
HEIGHTS PROBLEM SET 6

Below you will find some problems to work on for Week 6! There are three categories: beginner, inter-
mediate and advanced.

Beginner problems

Question 1. Let y2 “ x3 ` Ax ` B be the defining equation for an elliptic curve E, where A, B
are constants in K such that 4A3 ` 27B2 ‰ 0. Assume that P and Q are points on E such that
xpP q “ rx1 : 1s, xpQq “ rx2 : 1s, xpP ` Qq “ rx3 : 1s and xpP ´ Qq “ rx4 : 1s (where xi “ 8 if the
corresponding point is infinity on P1). Show that the following identities hold.

(a) x3 ` x4 “
2px1 ` x2qpA` x1x2q ` 4B

px1 ` x2q2 ´ 4x1x2
.

(b) x3x4 “
px1x2 ´Aq2 ´ 4Bpx1 ` x2q

px1 ` x2q2 ´ 4x1x2
.

Question 2. Let A and B be elements of K such that 4A3 ` 27B2 ‰ 0. Let g0, g1, g2 in Krt, u, vs be
defined as follows:

g0pt, u, vq :“ u2 ´ 4tv,

g1pt, u, vq :“ 2upAt` vq ` 4Bt2,

g2pt, u, vq :“ pv ´Atq2 ´ 4Btu.

(a) Show that if t “ 0, then u “ v “ 0.
(b) Assume t ‰ 0. Define z :“ u{2t. Using g0 “ 0, show that z2 “ v{t.
(c) Define ψpzq :“ 4zpA ` z2q ` 4B and φpzq :“ pz2 ´ Aq2 ´ 8Bz. Show that g1pt, u, vq “ t2ψpzq and

g2pt, u, vq “ t2φpzq.
(d) Verify that p12z2 ` 16Aqφpzq ´ p3z3 ´ 5Az ´ 27Bqψpzq “ 4p4A3 ` 27B2q.
(e) Conclude that ψ and φ cannot simultaneously vanish, and hence g0, g1, g2 have no common zero with

t ‰ 0.

Conclude that if pt, u, vq is a common zero of g0, g1 and g2, then t “ u “ v “ 0.

Question 3. Consider the degree 2 rational map

F : P2 ÝÑ P2

rx, y, zs ÞÝÑ rx2, xy, z2s.

Note that F above is not a morphism, so Question 6 does not apply to it. Show in fact there are infinitely
many points P P P2pQq such that hpF pP qq “ hpP q.

Question 4. Let K be a number field, and let E{K be an elliptic curve with canonical height phE :
EpQq Ñ R. Consider the pairing

xP,Qy :“
1

2

”

phEpP `Qq ´ phEpP q ´ phEpQq

ı

on EpQq ˆ EpQq.

(1) Show that xP,Qy is symmetric, bilinear, and satisfies xP, P y “ phEpP q. The is sometimes called
the height pairing on E.

Hint: first show that phE satisfies an exact parallelogram law.
(2) If you know about tensor products, then show that x´,´y extends to a positive definite inner

product on the real vector space EpQq bZ R.
1
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We will see an application of (a generalization of this) in Question 7.

Intermediate problems

Question 5. In the lecture, Hilbert’s Nullstellensatz was used. The most common version of this theorem
is given as follows. Let k be an algebraically closed field and consider an ideal J Ď krX0, . . . , Xns. Define

V pJq :“ tx P kn`1 : fpxq “ 0 for all f P Ju.

The Hilbert Nullstellensatz states that if f P krX0, . . . , Xns is a polynomial such that fpxq “ 0 for all
x P V pJq, then there must be e P Zě0 such that fe P J .
Suppose F : PN Ñ PM is a morphism of degree d over a number field K, i.e.

F pP q “ rf0pP q : . . . : fM pP qs,

where the fi are homogeneous polynomials of degree d in N ` 1 variables with coefficients in K. Assume

that the fi have no common zeros in QN`1
zp0, 0, . . . , 0q. Use Hilbert’s Nullstellensatz to show that if

rX0, . . . , XN s are coordinates for PN , then there is an exponent e P Zě0 and there are polynomials
gij P Krx0, . . . , xN s for i P t0, . . . , Nu and j P t0, . . . ,Mu such that for every i P t0, . . . , Nu, we have

xei “

M
ÿ

j“0

gijfj .

Definition 1. For K a number field, v a place of K, and g P Krx0, . . . , xns a polynomial, we let |g|v
denote the maximal absolute value of any of its coefficients, i.e. if g “

ř

I aIx
I with I ranging over all

multi-indices pc0, . . . , cnq P Zn`1
ě0 with c0 ` ¨ ¨ ¨ ` cn ď deg g,1 then |g|v “ maxI |aI |v.

Question 6. In lecture, we saw that for a morphism F “ rf0, . . . , fM s : PN Ñ PM of degree d over a
number field K, one has

hpF pP qq “ dhpP q `Op1q

if the polynomials fi P Krx0, . . . , xN s have no common zero other than px0, . . . , xN q “ p0, . . . , 0q. In this
exercise, we ask you to go over the steps of this proof, and fill in any details missing from lecture.

(1) Let g P Krx0, . . . , xN s be homogeneous of degree d, and let v be a place of K. If v is archimedean,
show that

|gpP q|v ď

ˆ

N ` d

d

˙

|g|v max
0ďiďN

|xi|
d
v for all P “ rx0, . . . , xN s P PN pQq.

If v is non-archimedean, show that

|gpP q|v ď |g|v max
0ďiďN

|xi|
d
v for all P “ rx0, . . . , xN s P PN pQq.

Use this to conclude that

hpF pP qq ď dhpP q ` C2 for all P “ rx0, . . . , xN s P PN pQq,

where C2 “ rK : Qs log
`

N`d
d

˘

` hpF q, where |F |v :“ max0ďjďM |fj |v and hpF q :“
ř

v log |F |v.
2

(2) Hilbert’s Nullstellsatz (See Question 5) guarantees the existence of an exponent e and polynomials
gij P Krx0, . . . , xN s such that for every i P t0, . . . , Nu, we have

xei “

M
ÿ

j“0

gijfj .

1Here, xI :“ xc0
0 xc1

1 . . . xcn
n and aI P K is just some choice of coefficient associated with I.

2This hpF q is the height of the projective point whose coordinates are given by the collection of coefficients of the fj ’s
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For a place v, let |G|v :“ maxi,j |gij |v. To avoid breaking into archimedean and non-archimedean
cases, we now introduce

εv :“

#

1 if v archimedean

0 otherwise.

To ease notation even further, for a point P “ rx0, . . . , xN s in projective space, we define |P |v :“
max0ďiďN |xi|v. Now, arguing as in (1), show that

|P |
e
v ď pM ` 1qεv

ˆ

max
i,j

|gijpP q|v

˙

|F pP q|v ď C 1 |F pP q|v |P |
e´d
v for any P P PN pQq,

where C 1 :“ pM ` 1qεv
`

N`e´d
N

˘εv
|G|v. Use this to conclude that

dhpP q ` C1 ď hpF pP qq for all P P PN pQq,

where C1 “ rK : Qs

´

logpM ` 1q ` log
`

N`e´d
N

˘

¯

` hpGq, where hpGq :“
ř

v log |G|v.

Advanced problems

Question 7. This question will assume some familiarity with algebraic curves and their jacobians. In
addition to the Mordell-Weil Theorem (that the group of rational points on an elliptic curve is finitely
generated), another celebrated application of heights is in Vojta’s proof of the Mordell Conjecture3. This
conjecture states that any curve of genus g ě 2 defined over a number field K has finitely many K-points.
After assuming some hard facts about heights on curves and their jacobians, we will ask you to prove
this statement.
Let K be a number field, let C{K be a curve of genus g ě 2, and let J “ JacpCq be its jacobian. Assume
that CpKq ‰ H, so we may define an Abel-Jacobi embedding j : C ãÑ J . We take for granted the
following facts.

(1) There exists a height function ph : JpQq Ñ R which satisfies both the Northcott property and that
phpmxq “ m2

phpxq for any m P Z and x P JpQq.4 In particular, the points of height 0 are exactly
the torsion points of J . Furthermore, the map x´,´y : JpQq ˆ JpQq Ñ R defined by

xx, yy :“
1

2

”

phpx` yq ´ phpxq ´ phpyq

ı

is a symmetric, bilinear pairing satisfying xx, xy “ phpxq. Inspired by this, we introduce the
notation

}x} :“
a

xx, xy “

b

phpxq

for x P JpQq.
(2) The group JpKq Ă JpQq of K-points on the jacobian is finitely generated, and the pairing x´,´y

considered above gives a positive definite inner product on the finite dimensional vector space
V :“ JpKq bZ R.

3This conjecture was originally proved by Faltings.
4For those more familiar with the Weil height machinery, on J , there is a so-called theta divisor Θ :“ jpCq ` ¨ ¨ ¨ ` jpCq

loooooooooomoooooooooon

pg´1q summands

Ă

J . The function ph alluded to here is a canonical version of the height function associated to the divisor Θ ` r´1s
˚Θ, where

r´1s : J Ñ J is negation in J ’s group law.
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(3) For any ε ą 0, there exists constants B ą 0 and κ ě 1 such that for any distinct P,Q P CpQq

satisfying both5

}jpP q} ě }jpQq} ą B and
xjpP q, jpQqy

}jpP q}}jpQq}
ě

3

4
` ε,

one has
}jpP q} ď κ}jpQq}.

This is called Vojta’s inequality.

Use the above 3 facts in order to prove that CpKq is finite. Hint: look at the image of CpKq in V , and
split V into (finitely many!) cones s.t. any two points in a given cone have a small angle between them.

5The constant 3{4 appearing below can actually be replaced with
?
g{g. For an elliptic curve, we have g “ 1, and so the

statement of Vojta’s inequality would be useless in that case. This is good because there exists elliptic curves with infinitely
many rational points.


