
HEIGHTS PROBLEM SET 2

Below you will find some problems to work on for Week 2! There are three categories: beginner, inter-
mediate and advanced.

Beginner problems

Question 1. Suppose that the minimal polynomial f P Zrxs of α factors as

fpxq “ a0x
n ` . . . ` an “ a0px ´ α1q ¨ ¨ ¨ px ´ αnq

over C. Then prove that for every i between 0 and n, we have

ai{a0 “ p´1qi
ÿ

1ďs1ăs2ă¨¨¨ăsiďn

αs1αs2 ¨ ¨ ¨αsi .

Question 2. In this problem, you will show that Hpα´1q “ Hpαq.

(a) If α is a nonzero algebraic number with minimal polynomial fpxq :“ a0x
n ` a1x

n´1 ` . . . ` an,
then verify that 1{α is also an algebraic number with minimal polynomial

f revpxq :“ xnfp1{xq “ a0 ` a1x ` . . . ` anx
n

if an ą 0, and minimal polynomial ´f revpxq if an ă 0.
(b) Describe the roots of f revpxq in terms of the roots of fpxq.
(b) Show that Hpα´1q “ Hpαq. Hint: use Question 1.

Question 3. This question will introduce you to splitting fields and get you more comfortable computing
with number fields. Recall the table from Padma’s notes:

Algebraic number Minimal polynomial Number field Degree
a{b P Q bx ´ a Q 1

gcdpa, bq “ 1, b ą 0
i x2 ` 1 Qpiq – Qrxs{px2 ` 1q 2

?
2 ` 1 px ´ 1q2 ´ 2 Qp

?
2q – Qrxs{px2 ´ 2q 2

3
?
2 x3 ´ 2 Qp

3
?
2q – Qrxs{px3 ´ 2q 3

ζp, a primitive p-th root φppxq :“ xp´1
x´1 Qpζpq – Qrxs{pφppxqq p ´ 1

of unity for a prime p p-th cyclotomic polynomial p-th cyclotomic field

(a) For each of the rows of the table, do the following.
‚ Find all of the roots of the minimal polynomial over the number field. How many roots do
you find?

‚ Factor the minimal polynomial over the number field.
(c) Answer the same questions for the polynomial fpxq :“ x3 ´ 2 over S :“ Qrxs{px6 ´ 108q. You

should only get linear factors. We call the number field S the splitting field of fpxq: the smallest
field extension of the base field over which fpxq splits (decomposes into linear factors).

Intermediate problems

Question 4. Prove Gauss’ lemma: a polynomial f :“ a0x
n ` a1x

n´1 ` . . . ` an in Zrxs is irreducible if
and only if it is irreducible in Qrxs and gcdpa0, . . . , anq “ 1.

Question 5. Prove that any irreducible polynomial of degree n in Qrxs has n distinct roots in C.
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Question 6. There is also a third definition of a height function H3, in terms of the house and
denominator den of an algebraic number α (See also [Wal00][§ 3.4]):

pαq :“ |α| “
n

max
j“1

|αj |

denpαq :“ mintD P Z : D ą 0, Dα has a monic minimal polynomial in Zrxsu

H3pαq :“ denpαqmax
´

1, pαq

¯

.

Prove that denpαq is well-defined and divides the leading coefficient a0 of the minimal polynomial a0x
n `

. . . ` an of α. Prove explicit inequalities relating Hpαq, H2pαq and H3pαq.

Question 7. Fix m ě 1. Consider the polynomial g defined by

gpxq :“ am0 px ´ αm
1 q ¨ ¨ ¨ px ´ αm

n q.

Show that gpxq P Zrxs and that it is a power of the minimal polynomial of αm.

Question 8. Consider an algebraic number α with minimal polynomial fpxq “ a0x
n ` . . . ` an P Zrxs,

and conjuagtes α1, . . . , αn. Let

Discpfq “ α2n´2
0

ź

iąj

pαi ´ αjq
2

be the discriminant of f . Show that

1

n
log |Discpfq| ď log n ` p2n ´ 2qhpαq.

Advanced problems

Question 9.
(a) Prove Liouville’s inequality, namely that if α is an algebraic irrational number of degree n ě 2,

then there is a constant C (depending on α), such that for any rational number a{b with b ą 0,
we have

ˇ

ˇ

ˇ
α ´

a

b

ˇ

ˇ

ˇ
ě C{bn.

(Hint: Let f be the minimal polynomial of α. Combine a lower bound on the nonzero rational
number fpa{bq and an upper bound for |fpαq´fpa{bq|{pα´pa{bqq using the Mean Value Theorem.)

(b) A Liouville number is a real number x with the property that for any integer n, there is a rational
number a{b with b ą 1 such that

0 ă |x ´ pa{bq| ă 1{bn.

Prove that Liouville numbers are transcendental and that Liouville’s constant
ř8

k“1
1

10k!
is a

Liouville number.
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