
HEIGHTS PROBLEM SET 5

Below you will find some problems to work on for Week 5! There are three categories: beginner, inter-
mediate and advanced.

Beginner problems
The first two questions ask you to adapt the construction of the canonical height function on an elliptic
curve to a dynamical setting.

Question 1. Let f : Pn Ñ Pn be a morphism of degree d ě 2 defined over a number field K. Recall
from lecture that hpfpP qq “ dhpP q ` Op1q for any P P PnpQq, say

|hpfpP qq ´ dhpP q| ď C

for any P P PnpQq. Use a telescoping sum argument to show that
ˇ

ˇ

ˇ

ˇ

hpf˝N pP qq

dN
´

hpf˝M pP qq

dM

ˇ

ˇ

ˇ

ˇ

ď
C

pd ´ 1qdM

for all N ą M ě 0. Conclude from this that the function

phf pP q :“ lim
NÑ8

hpf˝N pP qq

dN

is well-defined, i.e. that the limit always converges.

Question 2. Complete the proof of the following theorem from lecture: let f : Pn Ñ Pn be a morphism
of degree d ě 2. Then,

(1) phf pP q “ hpP q ` Op1q (with big-O constant independent of P )

(2) phf pfpP qq “ dphf pP q.

(3) The function phf is the unique such function satisfying the above two properties.

(4) phf pP q ě 0 always, and phf pP q “ 0 if and only if P P PnpQq is pre-periodic (i.e. f˝N pP q “ f˝M pP q

for some distinct N,M ě 0).

Question 3. Let K be a number field, and let E{K be an elliptic curve defined over K. Prove that the
group EpKqtors of torsion K-points is finite.

Question 4. Let E be an elliptic curve over a number field K. Consider the two statements.

(a) For all P,Q P EpQq, we have

hEpP ` Qq ` hEpP ´ Qq “ 2hEpP q ` 2hEpQq ` Op1q,

where the implied constants in Op1q depend on E, but are independent of the pair of points P,Q.
(b) For any integer m P Z, we have

hEpmP q “ m2hEpP q ` Op1q,

where the implied constants in the Op1q notation depend only on E and m and not on the point P .

Show that b follows from a.
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Intermediate problems

Question 5. Let α1, . . . , αn be any n algebraic numbers (not necessarily conjugate), and let

fpxq “ px ´ α1q . . . px ´ αnq “ xn ` a1x
n´1 ` ¨ ¨ ¨ ` an´1x ` an P Q̄rxs.

Also set a0 “ 1. Show that

´n logp2q `

n
ÿ

i“1

hpαiq ď hpr1 : a1 : ¨ ¨ ¨ : ansq ď pn ´ 1q log 2 `

n
ÿ

i“1

hpαiq.

Hint: Fix a place v, and use induction on n “ deg f to show that

c´n
v

n
ź

j“1

maxt1, |αj |vu ď max
0ďiďn

|ai|v ď cn´1
v

n
ź

j“1

maxt1, |αj |vu,

where cv “ 1 if v is non-archimedean, but cv “ 2 if v is real, and cv “ 4 if v is complex. In the induction
step, you’ll want to write fpxq “ px ´ αkqgpxq with k chosen to maximize |αk|v.

Advanced problems

Question 6. This problem will give you a way of computing 2 ¨ EpKq to use the Descent method for
EpKq. 1 Let E be an elliptic curve defined over K. Consider the ring R :“ Krxs{fpxqKrxs. Define the
map φ : EpKq Ñ Rˆ{pRˆq2 given by

φpP q “ xpP q ´ x

Show the following

(1) φ is a homomorphism
(2) kerpφq “ 2 ¨ EpKq

Use the map φ to show that if E : y2 “ fpxq and fpxq P Qrxs has three rational roots, then EpQq{2EpQq

is finite.

Question 7. Let G be an abelian group. Show that G is finitely generated if and only if

(1) G admits a norm (as an abelian group). This is, there is a map | ¨ | : G Ñ Rě0 such that
(i) | mp |“| m || p | for all g P G and m P Z,
(ii) | h ` g |ď |h| ` |g| for all h, g P G,
(iii) for each c P R the set Gc :“ tg P G | |p| ď cu is finite.

(2) G{mG is finite for some integer m ą 1.

Does your proof determine explicitly a set of generators? Note that this is analogous to the descent
method used in the lectures to show that EpKq is finitely generated, where E is an elliptic curve defined
over a number field K.

1This problem comes from Section 7 of this REU paper

http://math.uchicago.edu/~may/REU2016/REUPapers/Butt.pdf

