Icmθ̇

2 U = mgycm (1)

In order to calculate these quantities, the system must
be defined. Fig. 1 illustrates the system of interest, the
pendulum with vibrating base at arbitrary angle φ. The
image describes the x- and y- center of mass positions of
the pendulum noted in Eq. 2, where the origin is at the
highest point of the base and θ is a function of time.

xcm =
1

2
l sin (θ) + d cos (ωt) sin (φ)

ycm = −1

2
l cos (θ)− d cos (ωt) cos (φ) (2)

The components of the pendulum’s velocity are the time-
derivative of the x- and y- center of mass positions, de-
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fined by Eq. 3.

ẋcm =
1

2
lθ̇ cos (θ)− dω sin (ωt) sin (φ)

ẏcm =
1

2
lθ̇ sin (θ) + dω sin (ωt) cos (φ) (3)

Finally, Eq. 4 describes the moment of inertia about the
center of mass of the pendulum.

Icm =
1

12
ml2 (4)

Using Eqs. 2 through 4, the energies in Eq. 1 are eval-
uated as the following. The trigonometric identity,

sin2 θ + cos2 θ = 1, simplifies the expression.

T =
1

2
m

[
1

3
l2θ̇2 + d2ω2 sin2 (ωt) + lθ̇dω sin (ωt) sin (θ − φ)

]
U = mg

[
−1

2
l cos (θ) + d cos (ωt) sin (φ)

]
(5)

The Lagrangian, defined in Eq. 6, is proportional to the
difference in kinetic and potential energies. This quantity
arises from Lagrange’s reformulation of mechanics using
calculus of variations.[3]

L = T − U (6)

Using Eq. 5, the Lagrangian in Eq. 6 is evaluated as the
following.

L = ml

[
1

6
lθ̇2 +

1

2
d2ω2 sin2 (ωt) +

1

2
dωθ̇ sin (ωt) sin (θ − φ) +

1

2
g cos (θ) +

dg

l
cos (ωt) sin (φ)

]
(7)

Next, the equation of motion follows in the form of the
Euler-Lagrange equation,

d

dt

∂L

∂θ̇
− ∂L

∂θ
= 0 (8)

which is a result of the variational methods.[3] By Eq. 8,
an equivalent and simplified Lagrangian which produces
the same equation of motion is constructed in Eq. 9,
where α is a constant and f(t) is an arbitrary function
of time only.

L ≡ α (L+ f (t)) (9)

This states that the equation of motion is invariant un-
der both constant multiplication and additions of total
functions of time to the Lagrangian.

The Lagrangian thus simplifies to Eq. 10,

L =
1

6
lθ̇2 +

1

2
dωθ̇ sin (ωt) sin (θ − φ) +

1

2
g cos (θ) (10)

and the resulting motion equation is Eq. 11.

θ̈ +
3

2

g

l
sin (θ) +

3

2

dω2

l
cos (ωt) sin (θ − φ) = 0 (11)

This differential equation is analyzed to obtain the effec-
tive potential.

III. EFFECTIVE POTENTIAL

The effective potential is the combination of potentials
caused by various forces in the system. In the case of
the inverted pendulum, forces caused by rapid oscilla-
tions of the base as well as the overall slow oscillations

FIG. 2: The pendulum’s exact position is at angle θ,
the sum of angles ρ and σ, from the vertical axis. The

position of the pendulum oscillates rapidly with
displacement ρ about σ. Averaging over small and

rapid oscillations, the pendulum’s average position is σ.

of a standard pendulum result in the effective potential.
The method of averaging provides an approximation of
this potential and involves dissecting the motion into the
rapid and slow components aforementioned.[4] The mo-
tion then averages over the period of rapid oscillations
so that the location of the pendulum’s center of mass is
described by a simple, smooth function. The derivation
mimics that seen in VanDalen.[5]

To derive the approximation for the effective potential,
the motion of the pendulum, θ(t), is split into rapid, ρ(t),
and slow, σ(t), oscillations, as seen in Eq. 12. The rapid
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oscillations are assumed to be small and average to zero,
as seen in Fig. 2.

θ (t) = σ (t) + ρ (t) (12)

Additionally, the equation of motion can be rewritten
as Eq. III, to a sum of two functions: F which depends
only on θ and f which depends on θ and time.

θ̈ = F (θ) + f (θ, t) (13)

F (θ) = −3

2

g

l
sin (θ)

f (θ, t) = −3

2

dω2

l
cos (ωt) sin (θ − φ)

Eq. III can be Taylor expanded about σ for small val-
ues of ρ and then combined with Eq. 12, resulting in an
approximation for the motion equation.

σ̈ + ρ̈ ' F (σ) +
dF

dθ
(σ) ρ+ f (σ, t) +

∂f

∂θ
(σ) ρ (14)

By focusing on only rapid oscillations and ignoring os-
cillations in σ, Eq. 14 simplifies to an equation for ρ̈.
Terms with ρ are negligible because ρ̈ is larger than ρ by
a factor of ω2.

ρ̈ ' f (σ, t) (15)

This is a simple ordinary differential equation with the
following solution.

ρ ' 3

2

d

l
cos (ωt) sin (σ − φ) (16)

Second, by averaging over the rapid oscillations in
Eq. 14, where ρ and ρ̈ average to zero, the motion sim-
plifies to an equation for σ̈.

σ̈ ' F (σ) +
∂f

∂θ
(σ) ρ (17)

Eq. 17 further simplifies to Eq. 18 after using the integral
definition of a function’s average value over the period
2π/ω and noting that the average value of cos2 ωt equals
one-half.

σ̈ ' −3

2

g

l
sin (σ)− 9

16

d2ω
2

l2
sin (2σ − 2φ) (18)

Finally, the definition of effective torque is used to find
the effective potential. The effective torque is related to
the average movement of the pendulum, given by σ. It is
proportional to the pendulum’s moment of inertia about
it’s end and averaged angular acceleration σ̈ and nega-
tively proportional to the change in effective potential
Ueff over its average angular motion. These relation-
ships are detailed in Eq. 19

Iσ̈ = −dUeff
dσ

(19)

(a) Minimum frequency, ω = 0Hz.

(b) Arbitrary frequency, ω = 21.7Hz.

FIG. 3: Effective potential versus position and driving
angle at the minimum and arbitrary experimental
frequencies. The driving angle ranges from 0 to π

radians and the position ranges from 0 to 2π rad. The
amplitude of base oscillations d is 0.019 m, the length of

the pendulum l is 0.25 m, and the mass is 0.0386 kg.

The moment of inertia of the pendulum about one end
is 1/3ml2. Rearranging Eq. 19 and integrating results in
the effective potential.

Ueff = −1

2
mgl cos (σ)− 3

32
md2ω2 cos (2σ − 2φ) (20)

This potential can be analyzed to obtain stability points
and frequency limitations. Fig. 3 shows the effective po-
tential for two experimentally-obtainable frequencies.



4

IV. STABILITY

Stability points are defined by local minima of the
effective potential and when the angular acceleration
equals zero, represented by the following equation.

dUeff
dσ

= 0 = σ̈ (21)

Solving Eq. 21 with Eq. 20 results in the following con-
dition for the critical angles σc.

G = sin (σc) + ε sin (2σc − 2φ) = 0

ε =
3

8

(
d

l

)2(ω
Ω

)2
Ω =

√
g

l

(22)

A. Perturbation Theory

Perturbation theory can be used to approximate the
critical angles at small driving frequencies, when ε is
small.[6] The solution takes the form of the fourth-order
perturbation series in Eq. 23.

σc = σ1 + σ2ε+ σ3ε
2 + σ4ε

3 +O
(
ε4
)

(23)

Furthermore, a fourth-order Taylor expansion of the crit-
ical angle condition centered at ε = 0 allows each coef-
ficient of the perturbation series to be calculated. The
critical angle condition simplifies to the following expres-
sion.

G = g1 + g2ε+ g3ε
2 + g4ε

3 +O
(
ε4
)

(24)

g1 = sin (σ1)

g2 = σ2 cos (σ1)− sin (2φ− 2σ1)

g3 = 2σ2 cos (2φ− 2σ1)− 1

2
σ2
2 sin (σ1) + σ3 cos (σ1)

g4 = 2σ3 cos (2φ− 2σ1) +

(
−1

6
σ3
2 + σ4

)
cos (σ1)

+2σ2
2 sin (2φ− 2σ1)− σ2σ3 sin (σ1)

The critical angle condition is satisfied when each co-
efficient of the Taylor expansion equals zero. This results
in a system of equations which can be solved for the co-
efficients of the perturbation series as a function of the
driving angle. The solutions to the coefficients are de-
fined in Eq. 25 where n is an integer. Stable points occur
at even integers m while unstable points occur at odd
integers.

σ1 = nπ = 2mπ

σ2 = (−1)
n

sin (2φ) = sin (2φ)

σ3 = − sin (4φ)

σ4 =
(−1)

n

24
[35 sin (6φ)− 9 sin (2φ)]

=
1

24
[35 sin (6φ)− 9 sin (2φ)]

(25)

(a) The maximum value of ε is 0.1989. The frequency
ranges from 0 to 60 rad/s.

(b) The maximum value of 1/ε is 0.2011. The frequency
ranges from 300 to 600 rad/s.

FIG. 4: Stability across driving angles and frequencies.
The driving angle ranges from 0 to π rad. The

amplitude of base oscillations d is 0.019 m and the
length of the pendulum l is 0.25 m.

Substituting this solution into Eq. 23, the critical an-
gle can be plotted as a function of the driving angle and
frequency. The same procedure can be used to approx-
imate the critical stability angles at high frequencies by
expanding G/ε and σc in terms of 1/ε. Fig. 4 reveals the
resulting surface plots. At high frequencies, the stable
angle is equal to the driving angle.

However, the experimental frequencies range from 31.4
rad/s to 157 rad/s. Without experimentation and know-
ing that the jigsaw can produce top-stability, these plots
reveal that the transition to top-stability occurs between
60.0 and 157 rad/s for driving angles above π/2. This
agrees with Fig. 3. Although computational run time
for approximating the stable angle is short, the pertur-
bation method cannot accurately describe the transition
into top-stability.
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FIG. 5: Stability across experimental driving angles and
frequencies. The amplitude of base oscillations d is

0.019 m and the length of the pendulum l is 0.25 m.

B. Intermediate Frequency Stability

Further stability testing was done using the parame-
ters of the physical system established for experimental
testing. This was accomplished by computationally test-
ing for minima of Ueff , following the conditions in Eq. 22
over the experimentally valid ranges of ω and φ0.

Fig. 5 shows the stability over the experimental param-
eters. In this figure, the change from no induced stable
angle to an induced stable angle occurs, representing a
shift from the small perturbation analysis to an inter-
mediate area. However, this once again can not reveal
insight into the exact transition into a secondary stabil-
ity point.

V. CHARGED

The same method as described in Sections II and III
can be used to describe a charged pendulum. In this sit-
uation, the end of the pendulum of length l and mass m
contains charge q. Another charge q is situated a distance
L from the origin, at the pendulum’s base which oscil-
lates with amplitude d and frequency ω. The derivation
follows Fig. 6 and because experimental testing was not
accomplished for the charged pendulum, center-of-mass
coordinates were not used.

The Lagrangian method and averaging technique re-
sults in the following set of equations for the equation of

FIG. 6: A base oscillates vertically with angular
frequency ω and amplitude d. A pendulum of length l

and mass m with charge q at its end attaches to the end
of the base. The pendulum is at an angle θ from the

vertical axis. An additional charge q is located a
distance L from the top of the base.

motion and effective potential.

σ̈ = −g
l

sin (σ)− 1

4

d2w2

l2
sin (2σ)

+
kq2L

ml

sin (σ)

[l2 + L2 − 2lL cos (σ)]
3/2

Ueff = −mgl cos (σ)− 1

8
md2ω2 cos (2σ)

+
kq2

[l2 + L2 − 2lL cos (σ)]
1/2

(26)

Fig. 7 reveals the effective potential as a function of
frequency and charge.

Using the method described in Section IV B, Fig. 8
displays the stability angle as a function of driving fre-
quency and charge. Observation of this figure reveals
that for large enough charges q and small enough fre-
quencies ω, no stable points exist except for an induced
stability at the top of the pendulum.

VI. SIMULATION

Following the derivation of the equation of motion, it
is necessary to test the accuracy of the stability analysis.
At this stage, it is not yet feasible to test through actual
experimentation, so instead it is useful to simulate the
findings through numerical analysis.

The equation of motion is similar to that as described
in Section II, but with two key differences. Firstly, damp-
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(a) Minimum frequency, ω = 0Hz.

(b) Arbitrary frequency, ω = 523.6Hz.

FIG. 7: Effective potential versus position and charge
at the minimum and arbitrary frequencies. The position
ranges from −π/2 to π/2 radians and the charge ranges

from 0 to 5×10−6 Coulombs. The amplitude of base
oscillations d is 0.019 m, the length of the pendulum l is

0.25 m, and the mass mis 0.0386 kg. The distance
between the top of the base and the second charge L is

0.319 m.

ening was added. This effectively removes energy from
being a constant of the system, causing center solutions
to become spirals. This also visualizes the pendulum
getting captured by its stable fixed points, allowing iden-
tification of the ‘inverted’ fixed point at the top. Sec-
ondly, Eq. 11 is illustrated in terms of ẍbase, and ÿbase,
which are the Cartesian equations of motion for the pen-
dulum. This was convenient, as it allowed ease of use
when changing the pendulum base motion:

θ̈ =
−g sin(θ)− ẍbase cos(θ)− ÿbase sin(θ)

l
− αθ̇ (27)

FIG. 8: Stable angles over charge q and frequency ω.
Due to the symmetry of the two sides, the graph spans

between angles of 0 and 2π rad.

Here, α represents the dampening constant. For the ar-
bitrary angle pendulum, ybase = A cos(2πft) cos(θd) and
xbase = A sin(2πft) cos(θd), where A is the amplitude of
base oscillation, f is the frequency of oscillation, and θd
is the driving angle of the base.

Forward Euler is the method of numerical integration
used to solve for θ.[7] For a function ẏ(t) = F (y, t), y(t)
is found by taking steps forward over a discretized time
interval. Defining yn ≡ y(tn), the Forward Euler method
results in the following.

yn+1 = yn + hF (yn, tn) (28)

Here, h is the time-step. In the context of the simulation,
steps are taken forward through θ̇. In other words, θ̈ = ẏ
in the Forward Euler equation. This is shown by Eq. 29.

θ̇n+1 = θ̇n + hθ̈ (29)

Where θ̈ is given by Eq. 11. Using this, θ̇ is calculable.
Additionally, using the kinematics equation ∆θ = θ̇t and
the time-step h instead of t, it is possible to simultane-
ously solve for θ.

These simulations allowed us to test whether certain
bifurcations we saw mathematically actually worked be-
fore committing the test to the experimental setup.

VII. EXPERIMENTAL DESIGN

A. Set-up

The experimental process of testing the stability of the
oscillating is well documented.[5][8] This testing typically
relies on the use of a jigsaw clamped in place to act as
an oscillator while a rod acts as a basic pendulum, seen
in Fig. 9. By placing this system upright and turning
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on the jigsaw, a simple experimental model of the verti-
cal oscillating pendulum is produced. For this project, a
Jigsaw is attached to a wooden stand that is able to ro-
tate about door hinges that allows the tester to measure
stability at various angles. These materials used can be
seen in Table 1 below.

FIG. 9: Pictured is a diagram of the of the inverted
pendulum, where the base is oscillated by a jigsaw.

B. Procedure

Once the jigsaw is properly fastened to the stand and
plugged in to a power outlet, power may be applied by
pressing the trigger. The High-Speed digital camera will
capture the movement of the pendulum arm at various
frequencies and angles which will be recorded to measure
against the theoretical values.

VIII. ERROR ANALYSIS

In the experiment itself, it was evident that there were
numerous systemic and experimental errors. The design
of the stand was flawed in that it was not able to lock
at any angle, leaving measuring the stability of an angle
up to the tester while ensuring that the angle remained
the same. Another experimental error was the failure of
some of the equipment. During testing, the pendulum
arm broke off of the base and was unable to be fixed.
Unfortunately this meant no further testing could be ac-
complished only allowing for a couple of observations to
take place. Systemically, there was also numerous er-
rors. While the theoretical models in this experiment are
close to what one would expect to reality, there a a num-
ber of variables missing from the model. For instance,
the model does not take into account the loss of energy

that occurs in the vibrations of the jigsaw during testing,
or the air resistance that dampens the movement of the
pendulum.

A. Random Errors

There were a number of random errors in the param-
eters used in the experiment that lead to a discrepancy
between the experimental and numerical results. These
stem almost entirely from precision limitations on many
of the parameters. Theses parameters and their associ-
ated errors were:

TABLE II: Setup Measured Quantities Errors

Quantity Error (σ)
Frequency (f) 0.5 s

Length (l) 0.5 cm
Angle (φ) 0.5 deg

Amplitude (d) 0.5 mm

It is important to note that the angle error refers to the
driving angle of the base. In this section, we wish to de-
rive the uncertainty for our theoretically calculated crit-
ical to give us context for comparing experimental and
theoretical results. The experimental results only actu-
ally carried the precision limitation of the protractor as
a random error, as the angle was directly measured.

We use the general error propagation formula:

σθc =

√
σ2
l (
∂θc
∂l

)2 + σ2
φ(
∂θc
∂φ

)2 + σ2
d(
∂θc
∂d

)2 (30)

And wish to apply this to Eq. 23. To do so, we redefine
the stability angle as θc for clarity. Because the equation
consists of 5 variables, each individual variable’s deriva-
tive with respect to the four parameters above are calcu-
lated first, those whose derivatives are zero are omitted:

∂ε

∂d
=

3

4
(
2πfg

l2
)2d

∂ε

∂f
=

3

2
(
2πdg

l2
)2f

∂ε

∂l
= −3

2

1

l
(
2πfdg

l2
)2f

∂σ2
∂φ

= 2 cos(2φ)

∂σ3
∂φ

= −4 cos(4φ)

∂σ4
∂φ

=
1

24
(210 cos(6φ)− 18 cos(2φ))

(31)

Now we can express the full random error equation for
Eq. 23:
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TABLE I: Experimental Equipment

Materials Functionality
Ryobi Variable Speed Jigsaw Tool that will drive base at various frequencies
Ryobi Jigsaw Attachment Attaches to jigsaw, serves as base
Pendulum Arm Attaches to base, serves as pendulum arm
Protractor Measures stability at different angles
Casio EX-FH25 High Speed Digital Camera Captures frequency and motion of pendulum
Timer Allows for measurement of frequency

σθc
2 = σ2

l

(
σ2
∂ε

∂l
+ 2σ3ε

∂ε

∂l
+ 3σ4ε

2 ∂ε

∂l

)2

+ σ2
d

(
σ2
∂ε

∂d
+ 2σ3ε

∂ε

∂d
+ 3σ4ε

2 ∂ε

∂d

)2

+ σ2
f

(
σ2
∂ε

∂f
+ 2σ3ε

∂ε

∂f
+ 3σ4ε

2 ∂ε

∂f

)2

+σ2
φ

(
ε
∂σ2
∂φ

+ ε2
∂σ4
∂φ

+ ε3
∂σ3
∂φ

)2

(32)

This gives us an uncertainty on all critical angle calcula-
tions made.

IX. RESULTS

Experimental tests were done with two methods, one
with base frequency fixed at 2600 SPM, and one with
driving angle fixed at 57 degrees. In either case, the non-
fixed variable was changed and seven measurements were
made for each. The resulting raw measurements can be
found in Tables III and IV, while their comparisons are
shown in Figures 11 and 10. Here, it is clear that there is
a general trend of the experimental angle undershooting
the theoretical.

TABLE III: Measured Stable Angles at 2600 SPM

φ (deg) σc (deg)
25 22.4
50 17.6
75 44.6
100 43.1
125 83.4
150 105.2
175 140.7

TABLE IV: Measured Stable Angles at σc = 57 deg

ω (SPM) σc (deg)
600 2.1
1100 1.6
1600 13.2
2600 37.1
2800 44.24
3000 64.2

FIG. 10: Pictured is plot of stable angle of the
pendulum in the experimental and numerical data with
respect to different driving angles of the pendulum base.
In every point, the frequency of the base was 2600 SPM

X. CONCLUSION

Using Lagrangian mechanics and the method of aver-
aging technique, the equations of motion and effective
potentials were determined for various physical systems,
including the arbitrary-driving angle and charged pendu-
lums. Simulations were created, guiding the development
of an experiment to explore the arbitrary-driving angle
pendulum, where the driving angle and frequencies were
adjusted in order to observe stability angles. Experi-
mental results were compared to theoretical values, re-
vealing consistently lower stability angles than expected.
Although random errors affect results, it is proposed that
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FIG. 11: Pictured is plot of stable angle of the
pendulum in the experimental and numerical data with

respect to different frequencies of oscillation of the
pendulum base. In every point, driving angle of the

base was 57 degrees.

asymmetric dampening and lack of energy conservation
are key components to the observed error.

A. Moving Forward

There are several other directions that could be ex-
plored using this oscillating pendulum analysis. One idea
is to use circular motion for the base rather than unilat-
eral. This would amount to setting both xbase and ybase

in Eq. 27 to periodic functions, where the difference in
amplitude could cause the motion to be eccentric. Here,
the eccentricity could be used as the variable for which
dynamics are evaluated to find bifurcations. While this
is still not yet analyzed, it is simple to test through nu-
merical simulation explained in Section VI. A simple
test was performed using circular motion of the base to
motivate further exploration. In both the standard and
vertically oscillating cases, there exists fixed points at
both the top and bottom positions of the pendulum. As
a small check of these base cases, the circular motion
pendulum was simulated with an initial angle of the top
and bottom positions. It was found that the pendulum
moved away from these positions, showing that there are
no fixed points at the fully vertical positions, motivating
further stability analysis.

Additionally, further experimental testing needs to be
done to determine the accuracy of the modeling of the
charged pendulum system. In the experimental arbitrary
drive-angle system, the induced stable points were con-
sistently of lower value than what was suggested by the
model. Further work needs to be done to see whether
this is an effect of the experimental set-up, if this is an
effect of the arbitrary drive-angle pendulum, and if this
will transfer into experimental testing of the charged, os-
cillating pendulum.
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