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Math 485 Midterm Project Report 

Eye-Brain Connection 

Abstract: The development of the optical neuron between the eye and the brain have been 

studied by many people in the past, with the aim of understanding how this connection 

developed and how its process is encoded in our genetics that can only carry about 1Gb of 

information to the next generation. In this report we try to understand this connection by 

modeling the growth of one neuron due to one source of attracting proteins. Eventually going to 

model it for multiple neurons, multiple sources and finally 3-dimensions. 

History: 

 The first time humans knew that the eye is connected to the brain was discovered by Pliny who 

lived between 273-70 CE. Then in the second century Galen described how the retina net-like 

looks like our brains. In 1604, J. Kepler told us that the picture we see with our eyes is built on 

our retina. Later on, in the 19th Century, J. Muller evolved the law of specific nerve energies 

such that he illustrated the sense the organ opens only to the nerve impulse that sends the income 

image to the brain to be analyzed. Then in 1855, B. Panizza wrote his book Observations on the 

optic nerve, and publish it causing the naked eye to be able to see the visual projectiles that are 

projected from the optic nerve to the cerebral, and hence he was able to claim that the visual 

function’s location is in the visual cortex in the occipital region. After these studies, researchers 

and specialists continued to discover more and more about the human eye. 

  

Introduction: 

         To understand how the human eyes work, experts and researchers tried to study it and 

study its neuron system and how the eyes reflect to the brain what we see and make it 

recognizable to us. The problem is that the human eyes are more complex than what we think, 

and the process of studying the problem in the human eyes remain incomplete due to the 
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complexity and the sophisticated system (Kandel et al. 2000). Several approaches were done in 

order to understand the neuron system in the eye-brain system and relate it to the human’s eye 

system. 

 

         Our approach in this project is to understand how the human eye works using Laplacian 

potential, that represent the concentrations of proteins between the eye and the brain. At first we 

tried to use the stochastics process. Nevertheless, because it takes more time to achieve our goal, 

we switched to the potential function and the protein source concentration function in 2D and 3D 

derived here as well. This way, we will be able to assume where the concentration of the protein 

is concentrated at, and how the neurites get to develop towards the source of the protein in our 

2D model, and make it all the way to the brain so that we achieve the desired connection. 

Theory:  

The protein source concentration function in 2D 

Case 1: 2-Dimensional protein concentration of one source. 

The concentrations of specific proteins in the area between the retina and the brain. In the 

simplistic model below, we first try to find a concentration function for the protein. Illustrated in 

(figure 1).  

To find the concentration, or the potential, function, we assume that this function satisfies 

Laplace’s equation with the following conditions: 

1- The solution to L.E is separable. 𝜓(𝑟, 𝜃) = 𝑢(𝑟)𝑣(𝜃) 

2- The boundary conditions are;  

a) Symmetry with respect to 𝜃. 𝑣(𝜃) = 𝑣(−𝜃) 

 b) the source has a radius 𝑟 = 𝜖 and has an initial concentration of 𝜓0 at 𝑟 = 𝜖. 

 c) At the boundary where the source is located, the concentration does not penetrate the 

wall. Or 
𝑑𝜓

𝑑𝜃
= 0 𝑎𝑡 ±

𝜋

2
 

d) 𝑣(𝜃) = 𝑣(𝜃 + 2𝜋) 

e) The concentration decays with distance. 
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𝛁 ⋅ 𝛁𝜓 =
𝜕2𝜓

𝜕𝑥2
+

𝜕2𝜓

𝜕𝑦2

= [
𝜕

𝜕𝑟
(
𝜕𝜓

𝜕𝑟
) +

1

𝑟

𝜕𝜓

𝜕𝑟
+

1

𝑟2

𝜕

𝜕𝜃
(
𝜕𝜓

𝜕𝜃
)] = 0 

After multiplying by 𝑟2 and separating the variables we have two equations: 

𝑟2

𝑢

𝑑2𝑢

𝑑𝑟2
+

𝑟

𝑢

𝑑𝑢

𝑑𝑟
= 𝜆 

1

𝑣

𝑑2𝑣

𝑑𝜃2
= −𝜆 

Where 𝜆 is the separation constant.  

The solution to the angular part is 𝑣(𝜃) = a cos(√𝜆𝜃) + 𝑏 sin(√𝜆𝜃) which result in 𝑣(𝜃) =

𝑎 cos(√𝜆𝜃) for the symmetry condition above.  

Using condition d), we find that 𝜆 = 𝑛2, 𝑛 ∈ 𝑍. Notice that with this result, the condition c), is 

satisfied as well. Hence we have 

𝑣(𝜃) = 𝑎 cos(𝑛𝜃) 

The radial part is solved by assuming that 𝑢(𝑟) = 𝑐𝑟𝑘, where c and k are constants.  

𝑟2
𝑑2𝑢

𝑑𝑟2
+ 𝑟

𝑑𝑢

𝑑𝑟
= 𝑛2𝑢 

 

Applying this function in the differential equation above we find that 𝑘 = ±𝑛. Thus 𝑢(𝑟) =

𝐷 𝑟𝑛 + 𝐶𝑟−𝑛, using condition e) above we have 

 𝑢 = 𝐶𝑟−𝑛 

Hence our function 

  𝜓(𝑟, 𝜃) = 𝑢(𝑟)𝑣(𝜃) = 𝑎0 + ∑ 𝑎𝑛𝑟
−𝑛cos (𝑛𝜃)𝑛=1  



 Eye- Brain Connection 4 
 

We keep the term that is least vanishing at large distances for simplicity, keeping in mind that 

some terms become more efficient at some angles, i.e. at 𝜃 =
𝜋

2
, the second term is dominant all 

the time compared to the first.  

𝜓(𝑟, 𝜃) ≈
𝑎1 cos(𝜃)

𝑟
+ 𝑎0 

𝑎0 =
1

2𝜋
∫ 𝜓𝑑𝜃  from 0 to 2𝜋, or simply the initial concentration at te boundary, 𝜃 = ±

𝜋

2
. 

While 𝑎1 =
1

𝜋
∫ cos 𝜃 𝜓𝑑𝜃, from 0 to 2𝜋. Or simply the concentratration at the tip of the source 

𝜓0𝜖 − 𝑎0 = 𝑎1.  

 

Case2: Multiple sources in 2D 

 Concentration of proteins should add up linearly. However, the initial position of the boundary 

will be shifted for each function in the 𝑦 direction. Transforming 𝜓(𝑟, 𝜃)𝜓(𝑥, 𝑦 ± 𝑚𝑠) 

Assuming a constant separation of the sources by a distance 𝛿𝑦 = 𝑚𝑠. Where  𝑠 =

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 and 𝑚 ∈ 𝑍. 

𝜓(𝑥, 𝑦)𝑡𝑜𝑡𝑎𝑙 = 𝑎0 + ∑ (𝜓0𝜖 − 𝑎0)
𝑥

(𝑥2 + (𝑦 + 𝑚𝑠)2)
𝑚=±𝑞 𝑖𝑓 𝑠𝑜𝑢𝑟𝑐𝑒𝑠 𝑎𝑟𝑒 𝑜𝑑𝑑 𝑖𝑛 𝑛𝑢𝑚𝑏𝑒𝑟

𝑞=0
𝑚=±𝑝 𝑖𝑓 𝑠𝑜𝑢𝑟𝑐𝑒𝑠 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛 𝑖𝑛 𝑛𝑢𝑚𝑏𝑒𝑟

𝑝=1

 

Where our initial source is at 𝑚 = 0. Then, any additional source will be above or below it 

symmetrically for an odd number of sources.  

We can keep the polar form in the following form 

𝜓(𝑟, 𝜃)𝑡𝑜𝑡𝑎𝑙 = 𝑎0 + ∑ (𝜓0𝜖 − 𝑎0)
𝑟 cos(𝜃)

(𝑟2 + 𝑚𝑠𝑟𝑠𝑖𝑛(𝜃) + (𝑠𝑚)2)
𝑚=±𝑞 𝑖𝑓 𝑠𝑜𝑢𝑟𝑐𝑒𝑠 𝑎𝑟𝑒 𝑜𝑑𝑑 𝑖𝑛 𝑛𝑢𝑚𝑏𝑒𝑟

𝑞=0
𝑚=±𝑝 𝑖𝑓 𝑠𝑜𝑢𝑟𝑐𝑒𝑠 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛 𝑖𝑛 𝑛𝑢𝑚𝑏𝑒𝑟

𝑝=1
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Figure 1)  

The chemical potential is directly related to the direction of the growth of neurons. By 

finding the gradient of the potential and the norm of this gradient we can determine the growing 

direction for the neurons. 

The gradient of this potential for a single source in polar coordinate should be: 

�⃗� 𝜓(𝑟, 𝜃)

|�⃗� 𝜓(𝑟, 𝜃)|
= 𝑔𝑟𝑜𝑤𝑡ℎ 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 = −cos(𝜃) �̂� − sin(𝜃) 𝜃 

This is how we determine the direction of neuron growing due to one single source.  

Algorithm 
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Coding the algorithm: 

After coding the algorithm, we get the following: 

ol 

This figure shows the track of neuron’s growth in a single source case, three neurons are located 

at a different position in y-direction but same position in the x-direction, and finally, all of them 

will tend to the source. 

Code and results: 

source_r = 1 * 10^-3; 

neuron = [0 -0.003]; 

step_size = 1*10^-4;  %changed size bigger to lower the running time                     
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%a0,a1=1; 

source = [0.1,0]; 

psi_0 = 1; 

n = 0; %record number of movement. 

hold on; 

while true 

%     if n == 10 

%         break; 

%     end 

    theta = get_theta(neuron,source); %get the angle of move 

    new_neuron = move(neuron,step_size,theta); %move the neuron 

    final_neuron = make_noise(new_neuron,step_size); %make noise 

    neuron = final_neuron; %update the neuron 

    if_reach = check_reach(neuron,source,source_r);%check if reach 

    plot(neuron(1),neuron(2),'r.'); %record the position of neuron 

    if if_reach == true %if neuron reach the source and its radius 

        break; %end the growth,else, keep going. 

    end 

    n = n+1; 

end 

hold off; 

 

This code snippet above simulates a neuron’s growth in a single source case. And the 

whole function is also called other functions to simulate the total process. In the growing process 

of a neuron, it needs to determine the direction that it wants to grow, make growth, and, 

influenced by noise, repeat the process above until it meets the source. Here, in our program, 

each step has its own function, the language used for our project is Matlab. 

function [theta] = get_theta(neuron,source) 

if neuron(2) - source(2) == 0 
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    theta = 0; 

else 

    x_dis = abs(neuron(1) - source(1)); 

    y_dis = abs(neuron(2) - source(2)); 

    theta = atand(y_dis/x_dis); 

end 

This function determines the direction that the neuron wants to grow towards. The direction was 

determined directly by the position of source to the current position of the neuron. The direction 

is 0 if the neuron and source’s y-position are the same. 

function new = move(original,step_size,theta) 

if original(2) > 0 

    y = -cosd(90-theta)*step_size; 

else 

    y = cosd(90-theta)*step_size; 

end 

x = sind(90-theta)*step_size; 

new = [original(1)+x original(2)+y]; 

This function grows the neuron with the given direction it wants to grow(theta), and the step size 

which means the total length it grows every time. Here if the neuron’s current position in y is 

higher than the source, it will move down, and if it is lower than the source, it will move up. 

function [final_move] = make_noise(move,step_size) 

final_move = move; 

num = randi(100); 

if num<=50 

    final_move(2) = move(2) - step_size/4; 

else 

    final_move(2) = move(2) + step_size/4; 

end 

final_move = final_move; 
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We know the neuron’s growth will be influenced by the noise, so here I simulate the random 

noise will happen to the neuron, it may higher or lower the y-position of the neuron, and the 

possibility for both cases are the same, the noise is a quarter of the total movement. 

function if_reach = check_reach(neuron,source,source_radius) 

distance = sqrt((neuron(1)-source(1))^2 + (neuron(2)-source(2))^2); 

if distance > source_radius 

    if_reach = false; 

else 

    if_reach = true; 

end 

This function checks the linear distance from the neuron to the center of the source, if the 

distance is smaller than the radius of the source, that means the neuron already touches the 

source, the growth of the neuron will stop, return true value here, otherwise return false and the 

growth keeps going. 

 

function [psi] = single_source(r,theta) 

psi = 1 + cos(theta)/r; 

This is the function of Laplace’s equation in a single-source case, we already talk about the 

equation above, here we assume the a0 and a1 to be 1, so the equation looks not very confusing. 

With a deeper step in this project, we will give Laplace's equation for multiple sources’ 

algorithm and results. 
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