
HEIGHTS PROBLEM SET 1

Below you will find some problems to work on for Week 1! There are three categories: beginner, interme-
diate and advanced. The exercises are meant to get a feeling for projective varieties over Q and heights.
Choose the ones that intrigue you! We begin by collecting some useful definitions.

Definition 1. Recall that projective N -space over a field K, denoted by PN or PN pKq, is the set of all
pN ` 1q-tuples

px0, . . . , xN q P KN`1

such that at least one xi is nonzero, modulo the equivalence relation

px0, . . . , xN q „ py0, . . . , yN q

if there exists a λ P Kzt0u such that xi “ λyi for all i. An equivalence class

tpλx0, . . . , λxN q : λ P Kzt0uu

is denoted by rx0, . . . , xN s, and the xi are called homogeneous coordinates for the corresponding point in
PN .

Definition 2. A polynomial f P KrX0, . . . , XN s is homogeneous of degree d if

fpλX0, . . . , λXN q “ λdfpX0, . . . , XN q for all λ P K.

Definition 3. A rational map of degree d between projective spaces is a map

φ : PN Ñ PM

φpP q “rf0pP q, . . . , fM pP qs,

where f0, . . . , fM P KrX0, . . . , XN s are homogeneous polynomials of degree d with no common factors.
The rational map φ is defined at P if at least one of the values f0pP q, . . . , fM pP q is non-zero. The rational
map φ is called a morphism if it is defined at every point of PN pKq. If the polynomials f0, . . . , fN have
coefficients in a subfield L of K, we say that φ is defined over L.

For our purposes, we will often consider projective spaces over the field Q̄ of algebraic numbers (roots of
polynomial equations over Q), which will be covered in Lecture 2 if you are not already familiar with it.
We will be able to define a very useful notion of height for points in such spaces, but for now we define
the height in the simple case of Q-rational points in PN i.e. the set

PN pQq “ trx0, . . . , xN s P PN : all xi P Qu.

Definition 4. Given a point P “ rx0, . . . , xN s P PN pQq, we may assume that the homogeneous coordi-
nates satisfy

(1) x0, . . . , xN P Z and gcdpx0, . . . , xN q “ 1

(see Question 2). Having done this, we define the height of P to be

HpP q “ maxt|x0|, . . . , |xN |u,

and the logarithmic height of P to be hpP q “ logHpP q.

Definition 5. Let f P Q̄rX0, . . . , XN s be a homogeneous polynomial. Then, we can define the projective
subvariety

V pF q :“ tP P Pn : fpP q “ 0u

cut out by F (see Question 3). We sometimes write C : F “ G as shorthand to denote C “ V pF ´ Gq,
e.g. E : Y 2Z “ X3 ´ 432Z3 would mean E :“ V pY 2Z ´ pX3 ` 432Z3qq.
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2 HEIGHTS PROBLEM SET 1

Earlier, we defined rational maps and morphisms between projective spaces. One can similarly define
rational maps and morphisms between projective varieties. The general definition is a bit involved, but
for the purposes of this problem set, examples of the following form suffice.

Definition 6. Let fpX0, . . . , XN q, gpX0, . . . , XM q be homogeneous polynomials cutting out projective
subvarieties X “ V pfq Ă PN and Y “ V pgq Ă PM . Let φ0, . . . , φM P Q̄rT0, . . . , TN s be homogeneous
polynomials all of the same degree d, so they define a rational map

φ :“ pφ0, . . . , φM q : PN 99K PM .

If φpP q P Y pQ̄q for all P P XpQ̄q at which φ is defined, then the restriction φ|X : X 99K Y gives an
example of a rational function from X to Y . This φ will be a morphism from X to Y if φpP q is defined
for all P P XpQ̄q (even if φpP q is not defined for all P P PN pQ̄q). If there exists a morphism ψ : Y Ñ X
so that φ ˝ ψ “ idY and ψ ˝ φ “ idX , then we say that φ (and so also ψ) is an isomorphism.

In general, one can define rational functionsX 99K Y which do not necessarily extend to rational functions
PN 99K PM , but we will not see those in this problem set.

Example. Consider the elliptic curve E : y2 “ x3 ´ x. There is an isomorphism φ : E Ñ E given by
φpx, yq “ p´x, iyq.

Beginner problems

Question 1. Let x1, . . . , xn P Q. Prove the following basic properties of the height Hpp{qq “ maxt|p|, |q|u

for rational numbers:

(a) Hpx1 ¨ ¨ ¨xnq ď Hpx1q ¨ ¨ ¨Hpxnq;
(b) Hpx1 ` ¨ ¨ ¨ ` xnq ď nHpx1q ¨ ¨ ¨Hpxnq.

Question 2. Show that given any point P “ rx0, . . . , xN s P PN pQq, we may choose the homogeneous
coordinates xi to satisfy the conditions in (1).

Question 3. Let fpT0, T1, . . . , Tnq be a homogeneous polynomial. Given a point P “ rx0, . . . , xns P

PnpQ̄q, note that the expression fpP q “ fpx0, . . . , xnq is not well-defined; that is, its value can depend on
a choice of representative for P . Despite this, show that the if fpx0, . . . , xnq “ 0, then fpy0, . . . , ynq “ 0
for any other choice of y0, . . . , yn P Q̄ so that P “ ry0, . . . , yns. Because of this, our notation

V pfq :“ tP P Pn : fpP q “ 0u Ă Pn,

from Definition 1 is justified.

Question 4. Say P2 is given homogeneous coordinates rX : Y : Zs. Consider the elliptic curves

V :“ V pX3 ` Y 3 “ Z3q and W :“ V pY 2Z “ X3 ´ 432Z3q.

Show that φ “ r12Z, 36pX ´ Y q, X ` Y s : V Ñ W is a morphism. For something a bit harder, show that
φ is in fact an isomorphism.

Question 5. Verify that p1, 1q is a point of order 4 on the elliptic curve E1 : y
2 “ x3 ´ x2 ` x, and that

p0, 2q is a point of order 3 on the elliptic curve E2 : y2 “ x3 ` 4.

Question 6. We saw in lecture that the set
␣

pa, b, cq P Z3 : gcdpa, b, cq “ 1, a2 ` b2 “ c2, and z ‰ 0
(

of primitive Pythagorean triples is in bijection with the set

P :“
␣

pu, vq P Q2 : u2 ` v2 “ 1
(

of rational points on the unit circle. We further saw that there is a map

f : Q ÝÑ P

t ÞÝÑ

´

1´t2

1`t2
, 2t
1`t2

¯

which is injective with image P ztp´1, 0qu. We want to give a projective interpretation of these observa-
tions.

https://www.lmfdb.org/EllipticCurve/Q/24/a/5
https://www.lmfdb.org/EllipticCurve/Q/108/a/2
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(a) Convince yourself that we can view Q as a subset of P1pQq via t ÞÑ rt, 1s. Similarly, show that we
can view P as a subset of P2pQq via pu, vq ÞÑ ru, v, 1s and show that this in fact gives a bijection
P – CpQq onto the Q-points of C :“ V pX2 ` Y 2 “ Z2q.

(b) Show that the map f : Q Ñ P extends1 to the rational map φ : P1 Ñ C given by

φprX,Y sq “ rY 2 ´X2, 2XY, Y 2 `X2s.

Furthermore, show that φ is in fact an isomorphism. Hence, primitive Pythagorean triples are pa-
rameterized by P1pQq without caveats (the missing point p´1, 0q P P from before now corresponds
to the point 8 :“ r1, 0s P P1pQq).

Question 7. Show that the rational map φ : P2 Ñ P2 given by

φprX,Y, Zsq “ rX2 ´ Y 2, XY ´ Z2, Y 2 ´ Z2s

is not a morphism.

Intermediate problems

Question 8. Verify that the doubling map for the elliptic curve y2 “ x3 ` 1 is given by

P “ px, yq ÞÑ 2P “

ˆ

x4 ´ 8x

4x3 ` 4
,
2x6 ` 40x3

8y3

˙

.

Note that we cannot plug in the point p´1, 0q on the curve into the formula above – can you explain
why?

The map fpxq “ x4´8x
4x3`4

is an example of a Lattès map. A Lattès map is a rational function (i.e. a ratio

of two polynomials) that describes the x-coordinate of the point 2P in terms of the x-coordinate of P for
some elliptic curve.

Question 9. Let

(2) νpBq “ #tP P PN pQq : HpP q ď Bu.

Find positive constants c1 and c2 such that

c1B
N`1 ď νpBq ď c2B

N`1

for all B ě 1.

Question 10. Consider the hyperplane

X :“ V pa0x0 ` . . .` aN`1xN`1q Ă PN`1

where a0, . . . , aN`1 P Q are not all zero. Show that, for each integer M ě 1,

tP P XpQq : HpP q ď Mu ď Cp2M ` 1qpN`1q

for some constant C ą 0. [Hint: Construct an isomorphism between X and PN ].

Question 11. Let φ : PN Ñ PM be a rational map of degree d, defined over Q. Prove that there exists
a constant C ą 0, depending only on φ, such that

hpφpP qq ď dhpP q ` C

for all P P PN pQq at which φ is defined.

In fact, if φ is a morphism, it is also possible to prove a lower bound of the form hpφpP qq ě dhpP q ´ C,
but we will not yet do so. For now, consider the following example. View the map φ from Question 6 (b)
as a morphism φ : P1 Ñ P2 of degree 2, and compute explicit constants C1, C2 ą 0 such that

2hpP q ´ C1 ď hpφpP qq ď 2hpP q ` C2

1By ‘φ extends f ’ we mean that if t P Q, and fptq “ pu, vq, then φprt, 1sq “ ru, v, 1s.

https://www.lmfdb.org/EllipticCurve/Q/36/a/4
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for all P P P1pQq.

Question 12. For P “ rx0, . . . , xN s P PN and Q “ ry0, . . . , yM s P PM , define

P ‹Q “ rx0y0, x0y1, . . . , xiyj , . . . , xNyM s P PMN`M`N .

The map pP,Qq ÞÑ P ‹Q is called the Segre embedding of PN ˆ PM into PMN`M`N .
Prove that

HpP ‹Qq “ HpP qHpQq

for any P P PN pQq and Q P PM pQq.

Question 13. Let M “
`

N`d
N

˘

´ 1 and let f0, . . . , fM be the distinct monomials of degree d in the N ` 1

variables X0, . . . , XN . For any point P “ rx0, . . . , xN s P PN , let

P pdq “ rf0pP q, . . . , fM pP qs P PM .

The map P ÞÑ P pdq is called the d-uple embedding of PN into PM .
Prove that

H
´

P pdq
¯

“ HpP qd “ H
´

rxd0, . . . , x
d
N s

¯

for all P “ rx0, . . . , xN s P PN pQq.

Question 14. This question deals with complex multiplication (CM) in elliptic curves, which will come
up later in the course! Let E be an elliptic curve over C.

(a) Show that Z Ď EndpEq, where EndpEq denotes the ring of morphisms E Ñ E that are also group
homomorphisms.

(b) We say that E has complex multiplication if Z Ĺ EndpEq. This is, E possesses “additional
symmetries”. Show that the curve E : y2 “ x3 ´ x has complex multiplication over C.

(c) Find a curve E without complex multiplication. Hint: use the LMFDB!

Advanced problems

Question 15. When N “ 1, prove that

lim
BÑ8

νpBq

B2
“

12

π2
.

where ν is defined as in (2) More generally, prove that the limit CpNq :“ limBÑ8 νpBq{BN`1 exists, and
express it in terms of a value of the Riemann ζ-function. Can you prove the more precise asymptotic
behaviour

νpBq “

#

12
π2B

2 `OpB logBq N “ 1,

CpNqBN`1 `OpBN q N ą 1,

as B Ñ 8?

Question 16. Let E : y2 “ x3 `Ax`B and E1 : y2 “ x3 `A1x`B1 be two elliptic curves. We let the
same letters E,E1 denote also the corresponding projective varieties

E : Y 2Z “ X3 `AXZ2 `BZ3 and E1 : Y 2Z “ X3 `A1XZ2 `B1Z3.

Let φ : E Ñ E1 be an isomorphism such that φpr0 : 1 : 0sq “ r0 : 1 : 0s. Show that φ must be of the form

φprX,Y, Zsq “ rλ2X : λ3Y : Zs

for some λ P Q̄. Given that φ is of this form, write A1, B1 in terms of A,B, λ.

https://www.lmfdb.org

