Chapter II
Largest Remainder Methods

Largest Remainder Methods are also known as Quota Methods.  The most commonly used are: Hare, Droop and Imperiali.  First, one determines the quota Q.
 If P is the total number of votes cast for S seats, then 
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So Q is the number of votes required to get one seat, or the “price” of a seat.  Seat distribution is done in two rounds. In the first round, each party obtains as many seats as full quotas. Mathematically, this means the i-th party first gets  
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(where 
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 is the integer party of x; for example 
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).  Each party’s remainder
 is then calculated by the formula
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The unallocated seats are then awarded to the parties that have the largest remainders
 stopping when all seats have been allocated. 

We will illustrate these schemes by applying them to the January 22, 2003 elections to the Dutch Lower House. The Dutch Tweede Kamer (Second Chamber) has 150 members, elected for four years by proportional representation. Let us first attempt to use conventional rounding – that is round down if the fractional part of a party’s quota is less than 0.5 and up otherwise. The results of this rounding are shown in Table 2.1. We fall short of the 150 seats and still have to decide which party gets the seat that was left. One can imagine a situation where the fractional parts of the standard quotas for most of the parties are larger than 0.5 (see Exercise 2). In such a situation one would fall in excess of the allowed seats. 

Table 2.1. Allocation of seats in the Dutch Tweede Kamer according to conventional rounding. 
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   Votes

    Party's 

   Conventional

   share

   rounding

Christian Democratic Appeal (CDA)

2,758,649

43.48

43

Labor Party (PVdA)

2,626,926

41.41

41

Liberal Party (VVD)

1,728,707

27.25

27

Socialist Party (SP)

609,723

9.61

10

Pim Fortuyn List

549,975

8.67

9

Green Left

493,802

7.78

8

Democracts 66 (D66)

393,333

6.20

6

Christian Union

204,694

3.23

3

State Reform Party (SGP)

150,305

2.37

2

TOTAL

9,516,114

150

149

Number of seats: 150


2.1 The Hare Scheme 

The Hare scheme is the oldest and simplest. It is what comes to mind first when one wants to allocate things “proportionally”. In the United States it is called the Hamilton Method, after of the “founding fathers”, or the Vinton Method of 1850. The Hare quota Q is equal to the number of votes per seat, or
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A party that gets Pi  votes has standard quota qi defined
 by 
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The Hare minimum and Hare maximum are obtained by rounding qi down and up, respectively. An apportionment satisfies the quota rule if each party gets a share of seats between its Hare minimum and Hare maximum. 

The Hare scheme offers our first alternative to conventional rounding. The results are summarized in Table 2.2.  We first calculate the quota Q:
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The standard quotas are then calculated for each of the nine parties in the second column, by dividing the votes by Q. Each party is given its lower quota or Hare minimum in the first round of seat distribution.  In the second round, the Green Left Party gets the next seats since it has the largest remained of 0.78. The next seat goes to the Pim Fortuyn List with 0.67 remainder, followed by the Socialist Party, 0.61, and finally the Christian Democratic Appeal with 0.48. This process terminates at this stage since all 150 seats have been allocated. 

Table 2.2. Allocation of seats in the Dutch Tweede Kamer with the Hare scheme. 
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   Votes

   Standard

   Full quota

   Remaining

   Total seats

     Hare quotas

   seats

   seats

Christian Democratic Appeal (CDA)

2,758,649

43.48

43

1

44

Labor Party (PVdA)

2,626,926

41.41

41

0

41

Liberal Party (VVD)

1,728,707

27.25

27

0

27

Socialist Party (SP)

609,723

9.61

9

1

10

Pim Fortuyn List

549,975

8.67

8

1

9

Green Left

493,802

7.78

7

1

8

Democracts 66 (D66)

393,333

6.2

6

0

6

Christian Union

204,694

3.23

3

0

3

State Reform Party (SGP)

150,305

2.37

2

0

2

TOTAL

9,516,114

150

146

4

150

Hare quota (Q

): 63,440.76

Number of seats: 150


2.2 The Droop Scheme

In 1868, London barrister, H.R. Droop, suggested that if there are P votes for S seats to be filled then the quota (“price”) needed to secure a seat should not be the Hare quota, but rather 
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In Switzerland, this is called the Hagenbach-Bischoff quota. 

The rationale for this quota is as follows. Suppose our parties are contesting 2 seats. Any party that obtains over 1/3 of the votes, or P/3, wins a seat. For a contest for 3 seats, any party with over P/4 votes wins a seat. Arguing by induction, in a contest for S seats, any party with P/(S+1) votes wins a seat; any party with 2P/(S+1) votes wins 2 seats; etc. An easier argument for justifying it is the following: Any quota Q should be such that S such quotas do not exceed the number of votes, or, 
[image: image12.wmf]P

SQ

£

. The lowest Q such that 
[image: image13.wmf]P

Q

S

>

+

)

1

(

 is defined as the Droop quota, hence the above formula for it.

In a first round, the i-th party automatically assigned its Droop minimum of  
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Table 2.3. Allocation of Seats in the Dutch Tweede Kamer with the Droop Scheme. 
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   Votes

   Standard

   Full quota

   Remaining

   Total seats

   Droop quotas

   seats

   seats

Christian Democratic Appeal (CDA)

2,758,649

43.77

43

1

44

Labor Party (PVdA)

2,626,926

41.68

41

1

42

Liberal Party (VVD)

1,728,707

27.43

27

0

27

Socialist Party (SP)

609,723

9.67

9

0

9

Pim Fortuyn List

549,975

8.73

8

1

9

Green Left

493,802

7.84

7

1

8

Democracts 66 (D66)

393,333

6.24

6

0

6

Christian Union

204,694

3.25

3

0

3

State Reform Party (SGP)

150,305

2.39

2

0

2

TOTAL

9,516,114

151

146

4

150

Droop quota (Q

): 63,020.62

Number of seats: 150


The remainders for the N parties are then arranged in a decreasing fashion, and unassigned seats (if any) are allocated according to the largest first. Table 2.3 shows the Droop allocation for the Dutch Tweede Kamer in the January 22 , 2003 elections. The Droop quota is lower:
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This means the Droop standard quotas for all the parties are higher. In the first round, each party is given its Droop minimum. This leaves four seats unallocated. In this case, the largest remainder is 0.84, and the next seat goes to Green Left. In contrast with the Hare Method, the second seat goes to the Christian Democratic Appeal with 0.77 remainder. The third goes to Pim Fortuyn List, while the fourth is given to the Labor Party (0.68) instead of the Socialist Party. Switching from Hare to Droop, the Socialist Party loses a seat to Labor. 

2.3 The Imperiali Scheme

The Imperiali scheme has been used in Italy since 1956. Its quota, given by 
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is the lowest of the three quotas we consider. On first glance, you might think the Imperiali quota, being lower than the others, lowers the “price” of a seat and helps weak parties.  In fact, the smaller quota has the effect of allocating more of the seats in the first round and so putting weaker parties at a disadvantage. This runs counter to intuition where it is thought (and argued) that under the Imperiali scheme the price of the first seat is lowered thereby “helping weak parties”.
 (See Exercise 7).

Table 2.4. Allocation of Seats in the Dutch Tweede Kamer with the Imperiali Scheme. 
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   Standard

   Full quota

   Remaining

   Total 

   Imperiali quotas

   seats

   seats

   seats

Christian Democratic Appeal (CDA)

2,758,649

44.06

44

0

44

Labor Party (PVdA)

2,626,926

41.96

41

1

42

Liberal Party (VVD)

1,728,707

27.61

27

0

27

Socialist Party (SP)

609,723

9.74

9

0

9

Pim Fortuyn List

549,975

8.78

8

1

9

Green Left

493,802

7.89

7

1

8

Democracts 66 (D66)

393,333

6.28

6

0

6

Christian Union

204,694

3.27

3

0

3

State Reform Party (SGP)

150,305

2.4

2

0

2

TOTAL

9,516,114

152

147

3

150

Imperiali quota (Q

): 62606.01

Number of seats: 150


Table 2.4 illustrates the working of the Imperiali method. Though the end result is almost the same as in the Droop method, some parties get their full-share of seats from the first round (the case of CDA), others get it in the same fashion as the Droop case (PVdA) while there are less extra seats to allocate.  We first calculate the Imperiali quota: 
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In a first round, the i-th party is given its Imperiali minimum share of seats:  
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Unallocated seats (if any) are then distributed according to the largest remainder. In this case, the first extra seat goes to the Labor Party, with a remainder of 0.96; the next goes to the Green Left, with 0.89, and the last goes to the Pim Fortuyn List, with 0.78. 

EXERCISES

1. A mother decides to reward her 3 children, Al, Susan and Rebecca in accordance with the hours they spent studying during the week. She has 50 candies to distribute. The information is summarized in the table below:

[image: image21.wmf]Child

Al

Susan 

Rebecca

Hours studied

11

21

7


(a) Determine how many candies each kid would get if the mother used conventional rounding? What problem do you see?

(b) Determine how many candies each kid gets if the mother uses the Hare method.
2. Consider the apportionment of 5 seats between 3 parties that garnered 60,000, 28,000 and 12,000 votes respectively. 

(a) How many seats should each party hold according to Hare, Droop and Imperiali? Which of the three methods appears to favor large parties?

(b) What would happen in the case of Imperiali if the votes were 60,000, 30,000 and 12,000?

3. A military division has an average size of 12,500 soldiers.
 A country needs 300,000 to bring stability and end strife in it. Suppose 24 countries agreed to contribute army divisions to this peace keeping force commensurate with their economic power measured according to the IMF index displayed below. (The table is available in Excel format as well at army-divisions.xls). 
(a) How many divisions should each country contribution according to Hare, Droop and Imperiali?

(b) Find the division allocations with a quota of 60,000. What do you observe?
[image: image22.wmf]Country

Economic 

Power

Hare

Droop

Imperiali

Your quota

60,000

1

371,743

2

133,378

3

130,332

4

107,635

5

107,635

6

111,696

7

105,412

8

92,989

9

90,968

10

80636

11

76,276

12

72,423

13

70,105

14

69,019

15

65,221

16

64,008

17

63,942

18

61,827

19

59,704

20

53,634

21

53,662

22

52,112

23

43,395

24

30,749

Total

2,168,501


4. It is related that, in tide of yore and in time long gone, three Baghdadi brothers agreed to shop for camels. The first had 36,000 dinars, the second 22,000 and the third, 12,000. A camel herder who had a flock of 50 gave them two options: If they bought separately, he would sell each camel at 1,700 dinars.  If they agreed to buy the whole flock, he would be happy with their 70,000 dinars.  For the bargain they got, they bought the whole herd. Upon return to the City of Peace
, the brothers quarreled on how to divide it. Said the younger, “I will seek the judgement of the Qadi
.” Use the file largest-remainder.xls and answer the following to find the judge’s ruling.

(a) Find the quota, Q, or price per head, the brothers paid.

(b) How many camels should each brother get had they followed conventional rounding?

(c) How would the Qadi resolve the matter had he followed the Hare method? What do the brothers get in the first and second rounds?

(d) Would the result be any different had the judge used the Droop or Imperiali methods? What do the brothers get in the first and second rounds? 

(e) What should be the Qadi’s judgement? 

5. Consider the case of three brothers in Exercise 4. Find each brother’s share for the quotas described in the following table. What do you observe?
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1333
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6. A Story from the Far West. The following story is branded by WikiPedia
 as the “Horse Paradox.” A farmer, who has passed away, had left 11 horses. His will dictates that his eldest son is to receive ½ of the horses, his middle son is to receive ¼ of the horses, and his youngest is to receive 1/6 of the horses. According to WikiPedia, a lawyer who rides to the farm brings his own horse. With 12 horses in the stables, he decrees that 6 horses should go to the eldest, 3 horses should go to the middle son, and 2 horses should go to the youngest. He then takes his horse and leaves. 

(a) Explain the lawyer’s division using the Droop method. (For simplicity, assume the brothers have a total of 24 votes, how many would each son get?)
(b) Would the trick work have the lawyer ridden to the farm with his assistant (i.e., had he added two horses and then apportioned)? Explain. (Hint: Think of the Imperiali method).

7. A Story from Brazil. The following and similar anecdotes appear in the Brazilian book “the Man who Counted” by Melba Tahan: Three brothers are arguing over their inheritance of 35 camels, when "The Man who counted" – a traveling wiseman – appears on the scene. The father of the quarreling brothers instructed before he dies that 1/2 of the camels ought to go to his oldest, 1/3 to the middle and 1/9 to the youngest. The traveling wiseman offers his assistance and that of his camel. With 36 camels, he gives 18 to the oldest, 12 to the middle, and 4 to the youngest, and keeps 2 to himself!

(a) How would you divide the camels were you to use the Hare method? (For simplicity, assume the brothers have a total of 18 votes).
(b) Would you resolve the quarrel any different from the “Man who Counted” were you to use the Droop method? 
(c) Could the traveling wiseman trick the brothers had he had 2 camels? Explain. (Hint: Think of the Imperiali method). 

8. The loya jirga is a traditional Afghan grand council of tribal leaders, religious scholars, academics and respected elders. The July 2002 loya jirga, which convened in Kabul, gathered 1500 Afghans from all provinces. The population of Afghanistan was estimated to be 28,717,213 (July 2003). Use the ethnic and linguistic distributions of Afghanistan to answer the following.

[image: image24.wmf]Ethnicity

Percent

Language

Percent

Pashtoon

44%

Pashtu

35%

Tajik

25%

Dari (Farsi)

50%

Hazara

10%

Turkic

11%

Uzbek

8%

Other

5%

Other

13%


(a) Find the quota Q under the Hare scheme and the total number of seats each ethnic group should get.

(b) Find the quota Q and total number of seats that each ethnic group should hold according to the Droop Scheme.

(c) Find the quota Q and total number of seats that each ethnic group should hold according to the Imperiali Scheme.

9. What would be the composition of the loya jirga if language was used in the apportionment process?

10. According to a BBC dispatch,
 the quota Q used in the said loya jirga of July 2002 was 22,000. Using this quota, how many seats does each ethnic group receive?

11. Consider the following table where three parties are contesting 37 seats. 

(a) Find the Hare, Droop and Imperiali quotas.

(b) Complete the table by finding the seat allocations according to the methods of Hare, Droop and Imperiali.

(c) Find the least possible quota Q that would not require an additional seat. Hint: Start with the Droop quota. You answer should be between the Droop and Imperiali values found in part (a).

[image: image25.wmf]Party

   Votes

Hare 

Droop

Imperiali

Your Quota

A

2,758,649

B

262,926

C

1,728,707

Total


12. The city of New York has 4513 buses which serve the five areas described the table below. How many buses should serve each of the regions during the AM peak hour according to Hare, Droop and Imperiali? What can you say about the differences or similarities between these three methods of apportionment when the number of seats contested becomes very large?
[image: image26.png]Scheduled Passenger Capacity
on Local Buses: AM Peak Hour

Passenger
Study Area Zone Capacity

Lower Manhattan
Lower East Side
East Midtown
Upper East Side
East Harlem

[Source: 1994 NYCT Route Profiles.





13. The following table shows the results of the seat allocations for the parliament of Mozambique according to registered voters in 1994 and 1999.  Use the Hare, Droop and Imperiali sheets within the file largest-remainder.xls to answer the following.

(a) Do the numbers of seats assigned to each region satisfy the Hare minimum and maximum quotas? If not which regions have more seats and which have less than what Hare predicts?

(b) Do they satisfy Droop’s quotas? If not what regions have more seats and which have less than what Droop predicts?

(c) Do they satisfy Imperiali quotas? If not what regions have more seats and which have less than what Imperiali predicts?

[image: image27.png]Province  Voters registered Seats Voters registered Seats

1994 1994 1999 1999
Cabo Delgado 568,169 2 618451 22
Nampula 1,365,796 54 1434764 50
Niassa 282,513 1 356,693 13
Manica 322201 13 421,266 15
Sofala 530,066 21 593,877 21
Tete 397,260 15 503,422 18
Zambezia 1,270,098 49 1,384,626 49
Gaza 398,381 16 465,151 16
Inhambane 471,524 18 495,981 17
Maputo City 459,166 18 455,640 16
Maputo Province 330,887 13 369,234 13

TOTAL 6,396,061 250 7,099,105 250




14. Consider the voters figures of Mozambique for 1999 (see the file mozambique1999.xls.)

(a) What would the size of the parliament be if the quota was set at Q=1,000,000?

(b) What would be the size of the parliament if the quota was set at Q=1,000? 

(c) For a fixed voting population for each state, what can you say about the size of the parliament S as a function of the quota Q?

15. Consider the four-phase Indian General Elections of April-May 2004. The results for the major parties and their allies are summarized in the table below. 

(a)  What would the seat allocations be under Hare, Droop, and Imperiali?

(b) Which party would have won had India used any of the PR methods discussed in this section?
[image: image28.wmf]Party

     % VOTES

Voters

SEATS WON

BJP and Allies

35.30

136,770,988

185

Congress and Allies

34.60

134,058,815

217

Left Front

7.60

29,446,445

59

Bahujan Samaj Party

5.10

19,760,114

36

Others

17.40

67,416,861

44

Total

100

387,453,223

541


16. The detailed list of votes and seats won by India’s parties in the recent general election is provided in the Excel file india2004parties.xls.
 Supposing each party goes alone with no allies. 

(a) Tally the number of seats for each party under Hare, Droop and Imperiali. 

(b) Who would have formed the new government if the Hare scheme was used?

17. The seat allocations for India’s 35 states according to the size of the electorate are provided in the file india2004states.xls. 

(a) Find the number of seats that would be allotted to each state under the Hare, Droop and Imperiali schemes?

(b) Is the current seat distribution done according to a Highest Remainder scheme?

(c) Let us define the effective quota of a state as the price of a seat in that state measured in “number of electors per seat”. Complete the table in india2004states.xls. 

(d) Compare the price of a seat in Uttar Pradesh and Lakshadweep. 

18. Consider the South African Elections of April 2004 described in the file south-africa.xls. 
(a) What is each party’s share of seats according to Hare, Droop and Imperiali? 
(b) Only 12 parties secured seats according to the Election Formula currently in use in South Africa. How many parties would enter parliament under Hare, Droop or Imperiali?

(c) Complete the following table to determine the largest quota Q that would secure at least one seat for each of the 24 parties running. 
[image: image29.wmf]Quota
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40,079
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(d) Show that a quota of 41,000 would lead to a case of vacant seats. How many seats would still need to be allocated?
19. Consider the IMF voting power file imf.xls. Suppose the 181 countries, members of IMF, competed for the 24 positions on the board of executives of this fund. Use the largest-remainder.xls file to answer the following:
(a) Which countries will be elected to the board and how many executives will they have under Hare, Droop and Imperiali?

(b)  Suppose your quota is set at Q=60,000 points (lower than Imperiali). Which countries would  gain more executives?
(c) What is the effect of lowering the quota? Does it help countries with weak economic power?







� In some literature, the quota Q is also called the standard divisor. 


� In practice, one calculates the remainders given by � EMBED Equation.3  ���and assigns additional seats to the parties that have the largest such remainders. It turns out that both statements are equivalent, viz.,  � EMBED Equation.3  ��� is decreasing � EMBED Equation.3  ���� EMBED Equation.3  ��� is decreasing.


� One should find  a way to resolve ‘ties’.  


� In Germany, this scheme is named after Hare-Niemeyer.


� In some literature, this is called the full quota. 


� A third interpretation would be: If there are S seats to be filled then, there are at most S candidates with 1/(S+1) of the votes. 


� See p. 472 of “Comparing Proportional Representation Electoral Systems: Quotas, Thresholds, Paradoxes and Majorities”, Michael Gallagher, British Journal of Political Science, Vol. 22, No. 4 (Oct., 1992), 469-496. 


� The actual size of a military division is between 10,000 and 15,000. 


� As Baghdad used to be called by its inhabitants . 


� Judge.


� See http://en.wikipedia.org/wiki/Horse_paradox


� See http://news.bbc.co.uk/1/hi/world/south_asia/1782079.stm


� The date is available on the website of the Election Commission of India, � HYPERLINK "http://www.eci.gov.in/GE2004/" ��http://www.eci.gov.in/GE2004/�, under the heading “Status of all Contestants”. 
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