Problems for Quiz 14
Math 322. Spring, 2007.

1. Consider the initial value problem (IVP) defined by the partial differential equation (PDE)

Up = Ugpy — 22Uy + U, O<z<l, t>0 (D)
with boundary conditions
u(0,t) =0, u(l,t) =0, )
and initial condition
u(z,0) = f(x). (3)

You will use the method of separation of variables to find the solution to this problem.

(a)

(b)

Look for a solution of the PDE of the form u(x,t) = F(2)G(t) and set up the corresponding eigenvalue
problems (Hint: You should use the boundary conditions (2) to set up the eigenvalue problem for F'(z)).

Sol. Substituting u(z,t) = F(x)G(t) into (1) gives
F(x)G(t) = (F"(x) — 2F'(z) + F(2))G(1)

d

where’ = £~ and * = %, SO
F'(z) — 2F'(x) + F(x) G(t)
= = >\7
F(x) G(1)
where A is a constant. Therefore
F'"(z) — 2F'(z) + F(x) = \F(2), 4)
G(t) = AG(t). (5)

The boundary conditions (2) become:

so we need:
F(0) =0, F(1)=0. (6)

Equation (4) and boundary conditions (6) define the eigenvalue problem for F'(x).

Consider the eigenvalue problem for F'(z) that you found in part a). Is it in Sturm-Liouville form? Can
you transform it into Sturm-Liouville form? (Hint: Use problem 6 of problem set 5.7 in your text book).

Sol. The eigenvalue problem for F'(x) is given by
F"(z) — 2F'(z) + F(x) = AF(x)

with boundary conditions
F(0) =0, F(1)=0.

Recall that a Sturm-Liouville problem consists of a second order differential equation:
(p(x)y") + q(x)y = Ao(z)y 7
together with boundary conditions of the form

Cry(a) + Cay'(a) = 0, Csy(b) + Cyy' (b) = 0. 8)
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Since equation (4) does not have the form of equation (7), the problem for F'(x) is NOT in Sturm-Liouville
form.
Following problem 6 of problem set 5.7 in the textbook, we multiply equation (4) on both sides by e =% to
get:

e 2F"(2) — 272 F'(z) + e 2 F(x) = Ae **F ()

that can be written as
(e F'(z)) + e 2" F(x) = Ae **F (), )

that has the form given by (7) with p(z) = q(z) = o(x) = e 2%,

The boundary conditions for F'(x) given by (6) have the form (8) wherea = 0,b=1,C1 = C5 =1,Cy =
Cy=0.

So, by considering equation (9) and boundary conditions (6) we are able to write the eigenvalue problem
for F'(x) as a Sturm-Liouville problem.

Consider again the eigenvalue problem for F'(x). Find the eigenvalues A, and the corresponding eigen-
functions F),(x).

The characteristic polynomial associated to equation (4) is

p(p) = p? —2p+ (1= X)
with roots

24 /4—4(1 =\
o= 2( ):1iVX

Therefore, the general solution for F'(x) is
F(x) = Ae(1HVA)e + Be(lmV )z

We need to find the values of A for which the boundary conditions (6) are satisfied.
Enforcing F'(0) = 0 gives A + B = 0, so we set B = — A to get

F(z)= A(e(Hﬁ)x - e(l_ﬁ)w). (10)
Enforcing F'(1) = 0 implies (we are interested in A # 0):
€(1+\/X) _ e(l_\/x) = 0,

which can be rewritten as

e2VA = 1.
Writing 1 = 2™ we obtain
2V = i2mn
s0 VA = imn and A = —(7n)?. Therefore the eigenvalues are \,, = —(7n)? forn = 1,2,... (0 is not an

eigenvalue as we shall see below).
The eigenfunctions are obtained by substututing /A = i7n into (10). We get

Fn(.%') — Aex(eimw: _ e—imw:)

21 Ae” sin(nmx).
Recall that eigenfunctions are defined up to multiplication by a scalar factor. We can therefore simply take
F,(z) = " sin(nmx).

Notice that Fy = 0 so n = 0 does not define a nonzero eigenfunction. Therefore the eigenvalues are
An = —(mn)? forn = 1,2, ... and the corresponding eigenfunctions are F},(z) = e sin(nnx).
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Find the functions G, (t) corresponding to the eigenvalues ), that you found in part ¢) and write down
explicit expressions for the solutions u, (x,t) = F,,(x)G,(t) of the PDE.

Sol. The general solution to equation (5) is

for a constant C'. Considering the particular values \,, = —(7n)2, we find
G(t) = Cpe™ (™,
We therefore get the following family of functions as solutions of the PDE (1):
up(z,t) = Cpe~ (Tt sin(nmz). (11)

Verify that the functions u,,(z, t) that you found in part d) are indeed solutions of the PDE (1).

Sol. Differentiating the expression for u,(x, t) given by equation (11) gives:

% = —(wn)QCne_(m)ztex sin(nmx)
Ouy, —(mn)2t x _; —(m)%t _x
e = Cre e’ sin(nmx) + nwChpe e” cos(nmx)
82un —(mn)%t x —(mn)%t x 2 —(m)%t x
2 Che e’ sin(nmwz) 4+ 2nmChe e’ cos(nmzx) — (nm)“Chpe e’ sin(nmx)
x
Therefore
0%u ou 2 2
n n _ —(m)%t jx —(mn)?t &
522 2 o + up Che e’ sin(nmwz) + 2nmChre e’ cos(nmx)

—(nﬂ')QCne_(“")Qtem sin(nmz) — 2C, e (") et sin(nmz)
—onmCpe (T)ter cos(nmx) + Cpe~(T)ter sin(nmx)
= —(nﬂ')QCne_(W”)Qtegc sin(nm)
Ouy
ot

$0 Uy (x, t) is indeed a solution of (1).

The solution to the IVP is obtained by the principle of superposition: u(x,t) = > A,un(x,t) where
the constant coefficients A, are chosen to satisfy the initial condition (3). Using your answer to part b)
and your knowlege on orthogonal expansions arising from Sturm-Liouville problems, write an explicit
expression for the coefficients A,, (your formula should involve f(z)).

Sol. By the principle of superposition our solution will have the form (the constants C), are absorbed into
AL

u(x,t) = Z Ape~(m)ter sin(nmx) (12)
n=1

Setting ¢ = 0 and enforcing the initial condition u(z,0) = f(x) gives

flx) = Z Ape” sin(nrz) (13)

n=1

(From part b) we know that the functions F,,(z) = e”sin(nwz) are the eigenfunctions of the Sturm-
Liouville problem defined by equation (9) and the boundary conditions F'(0) = F(1) = 0. So the A,,’s
are the coefficients in the eigenfunction expansion of f(x). There are two ways of determining the value
of these coefficients (both of them come from the idea of orthogonal expansions):
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ii.

For a general Sturm-Liouville problem
(p(x)y") + a(z)y = Ao (2)y,
with boundary conditions
Cry(a) + Cay'(a) =0, Csy(b) + Cay'(b) =0,

any pair of eigenfunctions y,,, yn, corresponding to different eigenvalues, A\, A, are orthogonal with
respect to the weight function o (x), meaning that

b
(Ym, Yn) = / () Yym (z)yn(x)dx = 0 if m # n.
a
Under reasonable and quite general assumptions on f(x), one can obtain an orthogonal expansion of

the form

As a consequence of orthogonality of the eigenfunctions, one has the following formula for the coef-
ficients A,, (see formula (4) in section 5.8 of your textbook):

o ) e o@)f @)y (a)de
Tl o) (yn())2da

In our case, the eigenfunctions are F},(z) = €* sin(nrx), and from part (b) we know that o(z) = e~27.
Hence . .
e Jo e ¥ f(x)e* sin(nma)de [ e f(x) sin(nma)d
" fol e~2% (e sin(nmx))?dx fol sin?(nmz)de
Using the identity sin? § = 3 —  cos(26), one computes fol sin?(nrz)dr = 3, s
1
A, = 2/ e * f(x)sin(nrx)de. (14)
0

One can also obtain this formula for the coefficients A,, by noticing that equation (13) can be written
as

flx)=¢€" Z Ay sin(nrz).

n=1

Multiplying both sides of the equation by e~* and calling g(x) = e~ f(x) we write
o
g(x) = Z Ay sin(nrz),
n=1

so the A,,’s are the coefficients in the sine series expansion of g(z). Therefore the well known formula:

2

L
A, = / g(z) sin(nmx)dz
L 0

holds. In our case, L = 1 and g(z) = e~ f(z) so

A, =2 /1 e * f(z) sin(nmrx)dx
0

that is exactly (14).
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(g) Write the solution to the problem if

f(z) = 2e* sin(3mzx) — e” sin(7mz).

Sol. One can use the formula (14) to determine the value of A,,. However it is much easier to notice that the
function f(z) = 2e*sin(3wx) — e sin(77x) is already expressed as an orthogonal expansion. Equation

(13) gives
oo
2e” sin(3nz) — e sin(7rx) = Z Ape”sin(nmz)
n=1
which implies A3 = 2, A7 = —1 and A,, = 0 for any value of n that is not 3 or 7. Hence, formula (12)
gives

u(zx,t) = 29Tt sin(37x) — eIt sin(77x).
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2. Consider the boundary value problem (BVP) defined by Laplace’s equation
Ugz + Uyy = 0 on the square 0 < z,y < 2 (15)
subject to the boundary conditions
u(0,y) =0, u(x,2) =0, u(2,y) =0, u(x,0) = 100sin(7wz/2).

Solve the BVP using the method of separation of variables.

Sol. We begin by looking for a solution of the form u(z,t) = F(x)G(y). Substitution into (15) and the usual

arguments gives:
Fiz) _ G"(y) _

= =k
F(x) G(y)
for some constant k. Therefore
F'(z) = kF(x), (16)
G"(y) = —kG(y). (17)

The boundary conditions % (0,y) = 0 and u(2,y) = 0 become

F(0) =0, F(2)=0. (18)
Equation (16) and boundary conditions (18) define an eigenvalue problem for F'(x). The general solution to (16)
’ F(z) = AeVFr 4 BeVhe,
Enforcing F'(0) = 0 gives A+ B = 0, so we set B = —A to get
F(z) = A(eVFe — ¢ Vhn), (19)
Enforcing F'(2) = 0 implies (we are interested in A # 0):
e2Vh _e~2Vk —

which can be rewritten as

ek = 1.
Writing 1 = 2™ we obtain
Wk =i2mn
so vk = I and k = —(%*)2. Therefore the eigenvalues are k,, = —(Z)% for n = 1,2,... (0 is not an

eigenvalue as we shall see below).

The eigenfunctions are obtained by substututing vk = i3 into (19). We get
Fuw) = A (/37— eniCH)r)
— 2iAsin (?) .

Recall that eigenfunctions are defined up to multiplication by a scalar factor. We can therefore simply take

F,(z) = sin (%) .
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Notice that Fy = 0 son = 0 does not define a nonzero eigenfunction. Therefore the eigenvalues are k,, = — (W;Z)Q
forn =1,2,... and the corresponding eigenfunctions are £, (x) = sin ("5%).
Substitution of k,, = —% into equation (17) gives
2
™
aw) = "6, ),
whose general solution is
Gn(y) = Ape’ 2 + Bpe 2. (20)
Substitution of the boundary condition u(z,2) = 0 into the expression u,(z,y) = F,,(x)Gy(y) gives
0= F,(z)Gn(2)
so we require G,,(2) = 0. Enforcing this condition in (20) gives
Ane™ + Bpe ™ = 0. 21

This is one linear equation for the unknowns A,,, B,,. Its solution is of the form

An e T
(&)= ()
for a constant C,. One can chose any nonzero value for ), and carry on the analysis. Putting C,, = % and
substituting into (20) gives

Gu) = A(eom - o)
= sinh (%(y - 2)) .

Therefore we find
nmwTr

. . nmw
un(x,y) = sin (T) sinh (7(3; - 2)) :
Setting u(z,y) = >, Anun(z,y) gives

u(z,y) = iAn sin <?> sinh (%T(y - 2)) .
n=1

We now enforce the boundary condition at y = 0. Substituting y = 0 in the above expression and enforcing
u(z,0) = 100sin(rz/2) gives:

100 sin (%) = i — A, sin (?) sinh (n) .
n=1

It follows that

A, =0 for n#1.

u(z,y) = —— 100 [sin (7%:(:) sinh (g(y - 2))] .
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3. Consider the initial value problem (IVP) defined by partial differential equation (PDE)
Ut = Ugy 0<z<2, t>0

subject to the boundary conditions
u(0,t) =0, u(2,t) =0

and the initial condition

u(z,0) = x, for 0 <x <1;
Sl 2=z, for 1<z <2

Solve the IVP using the method of separation of variables.

sol. We start with looking for solution in the form
u(z,t) = F(z)G(t)

Method of separation of variable gives

Fa) ~ GlH)
- F'(z) = \F(z) (22)
G'(t) = \G(t) (23)

Equation (22) has solution
F(z) = AV 4 Bem VAT,

Enforcing F'(0) = 0 gives A + B = 0, so we set B = —A to get
F(z) = A(e¥VN — e V), (24)
Enforcing F'(2) = 0 implies (we are interested in A # 0):

VA _ VA

which can be rewritten as

VA1,
Writing 1 = 2™ we obtain
4VX = i2mn
so VA = T and A = — (%)% Therefore the eigenvalues are A, = —(%)% forn =1,2,... .

The eigenfunctions are obtained by substututing v/\ = i’5* into (19). We get

F,(x) = A (ei(%)x - e*i(%)ﬂ
= 2idsin ("27).
2
Recall that eigenfunctions are defined up to multiplication by a scalar factor. We can therefore simply take

F,(x) = sin (%) :

Then equation (23) has solution

So,
Un(z,t) = Fo(z)Gpn(t) = e~ ) sin (—)
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And thus,

art) = 3 Bue(PFesin (P22

n=1

To enforce initial condition, let ¢ = 0, we have
> nwT
u(z,0) = Z:lAn sin (T) .
n—=

For any initial condition u(x,0) = f(z) given by the problem, we will have the formula to compute A,, as
follows

A, = E/OL f(x)sin <?) dzx.

In this particular problem, L = 2, so

A, = ;/jf(a:)sin(?>daz

2
1 — nrx 1 nnx
/ xsin(nmc> g — x cos ("5%) | cos (5%)
0

/12(2$)sin(ngx>dx = /122sin m)daz/jmsin(?)dx

- nw + nw 1 nw
2 2 2
—2cos (%) 5 T COs ”Qﬂ) 5 sin ("5F)
A G
—2cos (Q"T“) 2 cos (%) 2 cos (Q”T“) cos (%) sin %) sin (7“
- m T T w T )

Thus,




