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Multivariate Distributions

Many of the facts about bivariate distributions have straightforward generalizations to
the general multivariate case.

For a d-dimensional discrete random variable X = (X1, Xa,..., Xy), take x € RY, we
have the probability mass function fx(x) = P{X = x}.
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Multivariate Distributions

Many of the facts about bivariate distributions have straightforward generalizations to
the general multivariate case.

For a d-dimensional discrete random variable X = (X1, Xa,..., Xy), take x € RY, we
have the probability mass function fx(x) = P{X = x}.

e Forall x, fx(x) > 0and >, fx(x) = 1.
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Multivariate Distributions

Many of the facts about bivariate distributions have straightforward generalizations to
the general multivariate case.

For a d-dimensional discrete random variable X = (X1, Xa,..., Xy), take x € RY, we
have the probability mass function fx(x) = P{X = x}.

e Forall x, fx(x) > 0and >, fx(x) = 1.
e P{X eB}= erB fx(x) and Eg(X) =, g(x)fx(x)
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Multivariate Distributions

Many of the facts about bivariate distributions have straightforward generalizations to
the general multivariate case.

For a d-dimensional discrete random variable X = (X1, Xo,..., Xy), take x € R, we
have the probability mass function fx(x) = P{X = x}.

e Forall x, fx(x) > 0and >, fx(x) = 1.

o P{X € B} =) yep fx(x) and Eg(X) = }_, g(x)fx(x)
e For Y = (Y1, Y2, ..., Yc) we have joint mass function

’

fxy(x,y)=P{X=x,Y =y}
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Multivariate Distributions

Many of the facts about bivariate distributions have straightforward generalizations to
the general multivariate case.

For a d-dimensional discrete random variable X = (X1, Xo,..., Xy), take x € R, we
have the probability mass function fx(x) = P{X = x}.
e Forall x, fx(x) > 0and >, fx(x) = 1.

e P{X eB}= erB fx(x) and Eg(X) =, g(x)fx(x)

e For Y = (Y1, Y2, ..., Yc) we have joint mass function
fxy(x,y)=P{X=x,Y =y}

e marginal mass function fx(x) = 3_, fx,v(x,y),
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Multivariate Distributions

Many of the facts about bivariate distributions have straightforward generalizations to
the general multivariate case.

For a d-dimensional discrete random variable X = (X1, Xo,..., Xy), take x € R, we
have the probability mass function fx(x) = P{X = x}.

e Forall x, fx(x) > 0and >, fx(x) = 1.

e PIX € B} = ,0p fx(x) and Eg(X) = ¥, 2(x)fx(x)

e For Y = (Y1, Y2, ..., Yc) we have joint mass function

fX,Y(X>y) - P{X = X, Y = Y}
e marginal mass function fx(x) = 3_, fx,v(x,y),
e conditional mass function fy|x(y|x) = P{Y = y|X = x} = fx v(x,y)/fx(x),
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Multivariate Distributions

Many of the facts about bivariate distributions have straightforward generalizations to
the general multivariate case.

For a d-dimensional discrete random variable X = (X1, Xo,..., Xy), take x € R, we
have the probability mass function fx(x) = P{X = x}.

e Forall x, fx(x) > 0and >, fx(x) = 1.

e PIX € B} = ,0p fx(x) and Eg(X) = ¥, 2(x)fx(x)

e For Y = (Y1, Y2, ..., Yc) we have joint mass function

fX,Y(X>y) - P{X = X, Y = Y}

e marginal mass function fx(x) = 3_, fx,v(x,y),

e conditional mass function fy|x(y|x) = P{Y = y|X = x} = fx y(x,y)/fx(x), and

e conditional expectation E[g(X, Y)|X =x] = >_, g(x,y)fy|x(y[x).
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Multivariate Distributions

For a d-dimensional continuous random variable X = (X1, Xz, ..., Xy), take x € RY,
we have the probability density function fx(x),
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Multivariate Distributions

For a d-dimensional continuous random variable X = (X1, Xz, ...

we have the probability density function fx(x),
e Forall x, fx(x) > 0 and [, fx(x)dx. =1,

, X4), take x € RY,

Covariance
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Multivariate Distributions

For a d-dimensional continuous random variable X = (X1, Xz, ..., Xy), take x € RY,
we have the probability density function fx(x),

e Forall x, fx(x) > 0 and [, fx(x)dx. =1,
o P{X € B} = [5fx(x)dx and Eg(X) = [pa g(x)Fx(x) dx,
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Multivariate Distributions

For a d-dimensional continuous random variable X = (X1, Xz, ..., Xy), take x € RY,
we have the probability density function fx(x),

e Forall x, fx(x) > 0 and [, fx(x)dx. =1,
o P{X € B} = [5fx(x)dx and Eg(X) = [pa g(x)Fx(x) dx,
e For Y =(Y1,Yo,..., YC) we have Joint density function fx y(x,y),
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Multivariate Distributions

For a d-dimensional continuous random variable X = (X1, Xz, ..., Xy), take x € RY,
we have the probability density function fx(x),

e Forall x, fx(x) > 0 and [, fx(x)dx. =1,

o P{X € B} = [5fx(x)dx and Eg(X) = [pa g(x)Fx(x) dx,

e For Y =(Y1,Yo,..., Y <) we have Joint density function fx y(x,y),
e marginal density function fx(x ch fx,v(x,y) dy,

4/21
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Multivariate Distributions

For a d-dimensional continuous random variable X = (X1, Xz, ..., Xy), take x € RY,
we have the probability density function fx(x),

e Forall x, fx(x) > 0 and [,q fx(x) dx. = 1,

e P{X € B} = [ fx(x)dx and Eg X) = [pa 8(x)fx(x) dx,

e For Y = (Y1, Yo,..., Y <) we have joint density function fx y(x,y),
e marginal density function fx(x ch fx,v(x,y) dy,

e conditional density function fy‘x(y|X) = fx v(x,y)/fx(x),
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Multivariate Distributions

For a d-dimensional continuous random variable X = (X1, Xz, ..., Xy), take x € RY,
we have the probability density function fx(x),

e Forall x, fx(x) > 0 and [,q fx(x) dx. = 1,

e P{X € B} = [ fx(x)dx and Eg X) = [pa 8(x)fx(x) dx,

e For Y = (Y1, Yo,..., Y <) we have joint density function fx y(x,y),
e marginal density function fx(x ch fx,v(x,y) dy,

e conditional density function fy‘x(y|X) = fx y(x,y)/fx(x), and

e conditional expectation E[g(X, Y)|X = x] = [ &(x,¥)fyx(y|x).
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Transformations
For X1, Xo,..., Xy are continuous random variables with state space S  RY
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For X1,X2,
g:S— R

Covariance

Transformations

..., Xy are continuous random variables with state space S ¢ R?
, @ one-to-one mapping, write Y = g(X).

Covariance

0000
(e]e]
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Transformations

For X1, Xo,..., Xy are continuous random variables with state space S  RY
g : S — R, aone-to-one mapping, write Y = g(X).

Above the n-cube from y to (y + Ay), we have probability
fr(y)(Ay)! ~ P{y < Y <y+ Ay}

5/21
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Transformations

For X1, Xo,..., Xy are continuous random variables with state space S  RY
g : S — R, aone-to-one mapping, write Y = g(X).

Above the n-cube from y to (y + Ay), we have probability
fr(y)(Ay) ~ P{y <Y <y+ Ay}

For x = g~ !(y), this probability is equal to the area of image of the n-cube from y to
y + Ay under the map g~ * times the density fx(x).
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Transformations

For X1, Xo,..., Xy are continuous random variables with state space S  RY
g : S — R, aone-to-one mapping, write Y = g(X).

Above the n-cube from y to (y + Ay), we have probability
fr(y)(Ay) ~ P{y <Y <y+ Ay}

For x = g~ !(y), this probability is equal to the area of image of the n-cube from y to
y + Ay under the map g~ * times the density fx(x).

g ly+Ay)~gl(y)+ Ve Hy) Ay
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Transformations

For X1, Xo,..., Xy are continuous random variables with state space S  RY
g : S — R, aone-to-one mapping, write Y = g(X).

Above the n-cube from y to (y + Ay), we have probability
fr(y)(Ay) ~ P{y <Y <y+ Ay}

For x = g~ !(y), this probability is equal to the area of image of the n-cube from y to
y + Ay under the map g~ * times the density fx(x).

gy +Ay) =g H(y)+ Ve ly) Ay =x+ J(y) - Ay,
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Transformations
For X1, Xo,..., Xy are continuous random variables with state space S  RY
g : S — R, aone-to-one mapping, write Y = g(X).

Above the n-cube from y to (y + Ay), we have probability
fr(y)(Ay) ~ P{y <Y <y+ Ay}

For x = g~ !(y), this probability is equal to the area of image of the n-cube from y to
y + Ay under the map g~ * times the density fx(x).

gy +Ay) =g H(y)+ Ve ly) Ay =x+ J(y) - Ay,

where J(y) denote the Jacobian matrix for x = g~ *(y). The ij-th entry in this matrix is
ox;
Jii(y) = —-.

/21
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Transformations

The goal is to show that the density is

fy(y) = fx (g (y))| det(J(y))l.
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Transformations

The goal is to show that the density is

fy(y) = fx (g (y))| det(J(y))l.

The image of the n unit cube under the Jacobian is an n-parallelepiped.

Covariance

0000
(e]e]
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Transformations

The goal is to show that the density is

fy(y) = fx (g (y))| det(J(y))l.

The image of the n unit cube under the Jacobian is an n-parallelepiped. Thus, to
guarantee that this formula holds, we must show that this volume is equal to

| det(J(y))l-
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Transformations

The goal is to show that the density is

fy(y) = fx (g (y))| det(J(y))l.

The image of the n unit cube under the Jacobian is an n-parallelepiped. Thus, to
guarantee that this formula holds, we must show that this volume is equal to
| det(J(y))|. To this end, write an n x n matrix as as n column vectors

V = (vi|- - |vp).
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Transformations

The goal is to show that the density is

fy(y) = fx (g (y))| det(J(y))l.

The image of the n unit cube under the Jacobian is an n-parallelepiped. Thus, to
guarantee that this formula holds, we must show that this volume is equal to
| det(J(y))|. To this end, write an n x n matrix as as n column vectors

V = (vi|- - |vp).

To show this equality, we use the fact that the determinant is the unique n-linear
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Transformations

The goal is to show that the density is

fy(y) = fx (g (y))| det(J(y))l.

The image of the n unit cube under the Jacobian is an n-parallelepiped. Thus, to
guarantee that this formula holds, we must show that this volume is equal to
| det(J(y))|. To this end, write an n x n matrix as as n column vectors

V = (vi|- - |vp).

To show this equality, we use the fact that the determinant is the unique n-linear
alternating form
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Transformations

The goal is to show that the density is

fy(y) = fx (g (y))| det(J(y))l.

The image of the n unit cube under the Jacobian is an n-parallelepiped. Thus, to
guarantee that this formula holds, we must show that this volume is equal to
| det(J(y))|. To this end, write an n x n matrix as as n column vectors

V = (vi|- - |vp).

To show this equality, we use the fact that the determinant is the unique n-linear
alternating form on n x n matrices that maps the identity matrix to one.

Covariance
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Transformations

e For v; = e;, the unit cube volume and the identity matrix determinant are both
one.

Covariance




Multivariate Distributions

Transformations

e For v; = e;, the unit cube volume and the identity matrix determinant are both
one.

e (alternating) If two columns are swapped, then the determinant is multipied by
—1 and the volume remains the same.
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Transformations

e For v; = e;, the unit cube volume and the identity matrix determinant are both
one.

e (alternating) If two columns are swapped, then the determinant is multipied by
—1 and the volume remains the same.

e (linearity) Multiplying a column by a non-zero constant c¢ results in change in the
determinant by a factor of ¢ and the volume by a factor |c|



Multivariate Distributions

Transformations

e For v; = e;, the unit cube volume and the identity matrix determinant are both
one.

e (alternating) If two columns are swapped, then the determinant is multipied by
—1 and the volume remains the same.

e (linearity) Multiplying a column by a non-zero constant c¢ results in change in the
determinant by a factor of ¢ and the volume by a factor |c|

e (alternating) If two columns are identical, then the vectors in V are linearly

dependent and the n-volume is 0. Swapping the columns returns the same matrix,
thus detV = —det V. Thus detV = 0.

21
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Transformations

e (linearity) Let V be the matrix resulting from the j-th column of V replaced by a
constant times a column / # j. Then by the multilinearity of determinants,

det(V) = detV + det(V — V) = detV +0
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Transformations

e (linearity) Let V be the matrix resulting from the j-th column of V replaced by a
constant times a column / # j. Then by the multilinearity of determinants,

det(V) = detV + det(V — V) = detV +0

Vi+ oV

Vi Vi

and the volume of the n-parallelepiped remains the same.
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Transformations

e (linearity) Let V be the matrix resulting from the j-th column of V replaced by a
constant times a column / # j. Then by the multilinearity of determinants,

det(V) = detV + det(V — V) = detV +0

Vi+ ey <~ Vi

Vi Vi
and the volume of the n-parallelepiped remains the same.

e Thus, each of the three elementary column operations maintains equality between
the volume and the absolute value of the determinant.
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Multivariate Distributions

Transformations

e (linearity) Let V be the matrix resulting from the j-th column of V replaced by a
constant times a column 7/ # j. Then by the multilinearity of determinants,

det(V) = detV + det(V — V) = detV +0

Vi+ ey <~ Vi

Vi Vi
and the volume of the n-parallelepiped remains the same.

e Thus, each of the three elementary column operations maintains equality between
the volume and the absolute value of the determinant.

e Every matrix can be obtained from the identity matrix through these operations.
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Multivariate Normal Random Variables

Again, for A a one-to-one linear transformation and Y = AX, then

1

= Tdargay XATY)

fr(y) = fx(A ly)| det(A™)|

9/21



Multivariate Distributions Covariance Covariance

[ 1o} 0000
(e} (e]e]

Multivariate Normal Random Variables

Again, for A a one-to-one linear transformation and Y = AX, then

1

= Tdargay XATY)

fr(y) = fx(A ly)| det(A™)|

For Zy,...,Z, independent N(0,1), the density

() = J%eXp<_2212)..v12?eXp_<z23>
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00

Again, for A a

For Z1,...,2Z,

fz(2)

Covariance Covariance
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Multivariate Normal Random Variables

one-to-one linear transformation and Y = AX, then
Frly) = F(A~ly)| det(AD)] = ——— (A" ly).
| det(A)|

independent N(0,1), the density
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Multivariate Normal Random Variables
Again, for A a one-to-one linear transformation and Y = AX, then

1

Fr(y) = (A7) det(A™)] = s

fx (A ty).

For Zy,...,Z, independent N(0,1), the density

) = e (Jj) Lee- <22>

9/21
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Multivariate Normal Random Variables
Again, for A a one-to-one linear transformation and Y = AX, then

1

Fr(y) = (A7) det(A™)] = s

fx (A ty).

For Zy,...,Z, independent N(0,1), the density

fz(z) = ! exp <—Zf> Lt exp — (Z'%>
‘ V2r 2) " Var 2

1 e R 1 z" -z
@)y =7 (‘ 2 ) @)y = (‘ 2 )

Any random vector Y = AZ obtained as the linear transformation is called a centered
multivariate normal random variable.
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Multivariate Normal Random Variables
Again, for A a one-to-one linear transformation and Y = AX, then

1

fr(y) = (A7)l det(A™)| =

fx (A ty).

For Zy,...,Z, independent N(0,1), the density

fz(z) = ! exp <—Zf> Lt exp — (Z'%)
‘ V2r 2) " Var 2

1 e R 1 z" -z
@)y =7 (‘ 2 ) @)y = (‘ 2 )

Any random vector Y = AZ obtained as the linear transformation is called a centered
multivariate normal random variable. (We could add a constant vector to Y'.)
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Multivariate Normal Random Variables

The density

1

fr(y) = det(A) fx(A™y)
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Multivariate Normal Random Variables

The density

(Aly)T - (Aly)
" [ det(A)|(2m)2 P <‘ 2 >
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Multivariate Normal Random Variables

The density
_ 1 Sy 1 (Aly)"-(Aly)
) = ey XA )= [ det(A)[(2x)72 &P <_ 2 >
B 1 y (AT (Aly)
= Jdet(A)]2m)72 7P (‘ 2 )
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Multivariate Normal Random Variables

The density

—1\T . (a-1
fr(y) = fe(Aly) = 1(%)”/2 exp <_(A y)" (A y)>
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Multivariate Normal Random Variables

The density
fY) = o h(Aly) = L <_(A1Y)T'(A1y)>
YW= Ger(a) XV Y T Tder(a) 2n)2 &P 2
B 1 y (AT (Aly)
| det(A)|(2m)"/2 P <_ 2 )
_ 1 y ((AT)"1-At)y)
= [det(A)|(2m)n2 P (‘ 2 >
B 1 y (AAT) ly
= Jdet(A)|(2m)n2 P (‘ 2 )
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Sums of Independent Random Variable

e Random variables Xi, X, ..., Xy are independent provided that for any choice of
sets By, Bs, ..., By,
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Sums of Independent Random Variable

e Random variables Xi, X, ..., Xy are independent provided that for any choice of
sets By, Bs, ..., By,

P{Xl eEB,Xoe By, ..., X, € Bd}
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Sums of Independent Random Variable

e Random variables Xi, X, ..., Xy are independent provided that for any choice of
sets By, Bs, ..., By,

P{Xl S Bl,XQ S BQ./ C ,Xd S Bd} = P{Xl € Bl}P{Xz S 82}"' P{Xd S Bd}.
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Sums of Independent Random Variable

e Random variables Xi, X, ..., Xy are independent provided that for any choice of
sets By, Bs, ..., By,

P{Xl eEB,Xoe By, ..., X, € Bd} = P{Xl S Bl}P{XQ S BQ}-“ P{Xd S Bd}.

For independent random variables
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Sums of Independent Random Variable

e Random variables Xi, X, ..., Xy are independent provided that for any choice of
sets By, Bs, ..., By,

P{Xl eEB,Xoe By, ..., X, € Bd} = P{Xl S Bl}P{Xz S 82} s P{Xd S Bd}.

For independent random variables
e For either mass functions or density functions, the joint mass or density function is
the product of the one-dimensional marginals.
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Sums of Independent Random Variable

e Random variables Xi, X, ..., Xy are independent provided that for any choice of
sets By, Bs, ..., By,
P{Xl eEB,Xoe By, ..., X, € Bd} = P{Xl S Bl}P{Xz S 82} cee P{Xd S Bd}.
For independent random variables

e For either mass functions or density functions, the joint mass or density function is
the product of the one-dimensional marginals.

fx (x) = fx, (x1)fx, (x2) - - fx, (xa)-
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Sums of Independent Random Variable
e Random variables Xi, X, ..., Xy are independent provided that for any choice of
sets B1, B», ..., By,
P{X1 € B1,Xs € By,..., X4 € By} = P{X1 € B1}P{Xs € By} --- P{Xy4 € By}.
For independent random variables

e For either mass functions or density functions, the joint mass or density function is
the product of the one-dimensional marginals.

fx (x) = fx, (x1)fx, (x2) - - fx, (xa)-

e The expectation of a product of functions of the random variables is the product
of expectations
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Sums of Independent Random Variable
e Random variables Xi, X, ..., Xy are independent provided that for any choice of
sets By, Bs, ..., By,
P{X1 € B1,Xs € By,..., X4 € By} = P{X1 € B1}P{Xs € By} --- P{Xy4 € By}.
For independent random variables

e For either mass functions or density functions, the joint mass or density function is
the product of the one-dimensional marginals.

fx (x) = fx, (x1)fx, (x2) - - fx, (xa)-

e The expectation of a product of functions of the random variables is the product
of expectations

Elg1(X1)g2(X2) - - - ga(Xa)]
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Sums of Independent Random Variable

e Random variables Xi, X, ..., Xy are independent provided that for any choice of
sets B1, B», ..., By,
P{Xl S Bl,XQ S BQ./ R ,Xd S Bd} = P{Xl S Bl}P{Xz c 82} o P{Xd S Bd}.
For independent random variables

e For either mass functions or density functions, the joint mass or density function is
the product of the one-dimensional marginals.

fx (x) = fx, (x1)fx, (x2) - - fx, (xa)-

e The expectation of a product of functions of the random variables is the product
of expectations

Elg1(X1)g2(X2) - - - 84(Xa)] = E[g1(X1)|E[g2(X2)] - - - E[ga(Xa)]

provided each of these expectations exist.

0000
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e For non-negative integer-valued variables, the probability generating function of
the sum is the product of one-dimensional probability generating functions.

12/21



Multivariate Distributions Covariance Covariance

(e]e} 0000
oe (e]e]

Sums of Independent Random Variable

e For non-negative integer-valued variables, the probability generating function of
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e For non-negative integer-valued variables, the probability generating function of
the sum is the product of one-dimensional probability generating functions.

Pxi+Xot++Xa(2) = px(2)pxa(2) - - px, (2)-
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e For non-negative integer-valued variables, the probability generating function of
the sum is the product of one-dimensional probability generating functions.

pX1+X2+'“+Xd(Z) = PX; (Z)pXQ(Z) T de(Z)'
e For any random variables, the mass or density function of the sum is the

convolution of one-dimensional probability masses or densities, respectively.
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Multivariate Distributions Covariance

Sums of Independent Random Variable

e For non-negative integer-valued variables, the probability generating function of
the sum is the product of one-dimensional probability generating functions.

Pxi+Xot-+X4(2) = P (2)pxe(2) -+ px,(2).
e For any random variables, the mass or density function of the sum is the
convolution of one-dimensional probability masses or densities, respectively.

FXy4 Xt +X4 (X)
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Sums of Independent Random Variable

e For non-negative integer-valued variables, the probability generating function of
the sum is the product of one-dimensional probability generating functions.

Pxi+Xot-+X4(2) = P (2)pxe(2) -+ px,(2).
e For any random variables, the mass or density function of the sum is the
convolution of one-dimensional probability masses or densities, respectively.

fX1+X2+"'+Xd(X) = fX1 (X) * fX2 (X) ook fXd(X)'
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e For non-negative integer-valued variables, the probability generating function of
the sum is the product of one-dimensional probability generating functions.

pX1+X2+'“+Xd(Z) = PX; (Z)pXQ(Z) T de(Z)'
e For any random variables, the mass or density function of the sum is the

convolution of one-dimensional probability masses or densities, respectively.

fX1+X2+"~+Xd(X) = fX1 (X) * fX2 (X) Kook fXd(X)'
e For any random variables, the moment generating function of the sum is the

product of one-dimensional probability generating functions.
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Sums of Independent Random Variable
e For non-negative integer-valued variables, the probability generating function of

the sum is the product of one-dimensional probability generating functions.

pX1+X2+'“+Xd(Z) = PX; (Z)pXQ(Z) T de(Z)'
e For any random variables, the mass or density function of the sum is the

convolution of one-dimensional probability masses or densities, respectively.

fX1+X2+"~+Xd(X) = fX1 (X) * fX2 (X) Kook fXd(X)'
e For any random variables, the moment generating function of the sum is the

product of one-dimensional probability generating functions.

MX1+X2+"'+Xd(t) - MXl(t)MX2(t) T MXd(t)‘
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Sums of Independent Random Variable

e For non-negative integer-valued variables, the probability generating function of
the sum is the product of one-dimensional probability generating functions.

pX1+X2+'“+Xd(Z) = PX; (Z)pXQ(Z) T de(Z)'
e For any random variables, the mass or density function of the sum is the

convolution of one-dimensional probability masses or densities, respectively.

fX1+X2+"~+Xd(X) = fX1 (X) * fX2 (X) Kook fXd(X)'
e For any random variables, the moment generating function of the sum is the

product of one-dimensional probability generating functions.

MX1+X2+"'+Xd(t) - MXl(t)MX2(t) T MXd(t)‘
e For any random variables, the cumulant generating function of the sum is the sum

of one-dimensional cumulant generating functions.
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Sums of Independent Random Variable

e For non-negative integer-valued variables, the probability generating function of
the sum is the product of one-dimensional probability generating functions.

pX1+X2+'“+Xd(Z) = PX; (Z)pXQ(Z) T de(Z)'
e For any random variables, the mass or density function of the sum is the

convolution of one-dimensional probability masses or densities, respectively.

fX1+X2+"~+Xd(X) = fX1 (X) * fX2 (X) Kook fXd(X)'
e For any random variables, the moment generating function of the sum is the

product of one-dimensional probability generating functions.

MX1+X2+"'+Xd(t) - MXl(t)MX2(t) T MXd(t)‘
e For any random variables, the cumulant generating function of the sum is the sum

of one-dimensional cumulant generating functions.

KX1+X2+~~+Xd(t) = KX1(t) + KXz(t) et KXd(t)'
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Covariance

Here, we shall assume that the random variables under consideration have positive and
finite variance.
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13/21



Multivariate Distributions Covariance Covariance

Covariance

Here, we shall assume that the random variables under consideration have positive and

finite variance.

One simple way to assess the relationship between two random variables X; and X3
with respective means 11 and pp is to compute their covariance.

Cov(X1, Xo) = E[(X1—p1)(Xo — p2)]
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Covariance

Here, we shall assume that the random variables under consideration have positive and

finite variance.

One simple way to assess the relationship between two random variables X; and X3
with respective means 11 and pp is to compute their covariance.

Cov(X1, X2) = E[(X1— p)(X2 — p2)]
= E[XiXo] — poEX1 — 1 EXo + papo
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Here, we shall assume that the random variables under consideration have positive and

finite variance.

One simple way to assess the relationship between two random variables X; and X3
with respective means 11 and pp is to compute their covariance.

Cov(X1, X2) = E[(X1— p)(X2 — p2)]
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Covariance

Here, we shall assume that the random variables under consideration have positive and

finite variance.

One simple way to assess the relationship between two random variables X; and X3
with respective means 11 and pp is to compute their covariance.

Cov(X1, X2) = E[(X1— p)(X2 — p2)]
= E[XiXo] — poEX1 — 1 EXo + papo
= E[XiXo] — pape

Exercise. If X; and X5 are independent then Cov(X;, X5) =0
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Here, we shall assume that the random variables under consideration have positive and

finite variance.

One simple way to assess the relationship between two random variables X; and X3
with respective means 11 and pp is to compute their covariance.

Cov(X1, X2) = E[(X1— p)(X2 — p2)]
= E[XiXo] — 2 EXy — pa EXo + papin
= E[XiXo] — pape

Exercise. If X; and X5 are independent then Cov(X;, X5) =0

E[(X1 — p1)(Xa — p2)] =
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Here, we shall assume that the random variables under consideration have positive and
finite variance.

One simple way to assess the relationship between two random variables X; and X3
with respective means 11 and pp is to compute their covariance.

Cov(X1, X2) = E[(X1— p)(X2 — p2)]
= E[XiXo] — 2 EXy — pa EXo + papin
= E[XiXo] — pape

Exercise. If X; and X5 are independent then Cov(X;, X5) =0

E[(X1 — p1)(Xa — p2)] = E[X1 — ] E[Xa — po] =
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Covariance
Here, we shall assume that the random variables under consideration have positive and
finite variance.

One simple way to assess the relationship between two random variables X; and X3
with respective means 11 and pp is to compute their covariance.

Cov(X1, X2) = E[(X1— p)(X2 — p2)]
= E[XiXo] — 2 EXy — pa EXo + papin
= E[XiXo] — pape

Exercise. If X; and X5 are independent then Cov(X;, X5) =0

E[(Xl - /11)(X2 - /12)] — E[Xl - /I]_]E[X2 - /1,2] =0-0=0.

Covariance
0000
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e A positive covariance means that the terms (X; — 111)(X2 — p2) in the sum are
more likely to be positive than negative. This occurs whenever the X; and X5
variables are more often both above or below the mean in tandem than not.
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e A positive covariance means that the terms (X; — 111)(X2 — p2) in the sum are
more likely to be positive than negative. This occurs whenever the X; and X5
variables are more often both above or below the mean in tandem than not.

e A negative covariance means that the (X; — 111)(X2 — p2) in the expectation are
more likely to be negative than positive. This occurs when one of the variables is
above its mean, the other is more often below.

Example. For Zi, Z5, bivariate standard normals,

COV(Zl, Z2)
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e A positive covariance means that the terms (X; — 111)(X2 — p2) in the sum are
more likely to be positive than negative. This occurs whenever the X; and X5
variables are more often both above or below the mean in tandem than not.

e A negative covariance means that the (X; — 111)(X2 — p2) in the expectation are
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e A positive covariance means that the terms (X; — 111)(X2 — p2) in the sum are
more likely to be positive than negative. This occurs whenever the X; and X5
variables are more often both above or below the mean in tandem than not.

e A negative covariance means that the (X; — 111)(X2 — p2) in the expectation are
more likely to be negative than positive. This occurs when one of the variables is
above its mean, the other is more often below.

Example. For Zi, Z5, bivariate standard normals,

Cov(Z1, 20) = E[Z12s] = E[E[Z125|Z4]] = E[ZLE[Z5] Z4]]
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Covariance

e A positive covariance means that the terms (X; — 111)(X2 — p2) in the sum are
more likely to be positive than negative. This occurs whenever the X; and X5
variables are more often both above or below the mean in tandem than not.

e A negative covariance means that the (X; — 111)(X2 — p2) in the expectation are
more likely to be negative than positive. This occurs when one of the variables is
above its mean, the other is more often below.

Example. For Zi, Z5, bivariate standard normals,
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e A positive covariance means that the terms (X; — 111)(X2 — p2) in the sum are
more likely to be positive than negative. This occurs whenever the X; and X5
variables are more often both above or below the mean in tandem than not.

e A negative covariance means that the (X; — 111)(X2 — p2) in the expectation are
more likely to be negative than positive. This occurs when one of the variables is
above its mean, the other is more often below.

Example. For Zi, Z5, bivariate standard normals,
COV(Zl, Z2) = E[ZlZ2] = E[E[leg‘zl]] = E[ZlE[ZQ|Zl]] = E[[)Zl2] =P
For X1, X5, ..., Xo independent, common mean f, variance o2 and sum S,

Cov(X;, S) E[X;S] — nu?
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above its mean, the other is more often below.

Example. For Z;, Z», bivariate standard normals,
COV(Zl,Z2) = E[Z]_Z2] = E[E[leg‘zl]] = E[ZlE[ZQ|Zl]] = E[[)Zl2] =P
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Covariance

e A positive covariance means that the terms (X; — 111)(X2 — p2) in the sum are
more likely to be positive than negative. This occurs whenever the X; and X5
variables are more often both above or below the mean in tandem than not.

e A negative covariance means that the (X; — 111)(X2 — 12) in the expectation are
more likely to be negative than positive. This occurs when one of the variables is
above its mean, the other is more often below.

Example. For Z;, Z», bivariate standard normals,
COV(Zl,Z2) = E[Z]_Z2] = E[E[leg‘zl]] = E[ZlE[ZQ|Zl]] = E[[)Zl2] =P

For X1, X5, ..., Xo independent, common mean f, variance o2 and sum S,
1
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Covariance

e A positive covariance means that the terms (X; — 111)(X2 — p2) in the sum are
more likely to be positive than negative. This occurs whenever the X; and X5
variables are more often both above or below the mean in tandem than not.

e A negative covariance means that the (X; — 111)(X2 — 12) in the expectation are
more likely to be negative than positive. This occurs when one of the variables is
above its mean, the other is more often below.

Example. For Z;, Z», bivariate standard normals,
COV(Zl,ZQ) = E[Z]_Z2] = E[E[leg‘zl]] = E[ZlE[ZQ|Zl]] = E[[)Zl2] =P

For X1, X5, ..., Xo independent, common mean f, variance o2 and sum S,

1
Cov(X;,S) = E[X;S] — nu® = E[E[X;S|S]] — nu?® = E[SE[X;|S]] — nu® = ;ESQ — nu?
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Covariance

e A positive covariance means that the terms (X; — 111)(X2 — p2) in the sum are
more likely to be positive than negative. This occurs whenever the X; and X5
variables are more often both above or below the mean in tandem than not.

e A negative covariance means that the (X; — 111)(X2 — 12) in the expectation are
more likely to be negative than positive. This occurs when one of the variables is
above its mean, the other is more often below.

Example. For Z;, Z», bivariate standard normals,
COV(Zl,ZQ) = E[Z]_Z2] = E[E[leg‘zl]] = E[ZlE[ZQ|Zl]] = E[[)Zl2] =P

For X1, X5, ..., Xo independent, common mean f, variance o2 and sum S,

1
Cov(X;,S) = E[X;S] — nu® = E[E[X;S|S]] — nu?® = E[SE[X;|S]] — nu® = ;ESQ — nu?

= (Var(S) + (ES) — mi® =~ (no® + (u)?) — m® = 2
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Covariance
Example. For the joint density example,

4 (1 1 4 (1
EXi Xo = 5 / / x1x2(x1 + X2 + x1x2) dxp dxg = 5 / / (X12X2 + X1X22 + X12X22) dxo dxq
0 0 0 0
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Example. For the joint density example,
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EXi Xo = 5 / / x1x2(x1 + X2 + x1x2) dxp dxg = 5 / / (X12X2 + X1X22 + X12X22) dxo dxq
0 0 0 0
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Example. For the joint density example,
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EXi Xo = 5 x1x2(x1 + X2 + x1x2) dxp dxg = 5 Xl X2 + x1x5 + X7 x5 ) dxa dxq
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4 /1 1 1 1 4 (15, 1
= 5/ <2x12x22 + §x1x23 + 3x12x23) ’0 dx; = 5/ <6X12 + 3x1> dxq
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Example. For the joint density example,
4 (1 1 4 (1
EXiXo = = /0 /0 x1x2(x1 + X2 + x1x2) dxp dxg = 5 /0 /0 Xl Xo + X1X22 + X12X22) dxo dxq

4 /1 1 1 1 4 (15, 1
= 5/ <2x12x22 + §x1x23 + 3x12x23) ’0 dx; = 5/ <6X12 + 3x1> dxq
0 0
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Example. For the joint density example,

1 1
EX1X5 — / / X1X2(X1 —+ X0 + X1X2) dxo dx1 =
0 JO

4 /1 1 1 1
5/0 <2x12x22 + §x1x23 + 3x12x23) ’0 dx; =

4 53+12 r 4 5+1
2 « _A(2 1
5. 180 767 ) o 5 187 6
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Example. For the joint density example,

4 (1 1 4 (1
EXi Xo = 5 / / x1x2(x1 + X2 + x1x2) dxp dxg = 5 / / (X12X2 + X1X22 + X12X22) dxo dxq
0 0 0 0

4 /1 1 1 1 4 [1/5 1
= 5/0 <2 12x22+§ 1x23+3x12x23) lodx1—5/0 <612+3x1> dxq
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Covariance

Example. For the joint density example,

EX1 X2

4 1l 4 1l
= 5/ / x1x2(x1 + X2 + x1x2) dxp dxg = 5/ / (X12X2—|—X1X22—|—X12X22) dxo dxq
0 0 0 0
4 (/1 1 1 1 4 (175 1
= 5/0 <2 2x3 + 3 1x23+3x12x23> ’0dx1 = 5/0 <6 24 3x1> dxq
4 /5 3 1, ‘1 4 /5 . 1 16
= —_ —X- — X = - _— —_ = —_—
5\18°1 "6 1)lo 5\18 6 45
EXi = EX>
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Example. For the joint density example,

1 1
EXi Xo = 5 / / x1x2(x1 + X2 + x1x2) dxp dxg = / / Xl Xo + X1X22 + X12X22) dxo dxq
0 0 0 0

4 /1 1 1 1 4 (15, 1
= 5/ <2x12x22 + §x1x23 + 3x12x23> ’0 dx; = 5/ <6X12 + 3x1> dxq
0 0
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Covariance

Example. For the joint density example,

EX1 X2

4 (1 1 4 (1
= 5 / / x1x2(x1 + X2 + x1x2) dxp dxg = 5 / / (X12X2 + X1X22 + X12X22) dxo dxq
0 0 0 0
4 (/1 1 1 1 4 [1/5 1
= 5/0 <2 2x3 + 3 15 + 3x12x23> ’0dx1 = 5/0 <6 24 3x1> dxq

_ A (Be 1o ‘1_5 5 1) _16
T 5\180 6 ) o 5\1876) " 45
2
5

2 ! 3 2 1
EX, = EX> = 5/ x1(3x1 + 1) dsg = <x1 + x1> ‘
0
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Example. For the joint density example,

4
EXiXo = g / / X1X2(X1 —+ X0 + X1X2) dxo dx1 =
0 JO

4 /1 1 1 1
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In particular,
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By considering the quadratic formula, we have that the discriminate

0 > (2px,,%,0102)° — 40305 = (pk, x, — 1)40i05 or px . x, < 1.

Consequently, —1 < px, x, < L.
When we have [px, x,| = 1, we also have for some value of c that
2
0X1+CX2 = 0.

In this case, X1 + cX5 is a constant random variable and X7 and X, are linearly related.
In this case, the sign of px, x, depends on the sign of the linear relationship.
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Notice the analogy between this formula and the law of
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r=—cosf
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X — 0 if the i-th ball is black,
"1 if the /-th ball is white.

Xi ~ Ber(.7). Thus, EX; = " and Var(X;) = (m’i’;)Q. For i # J,

m-—1 m

EXX) = PUXG = 1 = 1} = P{X = 11X = 1}P{X; = 1} = .

%) = iy (nra) e (nhest )
mn+q n ((m+ n)(;7n+ n— 1)) ~(m+ n)2_(,:7n+ n—1)
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Let X = X; + X5 + -+ + X) denote the number of white balls. Then,
k k

Var(X) = ) ) Cov(X;, X;)

i=1 j=1
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~ Cov(X;, Xj) —mn / mn 1
X% = Var(X;)  (m+n)2(m+n—-1)/ (m+n)?2  m+n-1

Let X = X; + X5 + -+ + X) denote the number of white balls. Then,

k k k k
Var(X) = Y Cov(X;, Xj) = Var(X;) + > Cov(X;, X))
i=1 j=1 i=1 i=1 ji
mn
- k—
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Let X = X; + X5 + -+ + X) denote the number of white balls. Then,
k
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~ Cov(X;, Xj) —mn / mn 1
X% = Var(X;)  (m+n)2(m+n—-1)/ (m+n)?2  m+n-1

Let X = X; + X5 + -+ + X) denote the number of white balls. Then,

kK k k k
Var(X) = Y Cov(X;, Xj) = Var(X;) + > Cov(X;, X))
i=1 j=1 i=1 i=1 j#i
mn —mn
= k——— +k(k—1
CETE )<(m+n)2(m+n—1)>

mn k-1 N — k
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PXiXi = "Nar(X;)  (m—+n)2(m+n—1)

Cov(Xj, X)) —mn mn 1
- - /(m—i—n)2 T m4n-1

Let X = X; + X5 + - - - + X| denote the number of white balls. Then,

k k k k
Var(X) = D > Cov(X;, Xj) = Var(X;)+ > > Cov(X;, X;)
i=1 j=1 i=1 i=1 j#i
= K 4D ()

mn k-1 N — k
— K 1- — kp(1 — p)——%
(m+n)2< m+n—1> Pl p)N—l

where N = m + n is the total number of balls
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~ Cov(X;, Xj) —mn / mn 1
X% = Var(X;)  (m+n)2(m+n—-1)/ (m+n)?2  m+n-1

Let X = X; + X5 + - - - + X| denote the number of white balls. Then,

ko k k k
Var(X) = D > Cov(X;, Xj) =) Var(X;)+ Y ) Cov(X;, X;)
i=1 j=1 i=1 i=1 j#i
mn —mn
= k— +k(k—1
CETE )<(m+n)2(m+n1)>

mn k-1 N — k
= k 1-— =kp(l —p)——
(m+n)2< m+n—1> Pl p)N—l
where N = m + n is the total number of balls and p = m/(m + n) is the probability
that a white ball is chosen.
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