Math 250A (Fall 2008) - Exam III Name:

Instructions:
e Show all work clearly in order to get full credit. Points can be taken off if it is not clear
to see how you arrived at your answer (even if the final answer is correct).

e When you do use your calculator, sketch all relevant graphs and explain all relevant math-
ematics.

e (Circle your final answers.
e Please keep your written answers brief; be clear and to the point.

e This test has 5 problems (plus an extra credit problem) and is worth 100 points, plus
extra credit at the end. It is your responsibility to make sure that you have done all the

problems!

1. (25 points) Pick two out of the following three problems to solve (12.5 points each). Indicate
which problems will count towards your grade by circling (a), (b), and /or (¢) below.
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2. (20 points) Consider the differential equation

dy ey
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(a) Suppose we have the initial condition y(2) = 5. Does a solution to the differential
equation exist? If so, is it unique? Explain.
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(b) Can you give an initial condition for which a solution both exists and is unique?
Explain how this is different from the previous part.
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3. (25 points) The goal of this problem is to use Euler's method to solve the following
differential equation

dy
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(a) Write the formula relating y;11 to y;, @5, and Az, in Euler’'s method. Explain

where this formula comes from.
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(b) Consider the interval = |—1,0] with initial condition y(—1) = 0. Use Euler’s

method to estimate y(0) using a step-size of Ax = 0.25. Write your answers in the table below.

Euler’s method estimates for dy/dr = xe™¥ where y(—1) =0
step @ 2 Ui y; (exact; see part (c))
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Briefly explain how you found each of the approximated y;’s:
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(c) An exact solution to this differential equation is y(x) = In (

value for y(0) and over- or under-estimate? Explain.
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4. (10 points) Remember that the definition of the hyperbolic sine and cosine is sinh(zx) =
er —e 7 e’ e 7

respectively. Show that
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9. (20 points) Consider the differential equation
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(a) Find all the equilibrium points. Explain how you found them.
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(b) Assume b = 1 and draw a phase-line for this system. Use this to classify the
stability of each of the equilibrium points. Make sure to clearly explain how you used the
phase-line to determine the stability.

Sl )

e o of (5L

< [/\ < > >
/Z 0\_/2 f

fEiape

dF
The amows fadecat whebher joluhans tnemase (avows pointie
bo bhe m‘@“r) or decroee (ovreun poihng Lo the /e][L).

vs wnshable

s clable

J,zo
Jfg 2 s enshalle

‘_‘/—‘

IF arro wf peN\L bowords o-n ea'vilihr.'um/ lhe/\ o sMadle.

I.F Hne\1 po.wlr awauj, b cnstable .



s

(c) Provide a brief explanation of what it means for an equilibrium point to be stable

or unstable.
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Extra Credit (10 points) What happens to the equilibria as the parameter b is varied? Draw
a bifurcation diagram and indicate all the important features including the stability of the

equilibria.
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