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Abstract
A convective adjustment (CA) algorithm is thought to be responsible for oceanic-state sustained oscillations, as predicted by oceanic
general circulation models (OGCM). The effect is most evident at
coarse spatio-temporal scales. A salt-oscillator mechanism was thought
to be related to the cause and several researchers were able to show
how coupled salt oscillators, reacting in a particular temporal sequence, was capable of producing large-scale oscillations not unlike
those found in the OGCM calculations. The proxy model used to
study how these oscillators could create large scale oscillations, however, was never directly related to an OGCM. Here we wish to consider
the basic thermohaline flow at the coarsest scales possible in order to
determine whether the underlying transport and hydrodynamics equations directly lead to CA-induced oscillations.
The program we follow is to set up three basic configurations,
each inspired by the basic shape of the general eigenfunctions and
constraints of the large scale flow. The type of CA we consider is
the most simple density-swap algorithm. While it has been replaced
in many OGCMs by far more sophisticated ones, the very basis of
these newer ones remains a timed, depth-gradual fast mixing algorithm whose basis remains the simple algorithm. Our findings, indicate that asymmetric flow configurations in 3-box models do not lead
to oscillations; that in a limited range of parameters symmetric flows
may lead to at most decaying oscillations. However, when the flow
configuration is such that the deeper water acts as a quenching reservoirs and little interaction occurs between the upper boxes and the
bottom one, that under a limited range of parameters the CA algo-
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rithm can lead to sustained as well as decaying oscillations. Insofar as
achieving a density-stable configuration using the specific CA under
consideration, we formulate a simple modification that does not lead
to sustained CA-induced oscillations.
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TO DO
• References for box model reviews in intro
• Look at more recent work on CA..anything out there?
• Do we want to discuss the polar halocline catastrophe?
• Relate each box model to papers that consider these specific flows.
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• Killing the oscillations
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Introduction

Convective adjustment (CA) schemes are used in oceanic general circulation
models (OGCM’s) to counteract undesirable unstable configurations of the
fluid density. This instability is inherent in the primitive equations, which
form the mathematical basis for OGCM’s. (CA schemes are also used in
the moisture physics of some atmospheric models). There are a variety of
CA schemes, but a large class of them are in essence similar, effecting a
rapid columnar vertical mixing of the density as soon as an instability is
detected. More recent schemes are based on the KPP mechanism (see Large
et al. (1994)), which accomplishes via parameterization a more careful and
progressive mixing. in both space and time.
Cessi (1996b) and Cessi and Young (1996) used a simplified model to capture the basic characteritics of CA schemes, and with it presented compelling
evidence that grid-scale structure which are pervasive in OGCM’s, particularly when applied coarsely, owe their existence to the use of a CA scheme
as well as the numerical method used in the application of such schemes.
Furthermore, they suggested that the spatially averaged fields obtained from
such OGCM’s may have markedly different topological characteristics, depending on whether grid scale instabilities are suppressed or not.
It has been known for some time that CA schemes play a role in the
dynamics of the thermohaline circulation, as given by OGCM’s (see for example, Marotzke (1991)). Several circulation studies, using coarsely-resolved
OGCM’s, have identified sustained centennial and millennial oscillations in
5

their numerical solutions. These oscillating solutions were found to be very
sensitive to freshwater fluxes, affecting the period, amplitude, and their
phase. These issues are discussed by Weaver et al. (1993), Mikolajewicz
and Maier-Reimer (1990), Huang and Chou (1994), Pierce et al. (1995). In
these studies several types of OGCM’s were used and all of them used a CA
scheme to control instabilities in the density.
Cessi (1996a) used Welander’s “flip-flop” model (see Welander (1982))
to examine the dependence and sensitivity of oscillatory solutions on the
model parameters as a way to gain insight into the oscillatory solutions of
OGCM’s with which the flip-flop model shares similarities. She found in
this simple model that, depending on specific parameters, a steady state
solution bifurcated to an oscillatory solution by the disappearance of the
attracting fixed point. She related qualitatively this “hard” loss of stability
to a similar instability loss mechanism found in OGCM numerical solutions.
Her study, as well as Cessi and Young (1996), demonstrate that coupled
salt oscillators firing off in synchronized sequences were capable of producing
sustained oscillations. The result is indirect, in the sense that the actual
OGCM or some proxy system was not used in the analysis. In this study
we examine a very coarse generalization of the simplified buoyancy-driven
dynamics that forms the basis of the low-frequency/long-time behavior of the
primitive equations, with the aim at discovering under what basic conditions
we obtain sustained oscillations that owe their presence exclusively to the use
of a CA scheme, and further, we wish to determine in what way the basic
algorithm can be modified in order to avoid the instabilities, while at the
same time achieving a density-stable flow configuration.
Box models have been used to understand crucial aspects of the dynamics
6

of thermohaline processes in the ocean and in coupled ocean/atmosphere dynamics. (See references in Rahmsdorf (2002) ). Here we consider the simplest
possible configurations that permit us to consider how CA algorithms affect
the basic dynamics in its most comprehensive way. In Sections 2 we present
the model dynamics and the CA algorithm. How CA affects hemispheric
flows is shown in Section three. It is done by considering separately three
basic flows. Though highly stylized these flow configurations are the most
common large-scale These flows are characterized by the basic eigenfunctions
describing the flow itself, and though highly stylized, they can be related to
flows that are known to occur in zonally-averaged OGCM’s. In Section 4
we describe a simple modification of the basic CA scheme which achieves its
intended goal, namely to density-stabilize the flow, while at the same not
allowing for the creation of sustained oscillations.

2

Box Model Kinematics and Scaling

Oceanic box models are low frequency, low dimensional approximations to
the buoyantly-driven circulation. The asymptotic connection between box
models and oceanic flows described by momentum and continuity equations,
under the Boussinesq approximation, and the advection/diffusion of tracers
that determine the buoyancy of the fluid is described by Lane et al. (20) (see
also Peacock et al. (2006)). The tracers that determine the buoyancy of the
ocean advect and an equation of state relates these to the density of the fluid.
To lowest order, the flow is driven by horizontal gradients (again, see Lane
et al. (20)) and incompressibility constraints. This in turn determines fluxes
in the advection and diffusion of salt and temperature.
7

The basic coupling of the box model to an atmosphere has been the subject of some debate (see ? and references contained therein). Here we use
restoring boundary conditions for the temperature and constrained fluxes on
the salinity exchanges, which is to say that the net evaporation and precipitation in the atmospheric forcing is balanced. The temperature boundary
condition is almost universally adopted by box models and by more complex
models. The freshwater flux, however, is done in a variety of ways and these
have a significant differences in the outcomes. This should be kept in mind
in the following analysis.
We will consider three three-box model configurations. These threebox configurations have a flow analogy in zonally-averaged OGCM largescale/long-time flows. We will assume that the density in each compartment, denoted ρi , is the direct result of the linear competition of salt Si and
temperature Ti . Here i serves as the label for each compartment.
The density in each box, labeled i, is taken to be given by the linear
equation of state
ρi (Ti , Si ) = [βS (Si − S∗ ) − βT (Ti − T∗ )],
where βS and βT are the expansion coefficients associated with the salinity
and temperature relation to the overall density, Si (t) and Ti (t) are the salinity
and temperature, respectively. Time is denoted by t. The reference state is
given by (S∗ , T∗ ). We will be changing the reference state in order to facilitate
the analysis of the various models under consideration. To nondimensionalize
the systems of equations for the various box configurations we define variables
xi =

Ti −T∗
TA −T∗

and yi =

βS Si −S∗
(
)
βT TA −T∗

so that a unit change in xi has the same effect

on density as a unit change in yi . The flux between horizontally-adjacent
8

boxes is denoted by R, which is assumed to be proportional to the density
difference between the boxes; hence, for two horizontally-adjacent boxes i
and j it is
R = k(ρi − ρj ).
k is the ”hydraulic constant” and is determined by geophysical considerations.
We take the time unit to be γT−1 . The overdot will connote the scaled time
derivative γT−1 (d/dt). The frequencies γT and γS associated with the restoring temperature and the flux of freshwater are determined by geophysical
considerations.
We will use a simple convective adjustment algorithm: if the density is
unstably stratified a quick mixing is effected locally. That this adjustment
algorithm may produce oscillations is based upon the relationship of the algorithm to Welander’s flip-flop oscillator. The convective exchange frequencies
κi will be taken to be
for ρi − ρ0 ≤ ∆ρ ≈ 0,

κi = κδ
κi = κ

for ρi − ρ0 > ∆ρ,

where ∆ρ is some density fluctuation threshold and δ is small. The κ’s are
specified by the convective adjustment algorithm and in general take different
values in each box. The exchange between box i and the reservoir is rapid
when the water in box i is denser than that in the reservoir, and slow when
it is less dense than the reservoir.
There are six dimensionless parameters. Four of them are the same as
Cessi’s: the ratio δ of nonconvective to convective exchange rates is small

9

and positive; the dimensionless convective exchange rate,
ν ≡ κ/γT ,
is positive and of order unity; the density threshold for convection,
ϑ ≡ ∆ρ/ρ∗ βT (TA − T∗ ),
is small and negative, and the salinity transfer rate,
µ ≡ γS βS bES0 /γT βT (TA − T∗ ),
is positive as a result of our assignment of the labels 1 and 2 to the surface
boxes, with 1 being the equatorial box and 2 being the polar box. E is
the precipitation minus evaporation rate, b is a constant of proportionality.
Two new parameters characterize the relation between the surface boxes: the
dimensionless temperature difference,
α ≡ (TB − T∗ )/(TA − T∗ ),
which can be positive or negative, and the hydraulic constant
λ ≡ γT /2kβT (TA − T∗ ),
which is positive.
The scaled density is
ρi = yi − xi ,

i = 0, 1, 2.

The flux becomes λf = ρi − ρj , if i and j are 2 horizontally-adjacent boxes.
The convective adjustment in dimensionless variables becomes the switching
condition
νi = νδ
νi = ν

for yi − xi − y0 + x0 ≤ ϑ,
for yi − xi − y0 + x0 > ϑ,
10

(1)

with i = 1, 2. The parameter ϑ is the scaled threshold for convection.
If we assume that box 1 represents the equatorial Atlantic and box 2 the
subpolar Atlantic, then the numbers given by Washington and Parkinson
(1986) (pp. 28-29) suggest that the magnitude of α is approximately 1/30.
We would at least expect to have TB < TA , thus α should be less than
1. Estimating the physical regime of the other parameters is more difficult.
Both µ and λ depend on κT and/or κS , which cannot be estimated because
they are ad hoc parameters, and their values calculated in a two-dimensional
setting would severely underestimate their values in the three-dimensional
geophysical setting. One way to get an estimate of the parameters is to take
the value of k as that given by Marotzke (1996). The value is approximately
10−8 , and it is based on observations of the magnitude of frequencies at which
appreciable changes in the flux occur. It is expected that γT be comparable
to k times the smaller of βT and βS . Therefore, the approximate value for λ
in the geophysical setting would be in the order of 10−1 . A similar argument
leads us to conclude that µ is of the same order. In summary, by assuming
that all effects are comparable, we are lead to conclude that α, µ, and λ are
smaller than one and comparable in magnitude. In this study we will regard
α and µ as the control parameters for the model, and so display most of
our results on the α–µ plane, regarding the other four parameters as fixed
constants. Since the parameter values are ad hoc and dependent on context,
we will also look outside the nominally ”physical” ranges of the parameters.
Hence, our results will encompass the geophysical parameter regime, but in
addition, present a comprehensive picture of the dynamics of the model.
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3

Box Models with CA

We will examine three basic 3-box configurations. (We will briefly consider a
4-box case since the analysis there is similar to the symmetric 3-box model,
which is considered first).

3.1

Symmetric 3-Box Model with CA

Surface boxes are labeled 1 and 2. The atmospheric temperature above box
1 is TA and above box 2 is TB , the latter box is the polar box. There is a
salinity transfer through the atmosphere from box 2 to box 1. Box 0 is a
deep box, which lies below both 1 and 2. The temperature and salt evolution
equations in the boxes are
ẋ1 = 1 − x1 + ν1 (x0 − x1 ) + |f |(x2 − x1 , x0 − x1 ),
ẋ2 = 1 − α − x2 + ν2 (x0 − x2 ) + |f |(x0 − x2 , x1 − x2 ),
ẋ0 = ν1 (x1 − x0 ) + ν2 (x2 − x0 ) + |f |(x1 − x0 , x2 − x0 ),
ẏ1 = µ + ν1 (y0 − y1 ) + |f |(y2 − y1 , y0 − y1 ),
ẏ2 = −µ + ν2 (y0 − y2 ) + |f |(y0 − y2 , y1 − y2 ),
ẏ0 = ν1 (y1 − y0 ) + ν2 (y2 − y0 ) + |f |(y1 − y0 , y2 − y0 ),

(2)

where the first quantity in each |f | term is used when f is positive (cyclic
1,2,3), the second when f is negative (anti-cyclic 2,1,3). The flow f is given
by the density difference between boxes 1 and 2,
λf = (y1 − x1 ) − (y2 − x2 ),

(3)

The mixing rates between the surface boxes and the deep box are given by
(1).
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We begin by asking whether the system will ever develop a situation
where a convective adjustment is necessary. In what follows we will assume
that ∆ρ = 0, for simplicity, and solve for x0 and y0 in the resulting equations
obtained by setting ẋ0 = 0 and ẏ0 = 0:
x0 = Ax1 + (1 − A)x2 ,

y0 = Ay1 + (1 − A)y2 ,

with
A = (|f | + ν1 )/(|f | + ν1 + ν2 )
= ν1 /(|f | + ν1 + ν2 )

for

for

f > 0,

f < 0.

(4)
(5)
(6)

It is clear that A is always between 0 and 1. The density differences are thus
ρ1 − ρ0 = (1 − A)(ρ1 − ρ2 ) = (1 − A)f,

ρ2 − ρ0 = −A(ρ1 − ρ2 ) = −Af ;

for positive f , steady states always have box 1 convecting, and box 2 nonconvecting. The negative f steady states are the other way around. Since
there is always a positive f steady state (as in the original Stommel (1961)
two-box system) there is always a steady state available to the system.
Important dynamic aspects are readily borne out by considering the system with no CA. With ν1 = ν2 = 0, we have A = 1 for positive f and A = 0
for negative f . The water in box 0 is the same as the water in the upstream
box, the one that it receives water from. This box is then the denser one, and
the flow is driven by the density difference between it and the other surface
box. Thus the downstream box is less dense than the upstream and deep
boxes. Even if convection is turned on, the downstream box will not convect
with the deep box. Any vertical mixing between the two, in any event, can
only decrease the density contrast between them, not change its sign.
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It is thus the case that convection adjustment is not triggered by the
CA-free regular dynamics. We still need to examine whether a flow with
convection will evolve into a steady solution that stays convecting. In order
to do this we need to check the situation wherein f > 0 and ρ1 − ρ0 > 0,
with ν1 = ν, and f > 0 and ρ2 − ρ0 > 0, with ν2 = ν. A peculiarity of (2)
is that the algebraic system with which one obtains steady state solutions is
overdetermined. This is because the equations for the ẋ0 and ẏ0 share the
same right hand sides. Consider first when f > 0, box 1 is convecting, and
ν1 = ν. The steady state is given by
x1 = −(−2f + f α − 1)/(2f + 1)
x2 = −(−1 + α − 2f + f α)/(2f + 1)
x0 = −(−2f + f α − 1)/(2f + 1)
−2νf + νf α − ν − f ρ0 − 2f 2 − 2f 2 ρ0 + f 2 α − f
ν + f + 2νf + 2f 2
2
−µ + f ρ0 + 2f − 2f µ + 2f 2 ρ0 − f 2 α + f
=
,
f (2f + 1)

y1 = −
y2

(7)

and x0 = y0 − ρ0 , where ρ0 is now a parameter. It is a simple matter to see
that for reasonable values of λ, µ and α the above steady state solution has
a positive fixed point f to (3). Using (7) we find that
ρ1 − ρ0 = −

ρ0 ν
ν+f

and thus ρ1 = f ρ0 /(ν + f ), which is to say that if ρ0 ≥ 0, then ρ1 ≤ ρ0 .
(Note here that ρi can be positive or negative, depending on what (T∗ , S∗ )
values are used. Absolute densities are non-negative and it is possible that
CA schemes that are careless in comparing densities can lead to unwanted
CA swings). For f > 0, ρ2 − ρ0 = −µ/f . The situation with f < 0, with
ν2 = ν and ν1 = 0, is summarized as follows: a negative f steady state is only
14

available when α and µ are non-negative. ρ2 − ρ0 = −νρ0 /(ν + f ). Again, if
ρ0 ≥ 0, the density difference will be negative.

3.2

Symmetric 4-Box model with CA

4-box dynamics were considered by Griffies and Tziperman (1995). The
geophysical connection between the 4-box model and the large scale dynamics
it attempts to capture appear in that paper. There are differences between
the non-symmetric 4-box and the symmetric one, but with regard to how the
CA affects the dynamics the differences are quantitative. In the symmetric
case the 4-box case can be related to the symmetric 3-box problem and thus
we will limit ourselves to making this connection. Boxes 1 and 2 will be the
surface boxes. Box 4 will lay below box 1, and box 3 below box 2. The
equations of motion are
ẋ1 = 1 − x1 + ν1 (x4 − x1 ) + |f |(x2 − x1 , x4 − x1 ),
ẋ2 = 1 − α − x2 + ν2 (x3 − x2 ) + |f |(x3 − x2 , x1 − x2 ),
ẋ3 = ν2 (x2 − x3 ) + |f |(x4 − x3 , x2 − x3 ),
ẋ4 = ν1 (x1 − x4 ) + |f |(x1 − x4 , x3 − x4 ),
ẏ1 = µ + ν1 (y4 − y1 ) + |f |(y2 − y1 , y4 − y1 ),
ẏ2 = −µ + ν2 (y3 − y2 ) + |f |(y3 − y2 , y1 − y2 ),
ẏ3 = ν2 (y2 − y3 ) + |f |(y4 − y3 , y2 − y3 ),
ẏ4 = ν1 (y1 − y4 ) + |f |(y1 − y4 , y3 − y4 ).

(8)

Positive f is a flow running from 1 to 4 to 3 to 2, negative f runs from 2 to
3 to 4 to 1.
As before, we start the steady-state analysis by solving the equations for
15

the deep boxes. From the x3 , x4 , y3 , and y4 equations we find
x3 = (|f |x1 + ν2 x2 )/(|f | + ν2 ),

x4 = x1

for positive f , and
x3 = x2 ,

x4 = (|f |x2 + ν1 x1 )/(|f | + ν1 )

for negative f . Since the equations for the salinities have the same coefficients
as the temperature equations, we can just replace all x’s by y’s to get the
salinities of the deep boxes, and by ρ’s to get the densities. We then get
ρ3 − ρ2 = |f |(ρ1 − ρ2 )/(|f | + ν2 ),

ρ3 − ρ4 = −ν2 (ρ1 − ρ2 )/(|f | + ν2 )

for positive q, and
ρ4 − ρ1 = −|f |(ρ1 − ρ2 )/(|f | + ν1 ),

ρ4 − ρ3 = ν1 (ρ1 − ρ2 )/(|f | + ν1 )

for negative f .
The hydraulic relation for this model is a little different than the prior
one, but that turns out not to matter. It is
λf = ρ1 + ρ4 − ρ2 − ρ3 ,
but we have just seen that in any steady state, ρ4 − ρ3 is a positive multiple
of ρ1 − ρ2 . Now we see that f is positive for ρ1 > ρ2 , negative otherwise.
Thus for positive f , boxes 1 and 4 have the same density and box 2 has
lower density than 3, so there is no convection between them. Similarly for
negative f , boxes 2 and 3 have the same density, and there is no convection
between boxes 1 and 4.

16

Figure 1: Asymmetric 3-Box arrangement.

3.3

Asymmetric 3-Box Model with CA

We consider next the arrangement depicted in Figure 1. This flow is one
of the most typical 3-box analogies to zonally-averaged hemispheric OGCM
flows (e.g. see Ganopolski et al. (1998), for reduced OGCM simulations
corresponding to this box arrangement). The equations are now
ẋ1 = 1 − x1 + ν1 (x0 − x1 ) + |f |(x2 − x1 , x0 − x1 ),
ẋ2 = 1 − α − x2 + |f |(x0 − x2 , x1 − x2 ),
ẋ0 = ν1 (x1 − x0 ) + |f |(x1 − x0 , x2 − x0 ),
ẏ1 = µ + ν1 (y0 − y1 ) + |f |(y2 − y1 , y0 − y1 ),
ẏ2 = −µ + |f |(y0 − y2 , y1 − y2 ),
ẏ0 = ν1 (y1 − y0 ) + |f |(y1 − y0 , y2 − y0 ),
The flux equation is
λf = ρ2 − dρ1 − (1 − d)ρ0 ,
17

(9)

where d = d1 /d2 , where d1 is the depth of box 1 and d2 the depth of box 2.
When f > 0 steady solutions are such that
x0 = x1 ,

y0 = y1 ,

since A = (ν1 + f )/(ν1 + f ) = 1, regardless of the ν1 value. There are no CA
issues. When f < 0 we obtain
x0 = Ay1 + (1 − A)x2 ,

y0 = Ay1 + (1 − A)y2 ,

where A = ν1 /(|f | + ν1 ) ≥ 0. If A = 0, x0 = x2 , y0 = y2 . On the other hand,
if 0 < A < 1, ρ0 − ρ1 = (1 − A)(ρ2 − ρ1 ). Hence, CA is not an issue in this
configuration.

3.4

3-Box Model with a Lower Reservoir

The model consists of two surface boxes, labeled 1 and 2 respectively, which
are coupled to an atmosphere above, and to an infinite reservoir below. The
atmosphere creates an effective salinity transfer from box 2 to box 1 at a rate
of bES0 . The atmosphere above box 1 has a temperature of TA , and above
box 2 it has temperature TB . The temperature and salinity of the reservoir
are denoted by T0 and S0 , respectively. In this instance it is convenient to
set T∗ = T0 and S∗ = S0 , so that the density is actually a fluctuation about
the reference state, taken to be ρ0 . The model is illustrated in Figure 2. This
would be a case in which we have a dynamic upper layer and a stagnant and
large lower reservoir that changes only at time scales much greater than the
times scales of the upper boxes. Zonally averaged OGCM calculations can
have flows such as this one..... For this configuration the nondimensional

18

Figure 2: Symmetric 3-Box model with an infinite reservoir and convective
adjustments. The surface boxes exchange water at the rate R, which is
proportional to the difference in their densities. The salinity transfer bES0
from box 2 to box 1 is affected by the atmosphere. The exchange rate κi
between box i and the deep reservoir is large when the water is box i is denser
than the reservoir water, and small otherwise.
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equations are
ẋ1 = (1 − x1 ) − ν1 x1 + |f |(x2 − x1 ),
ẋ2 = (1 − α − x2 ) − ν2 x2 + |f |(x1 − x2 ),
ẏ1 = µ − ν1 y1 + |f |(y2 − y1 ),
ẏ2 = −µ − ν2 y2 + |f |(y1 − y2 ),

(10)

The flux between boxes 1 and 2 is given by (3) and the convective exchange
rates are given by (1).

3.4.1

Steady States and Oscillations

Suppose the system is initially in a state in which neither surface box is
convecting with the reservoir. The dynamics in (10) make the system evolve
toward a steady state, a state which we could determine by setting ν1 = ν2 =
νδ and solving for the critical points of (10). However, it may turn out that
in that putative steady state, the density of box 1, say, would be greater
than that of the reservoir. Then that state is not in fact a true steady state
– before the system can reach it, box 1 starts to convect with the reservoir,
and the value of ν1 jumps from νδ to ν. The dynamics are now different, and
the system tries to reach a new steady state, which is found by solving for
the fixed points of (10) with ν1 = ν, instead of νδ, and ν2 = νδ. But it may
again happen that this new putative steady state also is inconsistent with
the values of the νi which we used to determine it. For example, the density
of box 1 in that state may be too low for it to convect with the reservoir.
In that case, as the system evolves toward this new state, the density of box
1 decreases to the point where convection turns off, making the value of ν1
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revert back to νδ. The system then tries once again to evolve toward the
first putative steady state, beginning the cycle again.
In order to find the regions of parameter space in which the switching
mechanism leads to self-sustained oscillations, we will first calculate what we
call candidate states, which are critical points of (10) and (3) which may or
may not satisfy the switching conditions (1). That is, we choose values ν or
νδ for the two convective exchange rates ν1 and ν2 , set the time derivatives
in (10) to zero, and solve those equations and the hydraulic condition (3) for
the temperatures and salinities of the two surface boxes. For each candidate
state, we then calculate the densities in the two surface boxes in that state.
If both densities are consistent with our preselected values of the νi , then
that candidate state is in fact a steady state of the model; if it is also linearly
stable, then we expect that – at least for some choices of initial conditions –
the system will settle into that steady state. On the other hand, if none of
the candidate states are consistent with the switching conditions (1), so that
no true steady states exist, then we expect to find oscillations.
It is also conceivable that the dynamics embodied in (10) and (3) could
lead to oscillations even for fixed values of the νi , without the switching
mechanism. This possibility can be ruled out for the original Stommel model:
Ruddick and Zhang (1993) applied the Poincaré-Bendixson nonoscillation
theorem to the Stommel model to show that oscillatory solutions do not
appear for any values of the parameters. The same argument can be made
for our model in cases where ν1 = ν2 , for then the equations (10) and (3)
reduce to the original Stommel model, with restoring boundary conditions.
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To see this, define the average temperature and salinity
x̄ ≡ (x1 + x2 )/2,

ȳ ≡ (y1 + y2 )/2,

and the temperature and salinity differences between the surface boxes,
x ≡ x1 − x2 ,

y ≡ y1 − y2 .

Substituting these definitions into (10), we find that the evolution equations
for the averages do not depend on the differences:
x̄˙ = 1 −

α
− (1 + 2ν1 )x̄,
2

ȳ˙ = −2ν1 ȳ.
The evolution of the differences decouples from that of the averages:
ẋ = α − (1 + ν1 )x − 2|f |x,
ẏ = 2µ − ν1 y − 2|f |y,
where f is given by (3), which becomes
λf = y − x.
This latter trio of equations is equivalent to the original Stommel model,
which is known to be incapable of producing oscillations. However, when
ν1 and ν2 are different, then the equations do not decouple. The PoincaréBendixson theorem applies only to systems with two degrees of freedom, so
it makes no statement about our model, which has four degrees of freedom.
While higher-dimensional generalizations of the Poincaré-Bendixson theorem
do exist (see Li and Muldowney (1993)), we have not succeeded in using them
to rule out oscillations in our model (minus the switching conditions). On the
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other hand, we have not observed oscillations in our numerical integrations
of the model equations which do not result from the switching mechanism.
Moreover, using local analysis we can show that linearization about a critical
point of (10) and (3) can never lead to pure imaginary eigenvalues. This
means that however the parameters are varied, no critical point ever goes
through a Hopf bifurcation, losing its stability by spawning a limit cycle. This
calculation is presented in Appendix A. Thus we expect that our model will
produce self-sustained oscillations only through the switching mechanism.

3.4.2

Candidate States

We now embark on the course outlined above, seeking candidate states and
then determining under what conditions those states are consistent with the
assumed values of the νi that go into calculating them. We begin by assuming
the νi have fixed values and ignoring the switching conditions (1).
To find the candidate states we follow Stommel, first setting the time
derivatives in (10) to zero and solving for the xi and yi in terms of f . This
gives
1 + ν2 + (2 − α)|f |
,
(1 + ν1 )(1 + ν2 ) + (2 + ν1 + ν2 )|f |
(1 − α)(1 + ν1 ) + (2 − α)|f |
=
,
(1 + ν1 )(1 + ν2 ) + (2 + ν1 + ν2 )|f |
ν2 µ
,
=
ν1 ν2 + (ν1 + ν2 )|f |
−ν1 µ
=
.
ν1 ν2 + (ν1 + ν2 )|f |

x1 =
x2
y1
y2

(11)

Substituting these expressions into the hydraulic equation (3) yields an equation for the flux f ,
λf = G(f ),
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(12)

Figure 3: Plot of the two sides of eq. (12), showing the possibilities of
one positive solution (upper solid curve), one negative solution (lower solid
curve), two solutions (dotted curve), and three solutions (dashed curve).
where
G(f ) =

(ν1 + ν2 )µ
ν1 ν2 + (ν1 + ν2 )|f |
(ν1 − ν2 ) − (1 + ν1 )α
+
.
(1 + ν1 )(1 + ν2 ) + (2 + ν1 + ν2 )|f |

(13)

We solve for the fixed points of (12) by plotting the left and right sides
as functions of f and looking for intersections. Several cases are possible
depending on the behavior of G(f ); they are sketched in Figure 3. It is clear
that G(f ) is an even function of f which goes to zero for |f | → ∞. If G(0)
is negative, then G(f ) looks like the lower solid curve, which must intersect
λf at some negative value of f . In the α–µ plane, the parameter range in
which this happens lies below the line
ν1 ν2
µ=
(1 + ν2 )(ν1 + ν2 )



ν1 − ν2
α−
1 + ν1
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(14)

which is shown as the solid line in Figure 4. We will refer to this line as
the “positive threshold.” It is not difficult to show that for parameter values
lying below the positive threshold line, there is no solution of (12) with
positive f , there is only one solution with negative f , and the solution with
negative f gives a linearly stable steady state of the model with fixed values
of the νi . When µ lies above the positive threshold line, G(0) is positive; as
seen in the upper three curves in Figure 3, there must then be a solution
of (12) with positive f . In fact, there is only one positive solution, and
it gives a linearly stable steady state. However, as in the original Stommel
model, there may also be solutions with negative f . There is a single negative
solution when G(f ) meets λf tangentially at some negative f , as shown by
the dotted curve. The conditions under which this happens can be found by
simultaneously solving (12) and the equation for its derivative with respect to
f . What results is a curve in the α–µ plane which we will call the “negative
threshold.” It is given parametrically in terms of |f | by
ν1 − ν2
1 + ν1
[(1 + ν1 )(1 + ν2 ) + (2 + ν1 + ν2 )|f |]2 [ν1 ν2 + 2(ν1 + ν2 )|f |]
,
+λ
(1 + ν1 )[ν1 (1 + ν1 ) + ν2 (1 + ν2 )]
[(1 + ν1 )(1 + ν2 ) + 2(2 + ν1 + ν2 )|f |][ν1 ν2 + (ν1 + ν2 )|f |]2
µ = λ
,
(ν1 + ν2 )[ν1 (1 + ν1 ) + ν2 (1 + ν2 )]

α =

(15)
and is shown as the dotted curve in Figure 4. The positive and negative
thresholds in the α–µ plane meet tangentially at a point given by (15) with
f = 0. When α and µ lie above and to the left of the negative threshold
curve, no negative solutions of (12) exist, so the positive-f solution is the only
one. This is shown by the upper solid curve in Figure 3. Below and to the
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Figure 4: Positive (solid) and negative (dashed) threshold curves inside of
which three candidate states exist. See text for details.
right of (15), there are two negative-f solutions in addition to the one with
positive f , as depicted by the dashed curve in Figure 3. As in the Stommel
model (Stommel (1961)), one may easily show that the solution with the
more negative value of f gives a steady state which is linearly stable, while
the other gives one which is linearly unstable. If the switching conditions
are neglected, this latter state is the saddle-point solution in the x1 –x2 –y1 –y2
phase space, whose stable manifold separates the basins of attraction of the
other two candidate states.
We now recapitulate the picture in the α–µ plane, depicted in Figure 4.
When α and µ lie within the wedge between between the negative threshold
(dotted curve) and the positive threshold (solid line), there are three candidate states, two of which are linearly stable steady states of the model given
by (10) and (3), with fixed values of ν1 and ν2 . Above the negative threshold,
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there is only a single candidate state, which has positive f and is a linearly
stable state of the model. Below the positive threshold, there is again only a
single candidate state, which is linearly stable but has negative f . Note that
the positions of the positive and negative thresholds depend on the values of
ν1 and ν2 ; in Figure 4 we have taken box 1 in the nonconvecting state and box
2 convecting, with parameter values λ = 1, ν2 = ν = 1, and ν1 = νδ = 0.1.
In the full model, with switching, we will need to consider candidate states
with all four possible combinations of values of ν1 and ν2 , each of which will
have its own positive and negative thresholds in the α–µ plane.
3.4.3

Densities in Candidate States

Having located the candidate states, we must now take up the question of
whether the temperatures and salinities of the boxes, given by (11) and
(12), are consistent with the values of ν1 and ν2 which we assumed when we
calculated them. If the switching conditions (1) are satisfied for both surface
boxes, then the candidate state is a true steady state of the full model. If,
instead, the assumed value of either νi is inconsistent with the switching
conditions, then that candidate state is not a steady state.
Note that in the standard interpretation of the Stommel model, box 1
represents the equatorial ocean and box 2 represents the polar ocean. Thus
we would expect that atmospheric temperature TA above box 1 to be greater
than the temperature TB above box 2. We would then expect the parameter α
to be less than 1. In this regime, the expressions (11) for the candidate states
show that x2 will be positive and y2 will be negative. Thus the fluctuation
density ρ2 = y2 − x2 will be negative, which means that the density of box
2 is less than that of the reservoir. If the density threshold for convection,
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ϑ, is small, the switching condition will not allow convection between box 2
and the reservoir. For the range of α which we expect to be relevant, then,
only candidate states in which box 2 is nonconvecting, i.e. for which we have
ν2 = νδ, can be true steady states of the model. However, for completeness
we will also include in our calculations the possibility of larger values of α
for which it is possible to have steady states with box 2 convecting.
We now use the explicit expressions (11) to calculate the fluctuation densities of each box in the candidate states. This will allow us to plot the curves
in the α–µ plane on which the fluctuation densities of the boxes in the candidate state have fixed values. We solve (12) and y1 − x1 = ρ1 simultaneously
to obtain a parametric representation of the curve on which the fluctuation
density of box 1 in the candidate state is ρ1 :
α = 2 + (2 + ν1 + ν2 )ρ1 − (1 + ν2 )λf
(ν1 − ν2 )[1 + (1 + ν1 )ρ1 + λf |f |]
,
ν2 (1 + ν1 ) + (ν1 + ν2 )|f |
[ν1 ν2 + (ν1 + ν2 )|f |][1 + (1 + ν1 )ρ1 + λf |f |]
µ =
.
ν2 (1 + ν1 ) + (ν1 + ν2 )|f |
+

(16)

Similarly, the curves of constant ρ2 are given by
α = 2 + (2 + ν1 + ν2 )ρ2 + (1 + ν1 )λf
(ν1 − ν2 )[1 + (1 + ν1 )(ρ2 + λf ) + λf |f |]
,
ν2 (1 + ν1 ) + (ν1 + ν2 )|f |
[ν1 ν2 + (ν1 + ν2 )|f |][1 + (1 + ν1 )(ρ2 + λf ) + λf |f |]
µ =
ν2 (1 + ν1 ) + (ν1 + ν2 )|f |
+

(17)

It is straightforward to show that for f = 0, the constant-ρ1 and constantρ2 curves both meet the positive threshold line (14), where the positive-f
candidate solution vanishes. By looking at (16) and (17) with f = 0, it is
also easy to see that the densities of the boxes increase as we move generally
up and to the right along that line.
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Figure 5: Constant-density curves in the α–µ plane. The dotted curves are
ρ1 = 0.5 on the left and ρ1 = 1.0 on the right. The dashed curve is ρ2 = 1.2.
Figure 5 shows some constant-density curves, with the same parameter
values as were used in Figure 4. The dashed curve is given by (17) with
ρ2 = 1.2, and the dotted curves are plots of (16) with ρ1 = 0.5 for the left
curve and ρ1 = 1.0 for the right curve. The lower solid line is the positive
threshold (14), below which no candidate states with positive f exist, and
the upper solid curve is the negative threshold (15), above which there are
no candidate states with negative f . Each constant-density curve consists
of three segments. The positive-f segment starts on the positive threshold
line at f = 0 and moves upward with increasing f . On this segment of the
ρi curve, ρi is the density of box i in the positive-f candidate state. The
second segment has negative f ; it starts on the positive threshold line at
f = 0, then moves upward with increasing |f | until it meets the negative
threshold curve tangentially at some finite |f |. The third segment continues
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from this point with negative f , dropping down as |f | continues to increase,
crossing the positive threshold and finally reaching the axis µ = 0 at some
finite value of |f |. Note that at any point in the wedge between the positive
and negative thresholds, there are two candidate states with negative f ,
one unstable and the other stable. Correspondingly, each such point lies on
two constant-ρ1 curves (and, of course, two constant-ρ2 curves also), on the
second segment of one and the third segment of the other. For example, see
the point at α ≈ 2.7, µ ≈ 0.3 where the two dotted curves on Figure 5 cross.
One can show that on the second segment of a constant-ρ1 curve, it is the
unstable candidate state in which the density of box 1 is ρ1 , while on the
third segment it is the stable candidate state. For example, we might show
that dG/df , with G given by (13), is greater than λ there; as one can see
from the dashed curve in Fig. 3, this marks the middle, unstable solution
of (12). The analogous result also holds for constant-ρ2 curves. Since we
are primarily interested in locating stable steady states of the model, the
second segments of constant-density curves are then irrelevant, and we will
henceforth regard each constant-density curve as having two disjoint pieces:
the first segment, which applies to candidate states with positive f , and the
third segment, which applies to stable negative-f candidate states.

3.4.4

Steady States

We are now in a position to test the candidate states to determine whether
they are actually steady states. At issue is whether the densities of the boxes
in the candidate states are consistent with the values of the exchange rates
νi which were used to calculate those states. The task of checking this can

30

be made somewhat simpler by rewriting (3) for the flux f in the form
ρ1 = ρ2 + λf.
For candidate states with positive f , we see that ρ1 is always larger than ρ2 .
As a result, box 1 must be convecting whenever box 2 is; it is never possible to
have a true steady state with positive f in which box 2 convects but not box
1. Similarly, ρ2 is always larger than ρ1 in candidate states with negative
f , so there it is impossible to have a steady state with box 1 convecting
but not box 2. Thus six types of steady state are possible: those with
neither box convecting and f positive (“NN+” states) or f negative (“NN-”
states); those with both boxes convecting and f positive (“CC+” states) or f
negative (“CC-” states); those with box 1 convecting, box 2 not convecting,
and f positive (“CN+” states); and those with box 1 not convecting, box 2
convecting, and f negative (“NC-” states). We now determine the regions of
the α–µ plane in which each type of steady state can be found. These are
plotted in Figure 6a and, in greater detail, in Figure 6b, with ϑ = −0.1 and
the other parameters having the same values used in Figures 4 and 5.
As discussed above, since we expect the relevant values of α to be less
that 1, the most important types of steady states turn out to be those in
which neither box convects with the reservoir. Such states with positive f
(NN+ states) occur above the positive threshold (14) and to the left of the
curve ρ1 = ϑ, since there ρ1 – and hence ρ2 also – is below the level which
would drive convection. Both curves are calculated using ν1 = ν2 = νδ. The
positive threshold is then given by
µ=

νδ
α,
2(1 + νδ)
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Figure 6: Regions of the α–µ plane in which the various types of steady state
exist. (a) Nonconvecting steady states with positive and negative f exist
within the large and small wedges formed by the solid curves. Convecting
steady states exist within the wedges formed by the dashed curves. NC+
states (see text) exist in the region between the two dash-dot curves, and
CN- states under the dotted curve. Here ν = 1, δ = 0.1, λ = 1, ϑ = −0.1;
(b) The lower left corner of the figure shown in greater detail.
32

and the curve ρ1 = ϑ becomes
α = 2 − (1 + νδ)(−2ϑ + λf ),
(νδ + 2f )[1 + (1 + νδ)ϑ + λf 2 ]
µ =
.
1 + νδ + 2f

(18)

These curves are plotted as the solid curves forming the large wedge in Figures
6; the NN+ steady state exists in the wedge between them. We might expect
to find oscillations for parameter values which lie above this wedge, roughly
when the salinity forcing is strong compared to the temperature forcing.
Steady states with negative f (NN- states) exist below the negative
threshold (15) and to the left of the curve ρ2 = ϑ, both curves again calculated using ν1 = ν2 = νδ. The negative threshold is given by
λ
(1 + νδ + 2|f |)2 (νδ + 4|f |),
2
λ
(1 + νδ + 4|f |) (νδ + 2|f |)2 ,
µ =
4

α =

(19)

and the curve ρ2 = ϑ is
α = 2 − (1 + νδ)(−2ϑ + λ|f |),
µ =

(νδ + 2|f |)[1 − (1 + νδ)(−ϑ + λ|f |) − λ|f |2 ]
.
1 + νδ + 2|f |

(20)

These curves are plotted as the solid lines forming the small wedge in Figures
6 and 7; the steady states exist in the wedge. The point of this thin wedge
always lies within the large wedge of NN+ steady states, so that whenever
the nonconvecting negative-f steady state exists, the nonconvecting positivef steady state also exists. To see this, note that the expressions for α in (18)
for the positive-f ρ1 = ϑ curve and (20) for the negative-f ρ2 = ϑ curve are
essentially identical. Thus points on the two curves which have the same α
value have the same value of |f |. But the difference between the µ values
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in (18) and (20) is (νδ + 2|f |) λ|f |, which is always positive. Therefore the
latter curve always lies strictly below the former.
As discussed above, it is impossible for box 2 to convect in the steady
state for values of α smaller than about 1, which is the range we expect to
be relevant. Thus we should also look for CN steady states, those in which
box 1 convects but box 2 does not. These exist only for positive f , so they
lie above the positive threshold line (14), to the right of the curve ρ1 = ϑ,
and to the left of the curve ρ2 = ϑ. All three curves are calculated using
ν1 = ν and ν2 = νδ. The two constant-density curves meet each other on
the positive threshold, and otherwise lie above the threshold, so the region
of the α–µ plane where the CN+ steady state exists is the wedge between
them. The curve ρ1 = ϑ is given by
α = 2 + (2 + ν + νδ)ϑ − (1 + νδ)λf +
(1 − δ)[1 + (1 + ν)ϑ + λf 2 ]
,
δ(1 + ν) + (1 + δ)f
[νδ + (1 + δ)f ][1 + (1 + ν)ϑ + λf 2 ]
,
µ =
δ(1 + ν) + (1 + δ)f

(21)

and the curve ρ2 = ϑ is
α = 2 + (2 + ν + νδ)ϑ + (1 + ν)λf +
(1 − δ)[1 + (1 + ν)(ϑ + λf ) + λf 2 ]
,
δ(1 + ν) + (1 + δ)f
[νδ + (1 + δ)f ][1 + (1 + ν)(ϑ + λf ) + λf 2 ]
µ =
.
δ(1 + ν) + (1 + δ)f
These curves are shown as the dash-dot curves in Figure 6. While they
enclose a large area of the α–µ plane, little of it is in the region we would
expect to be important. This is because of the smallness of δ. The two
curves meet, and meet the positive threshold, at f = 0, for which we get
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α ≈ [1 + (1 + ν)ϑ]/δ, far beyond the range α < 1 which we expect to be
relevant. Also, by solving the first of (21) for f in terms of α, we find that
the curve ρ1 = ϑ reaches the range α < 1 only when f is as large as order
δ −1/2 . The second of (21) then shows that µ is also of order δ −1/2 . Thus for
small δ and reasonable α, the CN steady state only exists for quite large µ.
Only slightly outside the α < 1 range it is possible to have NC- states,
in which box 1 does not convect, box 2 does, and f is negative. These exist
below the negative threshold (15), to the left of the curve ρ1 = ϑ, and to the
right of the curve ρ2 = ϑ. All three curves are to be calculated using ν1 = νδ
and ν2 = ν. This gives
ν(1 − δ)
1 + νδ
[(1 + νδ)(1 + ν) + (2 + ν + νδ)|f |]2 [νδ + 2(1 + δ)|f |]
+λ
,
(1 + νδ)[1 + ν + δ(1 + νδ)]
[(1 + νδ)(1 + ν) + 2(2 + ν + νδ)|f |][νδ + (1 + δ)|f |]2
µ = λ
(1 + δ)[1 + ν + δ(1 + νδ)]

α = −

(22)
for the negative threshold,
α = 2 + (2 + νδ + ν)ϑ + (1 + ν)λ|f |
(1 − δ)[1 + (1 + νδ)ϑ − λ|f |2 ]
,
(1 + νδ) + (1 + δ)|f |
[νδ + (1 + δ)|f |][1 + (1 + νδ)ϑ − λ|f |2 ]
µ =
(1 + νδ) + (1 + δ)|f |
−

for the curve ρ1 = ϑ, and
α = 2 + (2 + νδ + ν)ϑ − (1 + νδ)λ|f |
(1 − δ)[1 − (1 + νδ)(−ϑ + λ|f |) − λ|f |2 ]
,
(1 + νδ) + (1 + δ)|f |
[νδ + (1 + δ)|f |][1 − (1 + νδ)(−ϑ + λ|f |) − λ|f |2 ]
µ =
(1 + νδ) + (1 + δ)|f |
−
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for the curve ρ2 = ϑ. These curves are shown dotted in Figures 6 and 7. The
region in which NC- states exist always overlaps the region in which NNstates exist. To see this, note that the curve ρ2 = ϑ crosses the α axis at
α = 2 + (2 + νδ + ν)ϑ − (1 + νδ)λ|f |, where |f | is a zero of 1 − (1 + νδ)(−ϑ +
λ|f |) − λ|f |2 ; from this point it slopes upward and to the left. The curve
(20), which marks the left boundary of the region of NN- states, meets the α
axis at a higher value, α = 2 + 2(1 + νδ)ϑ − (1 + νδ)λ|f | with the same value
of |f |, and slopes upward and to the right. In the overlap region, both types
of steady state exist with negative f , while to the right of the overlap, there
is no stable nonconvecting steady state with negative f , but there is one in
which box 2 convects.
Finally, there are steady states in which both boxes convect, with f either
positive (CC+ states) or negative (CC- states). The first exists above the
positive threshold and to the right of the curve ρ2 = ϑ, calculated with
ν1 = ν2 = ν. The positive threshold is then
µ=

να
,
2(1 + ν)

and the curve ρ2 = ϑ is given by
α = 2 + 2(1 + ν)ϑ + (1 + ν)λf
µ =

ν(ν + 2f )[1 + (1 + ν)(ϑ + λf ) + λf 2 ]
1 + ν + 2f

These are shown as the top and next-to-bottom dashed curves on Figure 6.
The CC- states, in which both boxes convect and f is negative, occur below
the negative threshold and to the right of the curve ρ1 = ϑ. For ν1 = ν2 = ν
the negative threshold is given by
α =

λ
(1 + ν + 2|f |)2 (ν + 4|f |),
2
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µ =

λ
(1 + ν + 4|f |) (ν + 2|f |)2 ,
4
(23)

and the curve ρ1 = ϑ by
α = 2 + 2(1 + ν)ϑ + (1 + ν)λ|f |,
µ =

(ν + 2|f |)[1 + (1 + ν)ϑ − λ|f |2 ]
.
1 + ν + 2|f |

These are shown as the next-to-top and bottom dashed curves on Figure
6. In Figure 6b the positive and negative thresholds are indistinguishable.
Note that these steady states, for both positive and negative f , exist only
for α > 2 + (1 + νδ)ϑ, so we do not expect them to be relevant.
While the structure shown in Figure 6 is rather intricate, most of its
features occur for α > 1, i.e. for TB > TA . That is, they arise when the
salinity transfer is from the box with the warmer atmosphere to the one with
the cooler atmosphere. For the more usual regime, α < 1, the picture is
quite simple. If δ and ϑ are small, then there is a linearly stable steady state
with negative f and neither box convecting whenever α and µ lie below the
negative threshold curve (19) in the α–µ plane; there are no other steady
states with negative f . There is a steady state with positive f and neither
box convecting when α and µ lie below the curve (18), and a positive-f
steady state with box 1 convecting when they lie above (21). Between these
two curves there are no steady states, so we expect to observe oscillations in
that intermediate range of µ.
As evidenced from Figure 6 there are large areas in parameter space in
which oscillatory solutions exist. The dependence of these regions on δ is
complex, however, the most important characteristic is that the regions of
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oscillation grow smaller the larger δ is. This is sensible, because the larger δ
gets the more limited the circumstances under which convective adjustments
take place. As an illustration, Figure 7 shows how using the same parameters
as in Figure 6 but with δ = 0.85 the regions of oscillations are substantially
smaller than with δ = 0.1.
To conclude this section we will use a numerical scheme to approximate
solutions to the system. Details of the numerical scheme appear in Appendix
B. In the examples the parameters ν = 1, δ = 0.1, ϑ = −0.1, and λ = 1
remain fixed. The parameters α and µ will be varied. As a first example,
we fix µ = 2.0. In Figure 8a we show the density in the upper boxes as
a function of time for a typical steady state solution which corresponds to
choosing α = 2.0. As is clear from Figure 6, this range of parameters puts
the solution inside the wedge of convecting steady states. Keeping µ the
same but shifting α to 1 should lead to an oscillatory solution, as depicted
in Figure 6. In Figure 8b the same initial density, with µ = 2.0 and α = 1.0,
leads to an oscillatory solution
As a second example, we fix all parameters except for µ, which we will
sweep, illustrating how the period of oscillations varies as a function of µ.
The initial data remain the same in all cases. The graphs of the solution
have been truncated and the density in box 1 is featured. In Figure 9a we
see that the dashed curve, corresponding to µ = 0.5 is steady, in accordance
with the predictions illustrated in Figure 7. When µ = 0.85 the solution
is clearly oscillatory, with a period of approximately 17. The solid curve
shows that the period is approximately 1.4 when µ reaches 4. The period
decreases gradually as µ increases. However, in the vicinity of µ = 8.0 the
period starts increasing again. The period is 4 when µ = 8.0, shown as a
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Figure 7: (a) Same parameters as in Figure 6, except δ = 0.85; (b) Detail of
lower left hand corner.
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Figure 8: Densities in box 1 and box 2. Upper graphs correspond to steady
state solution, in accordance to predictions, and the lower two graphs correspond to an oscillatory state. Oscillations were achieved by solely changing
α, keeping all other parameters and initial data the same in both realizations.
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dot-dashed curve. In Figure 9b we show a portion of the solution, computed
using the same initial data and parameters, changing only µ. The dashed
curve depicts µ = 8.0. The dot-dashed curve corresponds to µ = 8.05 with
a period of approximately 5; the solid curve corresponds to µ = 8.08 with a
period of about 7. The figure clearly shows that the period is increasing in
this range of µ. This is because the solution is getting close to a CN steady
state. When µ = 8.09 the solution is a steady state, and this is the curve
depicted by the (horizontal) dotted line.
In Figure 10 the dynamics of the switching as a function of time are well
captured. The parameters are α = 1.29 and µ = 0.1 in this example, all
other parameters remain the same as before. Starting with initial conditions
ρ1 = −0.2 and ρ2 = −0.2, the system tries to reach a steady state (NN-,
specifically) with ρ1 = −0.54, and ρ2 = −0.0997, but when ρ2 crosses the
threshold, convection turns on in box 2 and the system jumps, settling down
in the NC- steady state.
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Figure 9: Changes in the period of oscillation as a function of µ; (a) coarsely
resolved, µ = 0.5 (dashed), µ = 0.85 (dots), µ = 4.0 (solid), µ = 8.0 (dotdashed); (b) finely resolved in the neighborhood of µ = 8. In this case µ = 8.0
(dashed), µ = 8.05 (dot-dashed), µ = 8.08 (solid), µ = 8.09 (dots). All other
parameters remain fixed, as is the initial data. Curves have been truncated
and the time scale is expanded in (b).
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Figure 10: A case in which the dynamics of the switching change in stages.

4

Convection without Oscillations

Now we move on to altering the convective adjustment algorithm in order to
get rid of the oscillatory solutions. We do this by proposing that if one of
the boxes is convecting then it induces convection in the other box, even if it
has not passed the threshold required to convect with the bottom box. This
essentially gives two different possible convections; either both of the boxes
are convecting with the reservoir or neither of them are convecting with the
reservoir. This should cause the oscillatory solution to disappear because
while one box is convecting and exchanging properties with the other upper
box, having the other box convect ensures that the rapid changes due to convecting does not ”spill over” into the other box. To demonstrate, we return to
figure 8 and apply the new convective adjustment scheme to the parameters
that previously gave the oscillatory solution. The results of this are shown in
Figure 11. It is of interest to note that the steady state that results from the
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Figure 11: Previous conditions that resulted in oscillatory solutions now yield
a steady state solution with the new convective adjustment scheme.
new convective adjustment scheme is not located where the oscillatory solution was oscillating; it is an entirely different physical condition. A change in
the convective adjustment scheme can yield a completely different solution.
When this algorithm is applied to the case where the switching happens in
stages, this does not change the solution - it still occurs in stages. However,
since the system originally settled down into a steady state, this is of relatively little importance, since we are interested in the long term behavior of
the system, not in the initial transient behavior which is determined by the
initial conditions which are set by hand.
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5

Conclusions

Box models, starting with Stommel (1961)), have been used to gain insight
into the dynamics of complex geophysical flows and have even been used in
the study of such non-trivial and important problems as the thermohaline
circulation (see Thual and McWilliams (1992), Marotzke (1996)). The thermohaline circulation problem is buoyancy-driven flow that is known to have
an advective and a convective mechanical basis. The primitive equations,
which are the basis for many OGCM’s, is prone to develop an instability in
the density profile. There are several convective adjustment (CA) schemes
that are aimed at combating this instability. Many CA schemes effect a
quick columnar mixing or flushing. Marotzke (1991) investigated the role
of the convective adjustment scheme and found that it might play a role in
determining certain outcomes of models. Several researchers reported seeing
oscillations in the outcome of OGCM’s, particularly of coarsely-resolved runs,
which were thought to be an artifice of the CA scheme. (These oscillations, it
should be emphasized, had frequencies that corresponded to variability in the
ocean that could have been attributed to natural processes). Cessi (1996a,b),
and Cessi and Young (1996) obtained oscillations very reminiscent of those
found in the OGCM’s by timing the firing of a CA scheme applied to a chain
of salt oscillators, of the type described by Welander (1982).
In this study we take the next logical step in the analysis and determine
whether the equations for flow, buoyancy and tracer dynamics, coupled to
convective adjustments, develops spurious oscillations. It is sufficient to consider hemispheric flows for this purpose. Furthermore, we take the dynamics
at coarsest of scales, using a low-frequency/low-dimensional approximation
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of the full dynamics, namely box models. We examine separately and comprehensively three different configurations of 3-box models, each inspired by
flows that are known to occur in OGCM’s.
The resulting system of equations is analyzed thoroughly as a function
of parameters that determine atmospheric inputs, hydrological exchanges,
and the convective adjustment parameters. Our analysis charts the solutions
as steady state or otherwise not limiting ourselves to parameter ranges that
are physically relevant in this context. Among our findings, we show that
for such a model oscillations are solely due to the convective adjustment
algorithm. Moreover, we have tabulated the model outcomes in six distinct
model behaviors, achieving thus considerable reduction in the complexity of
the dynamics of the model. Another finding indicates that, while oscillations
are more pervasive in parameter regimes that are well beyond those reached
in the physical setting, it is certainly possible to find oscillating solutions in
the physically relevant parameter regime. More importantly, what a larger
parameter regime is capable of showing is far richer variety of dynamics. Not
all solutions are either steady or oscillating. It is possible to prepare the
system so that small perturbations can take the system from one state to
another without oscillations. This, however, does not indicate a dynamical
system topology that we have not explored, but rather, simple loss of stability,
a sensitivity that makes it crucial that numerical approximations be done
carefully.
It was also shown that these oscillatory solutions can be shown to disappear with a change of convective adjustment algorithm. If one forces both
boxes to convect as long as one of the boxes would convect naturally (even
if the other box would not convect), then these oscillations disappear and all
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solutions are steady state solutions.
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A

System Analysis. Fixed CA Case

We will now show that no steady state of the model given by (10) and (3),
with fixed values of ν1 and ν2 , can lose stability via a Hopf bifurcation. Suppose (x1 , y1 , x2 , y2 ) is a steady state of the model. To check its stability, we
would linearize the equations about this point; since the system has four
degrees of freedom, the eigenvalues are the roots of a fourth-degree polynomial. The signature of a Hopf bifurcation would be a pair of pure imaginary
eigenvalues, with the other two eigenvalues having negative real parts. As
some parameter is varied to the stable or unstable side of the bifurcation,
the two imaginary eigenvalues would acquire small negative or positive real
parts, while the real parts of the other two eigenvalues would remain negative. Thus on one side of the bifurcation value of the parameter the steady
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state would be linearly stable, while on the other side it would be unstable
against an oscillatory instability. In general we would then expect to have a
limit cycle when the steady state is unstable. We will show, however, that
this configuration of eigenvalues cannot occur for this model, and in fact we
will not need to assume that the point (x1 , y1 , x2 , y2 ) is a steady state.
Let the eigenvalues be denoted by σ; in general they are the roots of a
quartic equation with real coefficients,
σ 4 + aσ 3 + bσ 2 + cσ + d = 0.
We will give explicit expressions for the coefficients below, but first we will
determine general conditions which they must satisfy in order for a Hopf
bifurcation to occur. If this quartic has a pair of pure imaginary roots σ =
±iω, then we can factor it thusly:
σ 4 + aσ 3 + bσ 2 + cσ + d = (σ 2 + ω 2 )(σ 2 + pσ + q).
It is easy to show that in order for the other two roots to have negative real
parts, the real numbers p and q must be positive. By multiplying out the
polynomials on the right side and equating like powers of σ, we find
a = p,

b = q + ω2,

c = pω 2 ,

d = qω 2 .

Since p, q, and ω 2 must all be positive, we see that all four of the coefficients
a, b, c, and d must be positive. We may then solve the first three of these
equations to find p, q, and ω 2 :
p = a,

ω 2 = c/a,

q = b − (c/a).

From this we see that we must also have c < ab. Finally, we substitute these
expressions into the last equation d = qω 2 to get the last condition which the
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coefficients in the quartic must satisfy in order to have a Hopf bifurcation:
a2 d − abc + c2 = 0.
We will now show that the quartic from the model can never satisfy all these
conditions.
We linearize (10) and (3) about a general point (x1 , y1 , x2 , y2 ) to get a
Jacobian matrix, subtract σ times the identity matrix from it, and set the
determinant of the result to zero to obtain our quartic. The resulting expressions for the coefficients are rather cumbersome, but they can be written
more simply in terms of a pair of variables f and g given by
f = ±(y1 − x1 − y2 + x2 )/λ,

g = ±(y1 + x1 − y2 − x2 )/λ

where we choose the upper or lower sign in both expressions so as to make
f positive. We also write the exchange rates νi in the form
ν1 = ν̄ + ∆ν,

ν2 = ν̄ − ∆ν.

Note that since ν1 and ν2 are both positive, ∆ν must lie between −ν̄ and ν̄.
We then obtain
a = 2 + 4ν̄ + 6f,
b = 1 + 6ν̄ + 6ν̄ 2 − 2∆ν 2 + 9(1 + 2ν̄)f + 8f 2 + g,
c = (1 + 2ν̄)(2ν̄ + 2ν̄ 2 + 8f 2 + g) + 3(1 + 6ν̄ + 6ν̄ 2 )f − 2(1 + 2ν̄ + 3f )∆ν 2 ,
d = ν̄(1 + ν̄)[ν̄(1 + ν̄) + 3(1 + 2ν̄)f + 8f 2 + g] −
[1 + 2ν̄ + 2ν̄ 2 + 3(1 + 2ν̄)f − g]∆ν 2 + ∆ν 4 .
The argument from this point consists of showing that whenever the coefficient c is positive, the combination a2 d − abc + c2 is always negative, not zero
as it must be for a Hopf bifurcation to occur.
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Note that the coefficient c is a linear, increasing function of g. We then
write
g = g0 + ∆g,
where g0 is the value of g at which c vanishes. In order for c to be positive,
which is one of the conditions that must be satisfied for a Hopf bifurcation to
take place, ∆g must be positive. We now write the combination a2 d−abc+c2 ,
which must vanish at a Hopf bifurcation, in terms of ∆g. This combination
is quadratic in g and hence in ∆g; we find
a2 d − abc + c2 = a0 + a1 ∆g + a2 (∆g)2 ,
with
a2 = −4(1 + 2ν̄)(1 + 2ν̄ + 6f ),
a1 = −4(1 + 2ν̄ + 3f )[(1 + 2ν̄)(1 + 2ν̄ + 2ν̄ 2 − 2∆ν 2 ) + 6(1 + 2ν̄ + 2ν̄ 2 )f ],
a0 = −

4(1 + 2ν̄ + 3f )2 2
{ν̄ (1 + ν̄)2 (1 + 2ν̄ + 6f ) +
1 + 2ν̄
(1 + 2ν̄)[1 + 2ν̄ + 2ν̄ 2 + 6(1 + 2ν̄)f + 8f 2 ]∆ν 2 − 3(1 + 2ν̄ + 2f )∆ν 4 }.

Clearly a2 and a1 are negative. The sign of a0 is not quite as obvious, but
a0 is a quadratic function of ∆ν 2 , which ranges only from zero to ν̄ 2 . It is
negative and decreasing for small values of ∆ν; the only question is whether
the ∆ν 4 term grows large enough to turn it positive. But at the largest
possible value, ∆ν 2 = ν̄ 2 , we find
a0 = −8ν̄ 2 (1 + 2ν̄ + 3f )2 [1 + 2ν̄ + 6(1 + ν̄)f + 4f 2 ].
So a0 is negative for all allowable values of ∆ν. This shows that a2 d−abc+c2 is
negative whenever c is positive. But a Hopf bifurcation requires it to vanish,
so we have shown that a Hopf bifurcation cannot occur in this model.
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B

Numerical Issues

The dynamical equations were numerically approximated using a trapezoidal
rule (Iserles (1996)). The extra work required in implementing this implicit
method pays off, since explicit methods will not approximate the solution
correctly. Rather than using analytical means, convergence may be evidenced
by Figure 12, which compares the convergence of the sup-norm of the error
of the trapezoidal rule against the explicit Runge-Kutta of order 4. This
graph was constructed by first calculating an approximate solution to the
system using a grid of 256 points using each of the methods, then comparing
the absolute difference between this solution and approximations with fewer
discretization points. The test was carried out over a time of 0.5, the density
in box 1 was used in the measurements. The parameters were ν = 1, ϑ =
−0.1, δ = 0.1, λ = 1.0, α = 1.0, and µ = 0.1.
A comparison of the dynamics predicted by the two methods is shown
in Figure 13. In this case the parameters were ν = 1, ϑ = −0.1, δ = 0.1,
λ = 1.0, α = 0.1, and µ = 4.5. The number of time steps was 1000. The
explicit method will not track the oscillations in the model.Clearly, proper
choice of the numerical scheme is crucial.
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Figure 12: Absolute error as a function of the number of grid points. Explicit
Runge-Kutta order 4 (dashed), Trapezoidal Rule (solid).

Figure 13: Comparison of the approximate solution, computed using an explicit Runge-Kutta order 4 (dashed), and a Trapezoidal Rule (solid).
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