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1. Igusa curves We review some facts about elliptic curves and Igusa curves.

For more details, see [4], [8], and [10], chapter 12.

Let k be a field of characteristic p and E an elliptic curve over k. Extending

scalars by the absolute Frobenius of k we obtain another elliptic curve E(p) over k

and a purely inseparable isogeny F : E → E(p) of degree p. The multiplication by

p map on E can be factored as V ◦F where V : E(p) → E is the dual isogeny of F .

One says that E is ordinary if it has p points of order p rational over the algebraic

closure k and that E is supersingular if it has only one k-rational point of order p.
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Equivalently, E is ordinary if and only if the isogeny V is étale. The j-invariants of

supersingular elliptic curves in characteristic p all lie in the field of p2 elements and

thus form a finite set. We define the supersingular polynomial in characteristic p as

the monic polynomial in j with simple zeroes at the j-invariants of supersingular

curves:

fss(j) =
∏

E/Fp supersingular

(j − j(E)).

There is a table of supersingular polynomials for p ≤ 307 in [1].

Let E be an elliptic curve over a field k of characteristic p and fix an invariant

differential 1-form ω ∈ H0(E,Ω1
E/k). Then we can define the Hasse invariant of E

with respect to ω: the absolute Frobenius morphism Fabs : E → E defines a p-linear

map

F ∗ : H1(E,OE) → H1(E,OE)

of 1 dimensional k vector spaces. The choice of a differential ω defines by Serre

duality a generator η of H1(E,OE) and the Hasse invariant A(E,ω) is defined by

F ∗(η) = A(E,ω)η.

This is a modular form of weight p − 1 in the sense that it depends only on the

isomorphism class of the pair (E,ω) and A(E, a−1ω) = ap−1A(E,ω) for all a ∈ k×.

(For any ring R, R× will denote the group of invertible elements of R.) The Hasse

invariant is zero if and only if E is supersingular.

Lemma 1.1. Let E be an elliptic curve over a field k of characteristic p. The

kernel of V : E(p) → E is isomorphic to Z/pZ as group scheme over k if and only if
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the Hasse invariant of E is a (p− 1)st power in k×, i.e., if and only if A(E,ω) = 1

for some choice of differential ω on E.

Proof: Consider the finite flat group scheme KerF . It is a height one group scheme

(i.e., xp = 0 for all x in the local ring at the origin) and as such is completely

determined by its p-Lie algebra. This algebra is the same as that of E, thus is

Abelian with p-power map v 7→ v(p) = Av where A is the Hasse invariant (Mumford

[13], thm. 3 of §15). But the height one group scheme with this p-Lie algebra is

G0,A in the notation of Oort-Tate [21]. In particular, KerF
∼−−→µp if and only if

A is a (p − 1)st power; by duality, this is the case if and only if KerV
∼−−→Z/pZ.

Q.E.D.

Fix a scheme S in characteristic p and let E be an elliptic curve over S. An

Igusa structure of level p on E is a point P of order p in E(p)(S) which generates

the kernel of V in the sense of Drinfeld. In other words P is such that the subgroup

schemes ∑
a∈Z/pZ

[aP ]

and

KerV

are equal as relative Cartier divisors in E(p)/S.

Let Y be the (coarse) moduli space of isomorphism classes of elliptic curves

with Igusa structure of level p where p ≥ 3. This is a smooth open curve over Fp

whose complete model X is obtained by adding (p− 1)/2 points which we will refer

to as cusps. X is the Igusa curve of level p.
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There is an action of (Z/pZ)× on Y given by

〈a〉 : (E,P ) 7→ (E, aP ) a ∈ (Z/pZ)×

and the elements ±1 act trivially. This action extends to X and permutes the cusps

simply-transitively. If (E,P ) represents a point x of Y with E supersingular then

x is fixed by all of (Z/pZ)× (since P must be the identity of E(p)); if j(E) = 0

and E is not supersingular then x has a stabilizer of order 3 in (Z/pZ)×/± 1 and

if j(E) = 1728 and E is not supersingular then x has a stabilizer of order 2 in

(Z/pZ)×/ ± 1. Elsewhere on X, (Z/pZ)×/ ± 1 acts freely. The quotient of X

by (Z/pZ)×/ ± 1 can be naturally identified with the projective j-line; the map

X → P1
j away from the cusps is “forget P”: (E,P ) 7→ j(E).

For each p > 2, define K as the field of functions of X over Fp: K = Fp(X).

Thus when p = 3, K = F3(j); when p ≥ 5, let A(Q,R) be the polynomial in

two variables over Q expressing the Eisenstein series Ep−1 in terms of E4 and E6.

The polynomial A has p-integral coefficients ([18], p.23), so can be considered as a

polynomial over Fp. The following result is due to Serre; see also Katz-Mazur [10],

12.8.8.

Proposition 1.2. When p > 3 an affine model for the curve X is given by the curve

in the Q,R-plane over Fp defined by the equation A(Q,R) = 1. Thus the function

field K = Fp(X) is isomorphic to the fraction field of Fp[Q,R]/(A(Q,R)− 1).

Remarks: 1) In terms of this model, the supersingular points on X correspond

to the points at infinity and the cusps are the points Q = ζ4 and R = ζ6 where

ζ ∈ Fp
× is a (p− 1)st root of unity (so ∆(Q,R) = (Q3 −R2)/1728 = 0). The map
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to P1
j is given by (Q, R) 7→ j = Q3/∆ = R2/∆ + 1728.

2) Taking the convention that (Z/pZ)× acts on functions on the left, one has Q〈a〉 =

a4Q, R〈a〉 = a6R and ∆〈a〉 = a12∆.

2. The universal curves Denote by Y ord the curve obtained from Y by removing

the supersingular points. When p ≥ 3, Y ord is a fine moduli space representing the

moduli problem “ordinary elliptic curves over Fp-algebras together with an Igusa

structure of level p.” Concretely, this means that there exists a universal curve

E → Y ord (2).1

and an Igusa structure of level p on E(p) such that every family of ordinary elliptic

curves with Igusa structure of level p over an Fp-scheme is induced from (2.1) via

a unique base change. Let E/K be the generic fibre of the family (2.1). Using

the fact that Y ord is a fine moduli space, it is easy to see that E/K is the unique

elliptic curve over K with j-invariant j and with an Igusa structure of level p. This

characterization allows one to deduce the following result.

Proposition 2.2. Weierstrass models for the curves E/K are given by the follow-

ing plane cubics:

y2 = x3 + x2 − 1/j

y2 = x3 − Q

243
x +

R

2533

when p = 3

when p ≥ 5

As noted by Gross in [6], when p ≡ 3 (mod 4), E can be canonically descended

to the rational function field Fp(j). Recall that by lemma (1.1) E/K can be de-

scribed as the unique elliptic curve with j-invariant j whose Hasse invariant is a

(p− 1)st power.
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Proposition 2.3. When p ≡ 3 (mod 4) there exists a unique elliptic curve E over

Fp(j) with j-invariant j and whose Hasse invariant is a square. When p > 3 a

Weierstrass model is given by:

y2 = x3 − c4

243
x− c6

2533

with

c4 = ja(j − 1728)a′ f̃ss(j)2 c6 = −jb(j − 1728)b′ f̃ss(j)3

where f̃ss is the supersingular polynomial with any possible factors of j or (j−1728)

removed and where a, a′, b and b′ are given by the following table:

p (mod 24) a a′ b b′

7 3 1 4 2
11 1 3 1 5
19 3 3 4 5
23 1 1 1 2

Remarks: 1) When p = 3, K = Fp(j) and the curve in (2.2) is the unique elliptic

curve over Fp(j) with j-invariant j and square Hasse invariant.

2) In terms of Weil’s theory of descent of the base field and the model (2.2), descent

data for the curve in (2.3) is given by f〈a〉 : E → E〈a〉, (x, y) 7→ (a2x,
(

a
p

)
a3y)

where
(

a
p

)
is the Legendre symbol.

3) When p ≡ 1 (mod 4), the universal curve over K does not descend to its field of

moduli. This can be seen most easily by trying to construct descent data.

Proof: Uniqueness follows from the fact that (p−1)/2 is odd: since the j-invariant

of E is j, Aut(E) = ±1 and E is determined up to a quadratic twist. But the Hasse
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invariant has weight p − 1, so twisting by d changes it by d(p−1)/2, which is not a

square unless d is.

To see that the Weierstrass model above has the required properties, it suffices

to check that it becomes isomorphic to the universal curve over K. Indeed, if the

Hasse invariant becomes a (p− 1)st power after a field extension of degree (p− 1)/2

it was a square to begin with, and the j-invariant is unchanged by field extensions.

Finally, this isomorphism follows from a routine calculation using a result of Hasse

([7], Hilfsatz 3) relating the supersingular polynomial to the Hasse invariant. Q.E.D.

Let E be the model of the universal elliptic curve with square Hasse invariant

given by (2.3) and ω the differential dx/2y.

Proposition 2.4. The discriminant and Hasse invariant of E/Fp(j) are as follows:

∆(E,ω) = jc(j − 1728)c′ f̃ss(j)6

A(E,ω) = jd(j − 1728)d′ f̃ss(j)(p+1)/2

where c, c′, d and d′ are given by the following table:

p (mod 24) c c′ d d′

7 8 3 (2p− 2)/3 (p + 1)/4
11 2 9 (p + 1)/6 (3p− 1)/4
19 8 9 (2p− 2)/3 (3p− 1)/4
23 2 3 (p + 1)/6 (p + 1)/4

Proof: The calculation of the discriminant is immediate from (2.3) and the formula

∆ = (c3
4 − c2

6)/1728. For the Hasse invariant, first assume that p ≡ 23 (mod 24).

Then A is an isobaric polynomial of weight p− 1 in c4 and c6, i.e., a linear combi-

nation of the terms

c4c
(p−5)/6
6 , c4

4c
(p−17)/6
6 , . . . , c

(p−7)/4
4 c6
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where

c4 = j(j − 1728)f̃ss(j)2 and c6 = −j(j − 1728)2f̃ss(j)3.

Thus A has degree (p + 1)(p− 1)/24 in j and is a priori divisible by

j(p+1)/6(j − 1728)(p+1)/4f̃ss(j)(p−1)/2.

Now (p + 1)/6 and (p + 1)/4 are even while (p − 1)/2 is odd. Since f̃ss has no

repeated roots, the fact that A is a square implies that

j(p+1)/6(j − 1728)(p+1)/4f̃ss(j)(p+1)/2

divides A. But this expression has the same degree as A, so they differ by a constant.

Finally, since E has split multiplicative reduction at∞ (see section 6) and one knows

that the q-expansion of the Hasse invariant of the Tate curve is 1 (Katz-Mazur [10],

12.4.2), this constant must be 1. The other cases are handled similarly. Q.E.D.

3. The L-function Fix a prime p ≡ 3 (mod 4) and let E be the elliptic curve

(2.3) over the function field Fq(j). Fix a separable closure Fq(j) of Fq(j) and let

G = Gal(Fq(j)/Fq(j)) be the Galois group. For each prime ` 6= p, one has the étale

cohomology group H1(E ⊗ Fq(j),Q`), which is a 2-dimensional Q`-vector space.

The group G acts on E ⊗ Fq(j) via the second factor and this provides a linear

representation

ρ : G → AutQ`
(H1(E ⊗ Fq(j),Q`)).

For each place v of Fq(j), let qv be the number of elements in the residue field,

Dv ⊂ G a decomposition group at v, and Iv the inertia subgroup of Dv. The
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quotient Dv/Iv is isomorphic to Ẑ and has a canonical topological generator Fv,

the Frobenius element at v. The Hasse-Weil L-function of E/Fq(j) is the L-function

associated to the representation ρ:

L(E/Fq(j), s) =
∏
v

det(1− ρ(F−1
v )q−s

v |H1(E ⊗ Fq(j),Q`)Iv )−1 (3).1

where the product is over all places v of the field Fq(j). This product converges, as

a function of the complex variable s, in the half plane Re s > 3/2, is independent

of `, and can be analytically continued to the plane where it satisfies a functional

equation (see (8.1)). We will see that this L-function can be computed explicitly in

terms of modular forms.

Let N and k be positive integers and χ a Dirichlet character modulo N . Then

Sk(Γ0(N), χ) will denote the complex vector space of modular forms of weight k

and character χ for the congruence subgroup Γ0(N) of SL2(Z). On this space we

have operators T` for primes ` 6 |N and Up for primes p|N (cf. [17]). We will be

interested in the characteristic polynomial of the operators Upn = (Up)n. For q a

power of p and T a variable, define the Hecke polynomials

Hq(T ) = Hq(Sk(Γ0(p), χ), T ) = det(1− TUq|Sk(Γ0(p), χ)).

The polynomial Hq(T ) has integral coefficients and constant term 1. The L-function

result we have in mind is the following.

Proposition 3.2.

L(E/Fq(j), s) = Hq(S3(Γ0(p),
(

p

)
), q−s)
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where
(

p

)
is the Legendre symbol.

It follows immediately that L(E/Fq(j), s) is an entire function of s and a

theorem of Hecke (see Ogg [14], cor. 1 of thm. 4) implies that the zeroes of the L

function lie on the line Re s = 1. The existence of modular forms with complex

multiplication furnishes such zeroes.

Modular forms with CM by Q(
√
−p) can be constructed as follows: let φ be

an unramified Hecke character of Q(
√
−p) of infinity type (2, 0); there are h such

characters where h is the class number of Q(
√
−p). For each φ, define a function

on the upper half plane by

fφ(z) =
∑

φ(a)e2πi(Na)z (3).3

where the sum extends over all integral ideals a of Q(
√
−p) and N(a) is the norm of

a. Results of Hecke and Shimura (see [16], lemma 3) assert that fφ is a normalized

newform of weight 3 for Γ1(D), where −D is the discriminant of Q(
√
−p); the

character χ of fφ is equal to the quadratic character associated to Q(
√
−p): χ(a) =(−D

a

)
=
(−p

a

)
. Thus the conductor of χ is p and when p ≡ 3 (mod 4), χ(a) =(

a
p

)
by quadratic reciprocity. Since the only ideal of Q(

√
−p) of norm p is the

principal ideal (
√
−p), we see that that eigenvalue of fφ for Up is −p. Applying this

construction, we see that for p ≡ 3 (mod 4), p > 3, the L-function L(E/Fq(j), s)

vanishes at s = 1 to order (at least) h when Fp2 ⊂ Fq.

Below is a table of giving the dimension d of S3 = S3(Γ0(p),
(

p

)
), the class

number h of the field Q(
√
−p), and the characteristic polynomial Hp for primes

p ≡ 3 (mod 4) with 7 ≤ p ≤ 71. The factors are irreducible over Z, and in each
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case, the only roots of Hp which are roots of unity times 1/p (thus giving zeroes

of L(E/Fq(j), s) for some q) are those coming from the CM forms. Whether the

CM forms always account for all of the zeroes of the L-function of E/Fq(j) is an

interesting question.

(3.4) Hecke polynomials for small p

p d h Hp

7 1 1 (1 + 7T )
11 1 1 (1 + 11T )
19 3 1 (1 + 19T )(1 + 12T + 192T 2)
23 3 3 (1 + 23T )3

31 5 3 (1 + 31T )3(1 + 10T + 312T 2)
43 7 1 (1 + 43T )(1− 10T + 147T 2 + 135020T 3

+432147T 4 − 43410T 5 + 436T 6)
47 7 5 (1 + 47T )5(1− 62T + 472T 2)
59 9 3 (1 + 59T )3(1− 156T + 13007T 2 − 812312T 3

+59213007T 4 − 594156T 5 + 596T 6)
67 11 1 (1 + 67T )(1− 154T + 11225T 2 − 332824T 3 − 29988530T 4

+3936691396T 5 − 67229988530T 6 − 674332824T 7

+67611225T 8 − 678154T 9 + 6710T 10)
71 11 7 (1 + 71T )7(1− 152T + 12658T 2 − 712152T 3 + 714T 4

The polynomial was determined by finding a basis of S3 using Ross’ simplification

of the Hijikata trace formula ([15], thm. 2.1) then calculating the action of Up on

the Fourier coefficients (except for the case p = 67, which was supplied by Atkin).

The calculations were made using the Lisp language on a Symbolics 3600 computer.

4. Proof of proposition 3.2 The essential idea, which is due to Ihara [9], is to

group the terms of the product (3.1) by the values of av = TrFrv and to compare

the resulting expression with the Eichler trace formula. We should also mention that

p-adic analogues of (3.2) have been considered by various authors; for example, see
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[3] and the papers in its bibliography.

Recall that at a place v where E/Fq(j) has good reduction, the local factor

(3.1) is (1 − avq−s
v + q1−2s

v ) = (1 − αvq−s
v )(1 − αvq−s

v ) where the reduction of E

has 1− av + q points over the residue field Fqv and |av| ≤ 2
√

qv. Furthermore, one

knows (Manin [11], thm. 1) that av is congruent modulo p to the norm from Fq to

Fp of the Hasse invariant of A. (This is well-defined since the only (p−1)st power in

Fp is 1.) Thus, at a place v of good reduction for E/Fq(j), av is congruent modulo

p to a non-zero square.

It will be shown in (6.1) that the universal E/Fq(j) has additive reduction at

0 and 1728 and the supersingular places and has split multiplicative reduction at

the cusp. Christening the other places of Fq(j) “good,” we have

L(E/Fq(j)) = (1− q−s)−1
∏

good v

(1− αvq−deg(v)s)−1(1− αvq−deg(v)s)−1

= exp

 ∑
good v

∞∑
m=1

(
αm

v + αm
v

m

)
q−deg(v)ms
v


= exp

∞∑
n=1

 ∑
good v

deg(v)|n

deg(v)(αn/deg(v)
v + αn/deg(v)

v )

 q−ns

n
.

Now ∑
good v

deg(v)|n

deg(v)(αn/deg(v)
v + αn/deg(v)

v ) (4).1

is equal to the sum, over all ordinary places w of degree 1 of Fqn(j) (except the place

j = 0 when p ≡ 7 (mod 12)), of aw (where, as usual, the reduction of E/Fqn(j) at

w has qn + 1− aw rational points over Fqn). We saw above that |aw| ≤ 2
√

qn and

that aw is a square modulo p. Conversely, given such an a, we need to know how

many times it occurs in the sum (4.1).
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Given a negative discriminant d (i.e., d ≡ 0 or 1 (mod 4)) let Od be the unique

quadratic order of discriminant d, h(d) the order of its Picard group and 2w(d) the

number of units in Od. (One has w(d) = 3 when d = −3, w(d) = 2 when d = −4,

and w(d) = 1 otherwise.) Finally, define the Hurwitz class number

H(D) =
∑

df2=D

h(d)
w(d)

. (4).2

Lemma 4.3. Given a with (a, p) = 1 and |a| ≤ 2
√

qn, there are H(a2−4qn) elliptic

curves over Fqn with qn + 1− a points.

An elliptic curve (up to Fp-isomorphism) with j 6= 0, 1728 has two forms,

so contributes to the sum for two different values of a. If j = 1728, then there

are 4 forms, so we agree to count the curve 1/2, while if j = 0, there are 6 forms

and we count the curve 1/3. It is with this convention that the lemma holds.

The proof, which we omit, is an exercise in applying Deuring’s liftings of ordinary

elliptic curves in characteristic 0 to characteristic p and in using the correspondence

between elliptic curves with complex multiplication and ideal classes in imaginary

quadratic orders.

Applying the lemma,∑
deg(v)|n

deg(v)(αdeg(v)/n
v + αdeg(v)/n

v ) =
∑

|a|≤2
√

qn

(a/p)=1

aH(a2 − 4qn)

=
1
2

∑
a

a
(

a
p

)
H(a2 − 4q).

But according to Eichler’s version of the trace formula ([5], thm., p. 134), this last

expression is just 1 + TrUqn where TrUqn is the trace of the Hecke operator Uqn
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acting on S3(Γ0(p),
(

p

)
). Thus

L(E/Fq(j), s)(1− q−s) = exp

( ∞∑
n=1

(1 + TrUqn)
q−ns

n

)
= (1− q−s)Hq(q−s).

Since the product expression for the L-function converges absolutely for Re s > 3/2,

these formal manipulations are justified and the proof of theorem 3.2 is complete.

5. Torsion The next three sections are devoted to calculating the rest of the

invariants of the universal curves which appear in the refined conjecture of Birch

and Swinnerton-Dyer. We begin with the torsion points on the universal curve.

Proposition 5.1.

E(K ⊗ Fp)tor
∼= 1.

E(p)(K)tor
∼= E(p)(K ⊗ Fp)tor

∼= Z/pZ.

Proof: The prime-to-p part of these claims follows from the existence of two places

of K where the reduction of E has q and q−1 points respectively for any sufficiently

large power q of p (use lemma 4.3). The p part follows from the definition of K

and the fact that the function field of the Igusa curve of level p2 is a “geometric”

extension of that of the Igusa curve of level p (i.e., is not obtained by extending the

ground field). Q.E.D.

Recall that (Z/pZ)× acts on X via 〈a〉 : (E,P ) 7→ (E, aP ), ±1 act trivially,

and Gal(K/Fp(j)) = (Z/pZ)×/ ± 1 acts on functions on the left: f 〈a〉(E,P ) =

f(E, a−1P ). With these conventions, we can determine the Galois module structure

of the torsion points on the universal curves.
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Proposition 5.2. If p ≡ 3 (mod 4) and P ∈ E(p)(K)tor then

P 〈a〉 =
(

a
p

)
a−1P

for all 〈a〉 ∈ Gal(K/Fp(j)) ∼= (Z/pZ)×/± 1, where
(

a
p

)
is the Legendre symbol.

Proof: Tautologically, one has P 〈a〉 = ±a−1P for P ∈ E(p)(K)tor. Define a func-

tion χ : Gal(K/Fp(j)) → ±1 via P 〈a〉 = χ(a)a−1P . This function is clearly a

homomorphism and it is surjective since 〈−1〉 is trivial in the Galois group. Thus

its kernel is exactly the set of squares in (Z/pZ)× and χ(a) =
(

a
p

)
. Q.E.D.

In particular, for p > 3 the torsion subgroup of E(p)(Fq(j)) is trivial, while for

p = 3 E(3)(Fq(j))tor = E(3)(K)tor
∼= Z/3Z. The reader is invited to verify that

the sign is correct in proposition 5.2 by computing the action of (Z/pZ)× on the

coordinate ring of KerV using the proof of lemma 1.1 and proposition 2.4.

6. Local invariants This section is devoted to tabulating the Kodaira-Néron

reduction types and conductors of the universal curves. As noted before, the uni-

versal curves have good reduction away from the cusps, supersingular points, and

places lying over 0 and 1728. At the bad reduction places, the reduction types can

be read off from Tate’s algorithm [20] and are summarized below (using Kodaira’s

notation).

When p = 3, E/Fq(j) has split multiplicative reduction at the unique cusp and

has reduction type II∗ at the unique supersingular point, while E(3) has reduction

type IV ∗ (with all three components of multiplicity one rational over F3) there.

The exponent of the conductor at the supersingular place is 3. When p > 3, the

reduction types are:
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(6.1) Reduction of E over Fq(j)

p (mod 24) 0 1728 v ∈ S

7 IV ∗ III I∗0
11 II III∗ I∗0
19 IV ∗ III∗ I∗0
23 II III I∗0

where S denotes the set of supersingular places not lying over j = 0 or 1728.

In order to compute Tamagawa numbers in the next section, we will need the

field of rationality of the various components of multiplicity one on the Néron model.

The group of connected components on the special fibre of the Néron model of E

at a place v of K is isomorphic, as Gal(Fp/Fv)-module, to the fixed points of the

automorphism group of the elliptic curve with additional structure corresponding to

v. This group is non-trivial only when v is a supersingular place. In this case, it can

be analysed by lifting the curve and its Frobenius endomorphism to characteristic

0 and considering the resulting quadratic order. (For example, the points of order

2 on the special fibre are rational over the residue field if and only if π − 1 is

divisible by 2 in the lifted endomorphism ring, where π is the lift of the Frobenius

endomorphism.) Applying this analysis to each place of the ground field yields the

following result.

Proposition 6.2. The product, over all places v of Fq(j), of the order of the group

of components of multiplicity one on the Néron model of E/Fq(j) at v which are
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rational over the residue field at v is given by the following table.

p (mod 12) Fp2 6⊆ Fq Fp2 ⊆ Fq

7 2(p+5)/12+(h−1)/2 2(p−1)/63

11 2(p+1)/12+(h−1)/2 2(p−5)/6

7. Tamagawa numbers Let L be a global function field and AL the adèles of L.

There is a natural measure µ =
∏

µv on AL where µv is the Haar measure which

assigns measure 1 to the ring of integers Ov in the completion Lv for a place v of

L. The quotient AL/L is compact and we set DL = µ(AL/L). If L is the function

field of a curve of genus g with field of constants Fq, then one has (Weil [23], 2.1.3)

DL = qg−1. (7).1

If A is an elliptic curve over L and ω is a differential on A, for each v ω induces

a differential ωv on the curve Av over Lv deduced from A; using µv we get a measure

|ωv| on Av(Lv). When the differential ωv is a Néron differential, then Tate [20], 5.2

has shown that ∫
Av(Ov)

|ωv| =
#A(lv)

q
(7).2

where #A(lv) is the number of points on the special fiber of the Néron model of A.

Thus if we set

λv =
#X(lv)◦

q
(7).3

where #A(lv)◦ is the number of points on the connected component of the special

fiber of the Néron model of A, then {λv} is a set of convergence factors in the sense

of Weil [23], 2.3. In this situation, we can form the product measure

Ω = Ω(L, ω, (λv)) = D−1
L

∏
v

λ−1
v |ωv|.
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By the product formula, this is independent of the choice of ω. Finally, we define

the Tamagawa number τ(A,L) to be the measure of the set of AL points of A with

respect to Ω. Since A is a projective variety, A(AL) =
∏

v A(Ov) and the measure

can be computed as a product of local factors: Ω = D−1
L

∏
v λ−1

v

∫
Av(Ov)

|ωv|. Using

(7.2) and (7.3), the local factor λ−1
v

∫
Av(Ov)

|ωv| is equal to qfvcv where cv is the

number of components of multiplicity 1 on the Néron model at v which are rational

over the residue field and fv is the integer such that πfv
v ωv is a Néron differential

at v (where πv is a uniformiser at v).

It is now a simple matter to apply these ideas to the universal curves. The

product C =
∏

v cv of the number of rational components was computed in (6.2)

and the valuation of the minimal discriminant, thus the value of f , is an immediate

consequence of the Néron model calculation of section 6. Putting all these together,

we find the following values for the Tamagawa numbers.

(7.4) Tamagawa numbers of E and E(p) over Fq(j)

p (mod 24) τ(E,Fq(j)) τ(E(p),Fq(j))

3 1 9
7 Cq−(p−7)/24 Cpq−(3p+3)/24

11 Cq−(p−11)/24 Cpq−(3p−9)/24

19 Cq−(p+5)/24 Cpq−(3p−9)/24

23 Cq−(p−23)/24 Cpq−(3p+3)/24

8. Application: the functional equation The L-functions of varieties over

function fields are known to satisfy a functional equation. In this section we check

this directly for the universal curve over Fq(j). Experts will note that we are merely

verifying the formula of Grothendieck-Ogg-Shafarevitch in this special case.
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Recall that when p ≥ 5, the exponent of the conductor of E/Fq(j) is 2 at the

supersingular places and at 0 (because the reduction is additive) and 1 at the cusps

(where the reduction is multiplicative). Thus NE , the norm of the conductor, is

qf where f = (p + 23)/6 when p ≡ 7 (mod 12) and f = (p + 19)/6 when p ≡ 11

(mod 12); when p = 3, NE = q4. In all cases, the discriminant DFq(j) is q−1 (7.1).

On the other hand, standard formulas (e.g., Cohen-Oesterlé, [2], thm. 1) allow

one to compute that the degree in q−s of L(E/Fq(j), s), namely the dimension of

S3(Γ0(p),
(

p

)
), is [p/6]. Since the inverse roots of the Hecke polynomial Hq(T )

have complex absolute value q ([14], cor. 1 of thm. 4), a trivial calculation yields

the following.

Proposition 8.1. Let Λ(s) = N
s/2
E D2s

Fq(j)
L(E/Fq(j), s). Then Λ(s) = ±Λ(2− s).

Remark: If n is the number of reciprocal roots of Hp(T ) which are negative real

numbers and r is the number which are positive real numbers, then the sign in the

functional equation is (−1)k where k = n([Fq : Fp] + 1) + r.

9. Application: the Tate-Shafarevitch group Recall that the Tate-Shafarevitch

group (K, A) of an Abelian variety A over a global field K is defined to be the

kernel of the map

H1(K, A) →
∏
v

H1(Kv, A)

where the product is over all places v of K and Kv is the completion of K at v. In

this section, we use the explicit calculations of the invariants of the universal curve

to obtain information about this group.

Let A be an elliptic curve over a function field K and assume that ords=1 L(A/K, s) =
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0. Then by work of Tate ([19], §3), the rank of the Mordell-Weil group A(K) is zero.

Furthermore, by Milne [12], 8.1, the equality ords=1 L(A/K, s) = Rank A(K) im-

plies the refined Birch and Swinnerton-Dyer conjecture on the leading term of the

L-function. Concretely, (K, A) is finite with order

| (A,K)| = L(A/K, 1) |A(K)tor|2

τ(A,K)
(9).1

(the regulator term does not appear because the rank is zero).

Applying this to the universal curve E/Fq(j), one obtains the orders of (Fp(j), E)

and (Fp(j), E(p)) for the first few primes p ≡ 3 (mod 4):

(9.2) Order of for E and E(p) over Fp(j)

p | (Fp(j), E)| | (Fp(j), E(p))|
3 1 1
7 1 1
11 1 1
19 52 52

23 1 232

31 62 62312

43 2672 2672432

47 24 24474

59 2252 2252594

67 5272 5272674

71 172 172716

Of course these orders are all square integers; note that in all cases the order of

(Fp(j), E) is prime to p.

The only mysterious term on the right hand side of (9.1) can be eliminated by

using the fact that the L-functions of isogenous curves are equal. Assuming that
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L(E/Fq(j), 1) 6= 0, dividing (9.1) for E(p)/Fq(j) by (9.1) for E/Fq(j), we find

(Fq(j), E(p))
(Fq(j), E)

=
τ(E,Fq(j))

τ(E(p),Fq(j))
=



p−1q(p+5)/12

p−1q(p+1)/12

p−1q(p−7)/12

p−1q(p+13)/12

when p ≡ 7 (mod 24)

when p ≡ 11 (mod 24)

when p ≡ 19 (mod 24)

when p ≡ 23 (mod 24)

Note that these numbers are squares if and only if q is an odd power of p. Moreover, it

is possible in some cases to show that (Fq(j), E) has trivial p-primary component

and to explicitly produce the number of elements of (Fq(j), E(p)) predicted by

the formula above. (In fact, they are all p-torsion elements.) I hope to report on

this in a future paper.

10. Some global points Here are some points of infinite order on the universal

curve over Fq(j):

When p = 7, the equation of E/Fq(j) is

y2 = x3 + j3(j + 1)x + 5j4(j + 1)2.

When Fq ⊇ Fp2 , the Mordell-Weil group E(Fq(j)) is infinite cyclic and a generator

is (
0,
√

5j2(j + 1)
)

;

the global height of this point is 1
6 log q. Since τ(E,Fq(j)) = 6, the Birch and

Swinnerton-Dyer equality implies | (Fq(j), E)| = 1 (which also follows from work

of Milne because the elliptic surface over Fp associated to E is rational).

When p = 11, the equation of E/Fq(j) is

y2 = x3 − 3j(j − 1)3x + 2j(j − 1)5.
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When Fq ⊇ Fp2 , the Mordell-Weil group E(Fq(j)) is infinite cyclic and a generator

is (
8(j − 1)2,

√
−5(j − 1)3

)
;

the global height of this point is 1
2 log q. Since τ(E,Fq(j)) = 2, the Birch and

Swinnerton-Dyer equality implies | (Fq(j), E)| = 1 (which again also follows from

work of Milne).

When p = 23, the equation of E/Fq(j) is

y2 = x3 − 12j(j − 3)(j + 4)2x− 7j(j − 3)2(j + 4)3.

When Fq ⊇ Fp2 , the Mordell-Weil group E(Fq(j)) has rank 3; here is a basis:

(
(j − 3)(j + 4),

√
5(j − 3)(j + 4)2

)
(
6(j − 3)(j + 4),

√
22(j − 3)(j + 4)2

)
(
16(j − 3)(j + 4),

√
10(j − 3)(j + 4)2

)
.

In this basis, the matrix of the height pairing has the following interesting form: 1
2 log q 0 0

0 1
2 log q 0

0 0 1
2 log q


Thus the regulator is 1

8 (log q)3, and since τ(E,Fq(j)) = 8, we find | (Fq(j), E)| =

1. This is the expected value as the associated elliptic surface is rational.
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