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1 Algebraic Structure and Syzygies

2 Normal Form Revisited

The homological equation DxF (x)L∗
0x − L∗

0F (x) = 0 (where Dx is the dif-
ferential operator with respect to x) fully characterizes the normal form

F (x) =







F0
...

Fn(x)






. Thus, the homological operator

Hx = (L∗
0x) ·Dx (1)

is an essential ingredient in computation of normal forms.
The equation

Hxf(x) = 0 (2)

is a first order PDE that can be solved using the method of characteristics. In
particular, we can obtain n− 1 functionally independent first integrals such
that any solution f(x) can be written in terms of these n− 1 first integrals.
However, our goal is a bit different. We seek f(x) that is polynomial in x.

The fact that we only consider f(x) that is polynomial, also justifies
a few technicalities in the employ of method of characteristic system. In
computation of normal form, often time, the operator Hx becomes singular
at certain x. For instance, suppose Hx = x1

∂
∂x2

, the operator becomes
singular when x1 = 0. This singular set (i.e. the set of x such that Hx = 0)
is of measure zero. In fact, the complement of this singular set is dense.
Since f is a polynomial, f is obviously continuous in this complement set. If
we obtain a representation for polynomial solutions f(x) on the complement
of this singular set, we can extend it to the singular set.
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The question we wish to explore is, how do we represent f(x) in terms
of a set of functionally independent first integrals of equation (2)? Can
we always obtain a polynomial representation for f in terms of these first
integrals? In general, the answer to the latter question is negative. In fact,
as suggested in ([4]), in general, f is rational in the new variables defined
by those chosen first integrals.

Example 1.

L0 =









0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0









x =









x1

x2

x3

x4









.

Then

Hxf(x) =

(

x1
∂

∂x2
+ x2

∂

∂x3
+ x3

∂

∂x4

)

f(x) = 0.

The 3 independent first integrals can be chosen to be u1 = x1, u2 = x2
2 −

2x1x3, u3 = x3
2 + 3x2

1x4 − 3x1x2x3. Then, f can be expressed as

f(x) =
P (u1, u2, u3)

ua
1

where P is polynomial in its variable.
Consider

ua
1f(x) = P (u1, u2, u3).

When u1 → 0, we must have P (0, u2, u3) = 0. If u2, u3 remain functionally
independent, then P (0, u2, u3) = 0 for all possible u2, u3 implies u1 is a
factor of P . Hence, f can be written as

f(x) =
P̃ (u1, u2, u3)

ua−1
1

.

Doing this inductively will prove that f is actually polynomial in all u1, u2, u3.
However, in this case, u2 = x2

2, u3 = x3
2 when u1 = x1 → 0. In other

words, u2, u3 are not functionally independent. In fact, u3
2−u2

3 = 0. Hence,
we cannot conclude that u1 is a factor of P from the equation P (0, u2, u3) =
0. It is possible that u3

2 − u2
3 is a factor for P instead. Therefore, we shall

continue to regard f as rational in u’s.
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We shall refer to the new variables defined by first integrals of equation
(2) as characteristic variables. The rationality of f in terms of the character-
istic variables, is a common phenomenon for sufficiently high codimension
normal forms. Because reversibility reduces the effective codimension, this
phenomenon arises even for codimension 2 cases.

Let U = {u1, u2, · · · , un−1} be the set of characteristic variables. In
many cases where f is rational in u’s, there exists at least a rational function
in a subset of U of the form

us =
Ps(ui1 , ui2 , · · · , uik)

uα1

d1
uα2

d2
· · · uαr

dr

, (3)

where {udj
} ⊂ {uij} ⊂ U , such that us is polynomial in x and Ps vanishes as

some of the udj
→ 0, and the numerator and denominator have no common

factor. We say that the set {ui1 , · · · , uik} is rationally dependent. Note
that us solves equation (2). The inclusion of us into the set of characteristic
variables would allow f to be expressed as a polynomial in terms of this
new set of variables. The inclusion of us introduces a syzygy in the set of
characteristic variables. In general, there may be more than one such us

and therefore more than one syzygy.

Definition 1. A syzygy of a set of linearly independent variables {w1, w2, · · · , wn}
is a polynomial relation among the variables such that no wi can be written
as a polynomial in the rest of the variables.

Example 2. For the case of 4 zeros, we have

us =
u2

3 − u3
2

u2
1

= −3x2
2x

2
3 + 8x1x

3
3 + 6x3

2x4 − 18x1x2x3x4 + 9x2
1x

2
4.

This can be observed from the functional relation between u2 and u3 when
u1 → 0, as discussed in example (1).

One can easily check that us solves equation (2). Hence, a syzygy in this
case would be

u2
1us − u2

3 + u3
2 = 0.

The existence of syzygies implies that the polynomial representation for
f in terms of the characteristic variables cannot be unique. To obtain a
minimal representation for f , we need to mod out the ideal generated by
the syzygies. Suppose the syzygies are in the form

uα
j =uα−1

j P j
1 (ui1 , ui2 , · · · , uik) + uα−2

j P j
2 (ui1 , ui2 , · · · , uik) + · · ·+ P j

α(ui1 , ui2 , · · · , uik),

j 6= il ∀l = 1, 2, · · · , k, (4)
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where {uj , ui1 , · · · , uik} = U
⋃{us}, {us} is the set of rational functions of

u ∈ U as in equation (3) that yields the syzygies. Each P j is polynomial in
its variables. Then the “modding out” process is simply a division algorithm.
In other words

f(x) =
(

uα
j − uα−1

j P j
1 (ui1 , · · · , uik)− uα−2

j P j
2 (ui1 , · · · , uik)− · · · − P j

α(ui1 , · · · , uik)
)

Q(ui1 , · · · , uik) + uα−1
j R1(ui1 , · · · , uik) + uα−2

j R2(ui1 , · · · , uik) + · · ·
+R0(ui1 , · · · , uik)

=uα−1
j Rα−1(ui1 , · · · , uik) + uα−2

j Rα−2(ui1 , · · · , uik) + · · ·+R0(ui1 , · · · , uik)

(5)

where Q,R0, · · · , Rα−1 are polynomials in their variables and R0, · · · , Rα−1

are the remainder terms. The first term drops out because of the syzygy.

Example 3. Consider example (2) again. The syzygy is

u2
3 = u2

1us + u3
2.

We shall first show that f is indeed a polynomial in u1, u2, u3, us. By grouping
the even and odd parts of u3, we reexpress f from example (1) as

f(x) =
P1(u1, u2, u

2
3) + u3P2(u1, u2, u

2
3)

ua
1

=
P̃1(u1, u2, us) + u3P̃2(u1, u2, us)

ua
1

by replacing u2
3 by u2

1us − u3
2 given by the syzygy. To show that this division

yields a polynomial for f in terms of u’s, we use argument similar to that
outlined in example (1). First, we write

ua
1f(x) = P̃1(u1, u2, us) + u3P̃2(u1, u2, us). (6)

When u1 → 0, u2 = x2
2, u3 = x3

2, us = −3x2
2x

2
3 + 6x3

2x4. Note that u2 and
us remain functionally independent, while u3 = (

√
u2)

3. Equation (6) now
reads

P̃1(0, u2, us) + (
√
u2)

3P̃2(0, u2, us) = 0.

This implies P̃1(0, u2, us) = 0 and P̃2(0, u2, us) = 0. Since u2, us remain
functionally independent, P̃i(0, u2, us) = 0, i = 1, 2 implies u1 is an explicit
factor for P̃i. Hence, we can write

f(x) =
˜̃P1(u1, u2, us) + u3

˜̃P2(u1, u2, us)

ua−1
1

.
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Applying this argument inductively proves f as a polynomial in u1, u2, us

and at most linear in u3.
Now, suppose we know that f is polynomial in u1, u2, u3, us, we can divide

it by the expression in u given by the syzygy:

f(x) =Poly(u1, u2, u3, us)

=(u2
3 − u2

1us − u3
2)Q(u1, u2, u3, us) + u3R1(u1, u2, us) +R0(u1, u2, us)

where Q,R0, R1 are polynomials in their variables, R0, R1 are the remainder
terms. Since the syzygy gives u2

3 − u2
1us − u3

2 = 0, the first term drops out.
Hence,

f(x) = u3R1(u1, u2, us) +R0(u1, u2, us)

which is exactly the same form we obtain via direct computation in the pre-
vious paragraph.

When there are more than one syzygy, there is an ambiguity of ordering
in the division algorithm. For this, we need to turn to Groebner bases.
Groebner bases are a general purpose method for multivariate polynomial
computations. First, we need to specify a total order ≺ on monomials
xα1

1 xα2

2 · · · xαn
n ∈ k[x1, x2, · · · , xn] where k is the polynomial ring generated

by x1, · · · , xn over the field k. ≺ is a monomial order if for any m1,m2,m3,
1 � m1 and m1 � m2 ⇒ m1 ·m3 � m2 ·m3. For example, we can choose an
ordering on k[x1, x2, x3] such that 1 ≺ x1 ≺ x2

1 ≺ · · · ≺ x2 ≺ x2x1 ≺ x2x
2
1 ≺

· · · ≺ x3 ≺ x3x1 ≺ x3x
2
1 ≺ · · · .

There are several useful standard monomial orderings.

Definition 2. (Lexicographic Order)
Let α = (α1, α2, · · · , αn) and β = (β1, β2, · · · , βn) ∈ (Zn)+ . α �lex β if, in
the vector difference α−β ∈ Zn, the left-most nonzero entry is positive. We
say xα �lex x

β if α �lex β.

Example 4. Suppose α = (1, 2, 0) and β = (0, 3, 4). Then, α �lex β since
α− β = (1,−1,−4).

Definition 3. (Graded Lex Order)
Let α, β ∈ (Zn)+. Then, α �grlex β if

|α| =
n
∑

i=1

αi > |β| =
n
∑

i=1

βi, or |α| = |β| and α �lex β.

Example 5.
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1. Suppose α = (1, 2, 3) and β = (3, 2, 0). Then, α �grlex β since |(1, 2, 3)| =
6 > |(3, 2, 0)| = 5.

2. Suppose α = (1, 2, 4) and β = (1, 1, 5). Then, α �grlex β since |(1, 2, 4)| =
7 = |(1, 1, 5)| = 7 but α− β = (0, 1,−1), i.e. α �lex β.

Definition 4. (Graded Reverse Lex Order)
Let α, β ∈ (Zn)+. Then α � grevlexβ if

|α| =
n
∑

i=1

αi > |β| =
n
∑

i=1

βi, or |α| = |β|

and in α− β ∈ Zn, the right-most nonzero entry is negative.

Example 6.

1. Suppose α = (2, 5, 1) and β = (2, 3, 2). Then, α �grevlex β since |α| =
8 > |β| = 7.

2. Suppose α = (1, 5, 2) and β = (4, 1, 3). Then, |α| = 8 = |β| = 8 and
α− β = (−3, 4,−1). Hence, α �grevlex β.

Fixing an monomial order ≺ on k[x1, x2, · · · , xn], we denote the largest
monomial of a polynomial f ∈ k[x1, x2, · · · , xn] by init(f) – the initial
monomial of f . For an ideal I ⊂ k[x1, x2, · · · , xn], the innitial ideal is
the ideal generated by the initial monomials of all polynomials in I, i.e.
init(I) :=< {init(f) | f ∈ I} > . An ideal generated by monomials, e.g.
init(I) is call a monomial ideal. The monomials m 6∈ init(I) are said to be
standard.

Definition 5. A finite set G := {g1, g2, · · · , gs} of an ideal I is a Groebner
basis for I if init(I) =< {init(g1), init(g2), · · · , init(gs)} > . Moreover, G
is called reduced if init(gi) dose not divide any monomial occuring in gj for
j 6= i.

Many mathematical softwares, e.g. MAPLE, Mathematica have in-built
function to compute Groebner basis. Such programs take a finite set S ⊂
C[x] and output a reduced Groebner basis G for the ideal < S > using
Buchberger’s algorithm introduced in his 1965 Ph.D. thesis, written at the
University of Innsbruck (Tyrol, Austria) under the supervision of Wolfgang
Groebner [1, 3].

Groebner basis has many applications aside from dealing with the “or-
dering problem” in division algorithm. Nonetheless, we shall present a sim-
ple example to demonstrate the its application in multivariable division, i.e.
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to rewrite every polynomial modulo < S > as a C-linear combination of
standard monomials.

Example 7. First, we specify an ordering – a lexicographic ordering induced
by x ≺ y. That is, 1 ≺ x ≺ x2 ≺ · · · ≺ y ≺ yx ≺ yx2 ≺ · · · . Suppose we
want to divide the polynomial P = y4 + y3 by S = {y2 + x2 − 1, 3xy − 1}.
The Groebner basis for S is G = {y + 3x3 − 3x, 9x4 − 9x2 + 1}. Dividing
P by S is equivalent to dividing P by G, except G allows division by its
elements in arbitrary order while yielding a unique residue. Note that the
standard monomials for G is x3, x2, x, 1. Moding P by G leaves the residue
27x3 +9x2−24x−8 which is precisely C-linear combination of the standard
monomials.

In the cases where syzygies are in the form given by (4), then f can be
expressed in terms of u’s algebraicly and integrally. Unfortunately, syzygies
do not always emerge in such desirable form. It is therefore not obvious how
a division algorithm can be employed in these cases. To account for this
difficulty, we use ideas from classical invariant theory to obtain an alternate
derivation for normal forms.

In the next section (3), we reinterpret the above ideas in an algebraic
language. In the section (4), we provide a summary of ideas from classical
invariant theory. We then explain a connection of these ideas with the
computation of normal forms in section (5). And lastly, in section (6) we
show an alternate derivation of normal forms using the ideas from invariant
theory.

3 Ring of Polynomial Invariants and Syzygy Ideals

The set of S = {u = P (x) |Hxu = 0, P is a polynomial in its variables}
forms a ring. That is to say if u1, u2 ∈ S, so are u1 +u2 and u1 ·u2. The fact
that S is a ring follows immediately from linearity of Hx and product rule of
differential operators. Since u is an invariant for equation (2) by definition,
we shall refer to S as a ring of polynomial invariants.

Let k[u1, u2, · · · ], ui ∈ S ∀i, be the polynomial ring generated by the
u’s over field k. k can be R,C,Q,Z etc. depending on context. Clearly, S ⊂
k[u1, u2, · · · ]. It is also obvious that k[u1, u2, · · · ] ⊂ S since every polynomial
in u1, u2, · · · is a polynomial in x and solves equation (2). Hence, S =
P [u1, u2, · · · ].

The first question is, does k[u1, u2, · · · ] have a finite basis? This question
can be answered positively using Hilbert’s Finite Basis theorem [6, 2]. We
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shall investigate this question in the section (5). Suppose ũ1, ũ2, · · · ũm is
a finite basis, i.e. no ũi can be written as a polynomial in the rest of the
ũj , j 6= i, and this set generates the ring k[u1, u2, · · · ]. Dropping the tildes,
let k[u1, · · · , um] be the ring of polynomial generated by u1, · · · , um over k.
Then, there is a natural ring homomorphism φ : k[u1, u2, · · · , um]→ S given
by the substitution of u’s in terms of x’s. Hence, every polynomial solution
to equation (2) is uniquely representable in k[u1, u2, · · · , um]/{ker(φ)}.

ker(φ) = {Poly(u1, u2, · · · , um) |φ(Poly(u1, · · · um)) = 0}. Hence, ev-
ery element in ker(φ) yields a syzygy. Also, for any p ∈ ker(φ) and q ∈
k[u1, u2, · · · , um], clearly φ(pq) = 0 since φ(pq) = φ(p)φ(q) and φ(p) = 0.
Hence, ker(φ) forms an ideal. We shall refer to it as the syzygy ideal.

The question we are trying to answer is therefore rephrased into finding
the general representation for k[u1, u2, · · · , um]/{ker(φ)}.

4 Classical Invariant Theory

Before we use the ideas from classical invariant theory to investigate the
representation of k[u1, u2, · · · , um]/{ker(φ)}, we shall first equip ourselves
with the basic theory of algebraic invariants. We shall present a summary
of ideas that are relevent to us. For a more complete exposition, one shall
refer to [6, 11].

In this section, the notation used is local to discussion of Classical In-
variant Theory. It is not carried from, or over to, problems of reversible
normal forms or elliptical instability.

Definition 6. An m-ary, n form is a homogeneous polynomial of order n
in m variables. We denote such a form by F (n)(x1, x2, · · · , xm).

Of particular interest to us is the binary n form

F = F (n)(x1, x2) = a0x
n
1 +

(

n

1

)

a1x
n−1
1 x2 +

(

n

2

)

a2x
n−2
1 x2

2 + · · ·+anx
n
2 . (7)

We shall henceforth focus our discussion on binary forms.
A linear transformation

x1 =α11x
′
1 + α12x

′
2

x2 =α21x
′
1 + α22x

′
2

produces a transformed binary n form F ′(x′1, x
′
2). Note that the transformed

form has the same order as the original form.
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An immediate task is to describe common property for all these forms
that are “equivalent” under linear transformations. This leads us to examine
invariants and covariants of the form F .
Definition 7. Let δ = α11α22 − α12α21 be the determinant of the linear
transformation. An invariant of the base form F is a polynomial I defined
by

I(a′0, a′1, · · · , a′n) = δpI(a0, a1, · · · , an) (8)

where p ∈ Z, a0, · · · , an are the coefficients of F and a′0, · · · , a′n are the
coefficients of F ′.

Definition 8. A covariant of the base form F is a polynomial C defined by

C(a′0, a′1, · · · , a′n;x′1, x
′
2) = δpC(a0, a1, · · · , an;x1, x2) (9)

where δ is the determinant of the linear transformation, p ∈ Z, a0, a1, · · · , an

and x1, x2 are respectively the coefficients and the variables of F , and,
a′0, a

′
1, · · · , a′n and x′1, x

′
2 are respectively the coefficients and variables of F ′.

The power of the coefficients a0, a1, · · · , an is called the degree of the
invariant while the power of the variables x1, x2 is the order of the invariant
or covariant. Thus, invariants are also covariants of order 0. Invariants
and covariants together form the invariant system and their characterizing
property is called the invariant property.

4.1 Invariant Property

To obtain the invariant property, we need to understand the behavior of
invariants and covariants under linear transformation. First, it can be shown
that every linear transformation of binary forms can be composed of the
following three types of linear transformations:

x1 =κx′1,

x2 =λx′2. (10)

x1 =x′1 + µx′2,

x2 =x′2. (11)

x1 =x′1

x2 =νx′1 + x′2 (12)

Applying the first type of transformation (10) to the binary form (7),
the coefficients are tranformed into

a′i = aiκ
n−iλi

9



The transformation determinant here is δ = κλ.
An invariant of form (7) I(a0, a1, · · · , an) =

∑

Zν0ν1···νna
ν0

0 a
ν1

1 · · · aνn
n

becomes

I(a′0, a′1, · · · , a′n) =
∑

(

Zν0ν1···νna
ν0

0 a
ν1

1 · · · aνn
n κ(nν0+(n−1)ν1+···+(n−i)νi+···νn−1)

λ(ν1+···+iνi+···+nνn)
)

=κpλp
∑

Zν0ν1···νna
ν0

0 a
ν1

1 · · · aνn
n

since this should equals δpI(a0, a1, · · · , an)

This yields the identities

nν0 + (n− 1)ν1 + · · · + (n− i)νi + · · · νn−1 =p

ν1 + · · · + iνi + · · ·+ nνn =p

Adding these, we obtain

n(ν0 + ν1 + · · ·+ νn) = 2p.

We define the degree as g = ν0 +ν1+ · · ·+νn and weight ν1 +2ν2 + · · ·+nνn.
Then, we have

ν1 + 2ν2 + · · ·+ nνn =p

ng =2p

We summarize the result above in the following theorem:

Theorem 1. Every invariant of a binary form is homogeneous in the coef-
ficients, and each term has degree

g =
2p

n

where p is the exponent of the transformation determinant δ, by which I
changes under substitution of the transformed coefficients a′0, · · · , a′n. Also,
all terms are isobaric, i.e. have the same weight, that equals p.

We can use the exact same idea to deduce analogous property for co-
variants. Note, however, that there is no loss of generality to assume
that covariants are homogeneous in variables x1, x2. If the covariants are
not homogeneous in x1, x2, the defining property C(a′0, · · · , a′n;x′1, x

′
2) =

δpC(a0, · · · , an;x1, x2) still has to hold for each homogeneous part.
The analogous property for covariant is summarized below:
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Theorem 2. Suppose covariant of a binary form is

C = C0x
m
1 +

(

n

1

)

C1x
m−1
1 x2 + · · ·+ Cmx

m
2 .

Then all terms of C0, · · · , Cm have the same degree g and weights p, p +
1, · · · , p + m respectively. The weight of C0 is the weight of the covariant
and it determines the power of transformation determinant δ by which the
covariant changes under the transformation. The order of covariant is

m = ng − 2p.

Applying the second type of linear transformation (11) to a binary form
(7) changes the coefficients by

a′i = ai +

(

i

1

)

µai−1 +

(

i

2

)

µ2ai−2 + · · ·+ µia0.

The transformation determinant is δ = 1.
An invariant has to satisfy the equation I(a′0, · · · , a′n) = I(a0, · · · , an)

for all µ. Differentiating both sides with respect to µ, we obtain

∂I(a′)
∂a′0

da′0
dµ

+
∂I(a′)
∂a′1

da′1
dµ

+ · · · ∂I(a
′)

∂a′n

da′n
dµ

= 0.

But, we also have
da′

i

dµ
= ia′i−1. The above differential equation becomes

∂I(a′)
∂a′0

· 0 +
∂I(a′)
∂a′1

· a′0 + · · · ∂I(a
′)

∂a′n
· na′n−1 = 0.

However, I(a′) depends on a′ in exactly the same way as I(a) deepens on
a. We can therefore remove the “primes” in the above differential equation
and arrive at the following theorem:

Theorem 3. An invariant of a binary form satisfies the differential equation

DI := a0
∂I
∂a1

+ 2a1
∂I
∂a2

+ · · ·+ nan−1
∂I
∂an

= 0. (13)

A similar analysis for covariant yields the following

Theorem 4. Every covariant C of a binary form satisfies the differential
equation

DC = x2
∂C
∂x1

. (14)

That is to say DCi = iCi−1. In particular, the source of the covariant satis-
fies

DC0 = 0 (15)
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The third type of transformation (12) with determinant δ = 1 when
applied to a binary form (7), transforms the coefficients into

a′i = ai +

(

n− i
1

)

ai+1ν +

(

n− i
2

)

ai+2ν
2 + · · ·+ anν

n−i.

An invariant I has to satisfy the equation I(a′0, · · · , a′n) = I(a0, · · · , an)
for all ν. Hence, differentiating both sides with respect to ν gives

∂I(a′)
∂a′0

da′0
dν

+
∂I(a′)
∂a′1

da′1
dν

+ · · ·+ ∂I(a′)
∂a′n

da′n
dν

= 0.

We also know that
da′

i

dν
= (n−i)a′i+1. The above differential equation becomes

na′1
∂I(a′)
∂a′0

+ (n− 1)a′2
∂I(a′)
∂a′1

+ · · ·+ a′n
∂I(a′)
∂a′n

= 0.

Again, I(a′) depends on a′ in the same way as I(a) depends on a. We can
remove the primes from the above differential equation:

Theorem 5. Every invariant of a binary form satisfies the differential equa-
tion

∆I := na′1
∂I(a′)
∂a′0

+ (n − 1)a′2
∂I(a′)
∂a′1

+ · · · + a′n
∂I(a′)
∂a′n

= 0. (16)

Similar analysis for covariants gives the following

Theorem 6. Every covariant of a binary form satisfies the differential equa-
tion

∆C = x1
∂C
∂x2

. (17)

For invariants, each of the theorems 1, 3 and 5, has a converse. The
three converses together form sufficient conditions that characterize invari-
ants for a binary form. However, one might ask whether these conditions
are necessary. In fact, the converse of theorem 5 follows from the converses
of theorems 1 and 3. Hence, the necessary and sufficient conditions to char-
acterize invariants are as follows

Theorem 7. Every homogeneous isobaric function I of the coefficients
a0, a1, · · · , an of degree g and weight p, where ng = 2p, is an invariant
for a binary form if I satisfies the differential equation DI = 0.

12



In other words, the condition ∆I = 0 is redundant if the conditions in
the above theorem (7) hold.

We ask the same question for covariants. Analogously, theorems 2, 4 and
6 have converses that form sufficient conditions to characterize covariants
for binary form. The corresponding necessary conditions are summarized
below:

Theorem 8. The function

C = C0x
m
1 +

(

m

1

)

C1x
m−1
1 x2 +

(

m

2

)

C2x
m−2
1 x2

2 + · · ·+ Cmx
m
2

is a covariant of a binary form if and only if C0 is a homogeneous isobaric
function in the coefficients a, of degree g and weight p, such that m = ng−2p,
and satisfies the differential equation

DC0 = 0.

Also, C1, C2, · · · , Cm are derived from C0 via the formula

Ci =
1

m(m− 1)(m− 2) · · · (m− i+ 1)
∆iC0.

4.2 Simultaneous Invariants and Covariants.

Consider a system of simultaneous binary forms of orders n,m, · · · .

F1 =a0x
n
1 +

(

n

1

)

a1x
n−1
1 x2 + · · ·+ anx

n
2

F2 =b0x
m
1 +

(

m

1

)

b1x
m−1
1 x2 + · · ·+ bmx

m
2

... (18)

We apply the same linear transformation to both of them

x1 =α11x
′
1 + α12x

′
2

x2 =α21x
′
1 + α22x

′
2

where the determinant is δ = α11α22 − α12α21. This transformation yiels a
corresponding system of simultaneous transformed forms. We ask the same
question: what kind of functionchanges only by some power of δ under the
transformation? We define simultaneous invariant and covariant as

13



Definition 9. A simultaneous invariant of the system of forms (18) is a
homogeneous polynomial I of the coefficients a, b, · · · that satisfies the con-
dition

I(a′0, a′1, · · · , a′n; b′0, b
′
1, · · · , b′m; · · · ) = δpI(a0, a1, · · · , an; b0, b1, · · · bm; · · · )

(19)
where p is the weight of the invariant.

Definition 10. A simultaneous covariant of the forms (18) is a polyno-
mial C homogeneous in coefficients a, b, · · · and homogeneous in variables x,
satisfying the condition

C(a′0, a′1, · · · , a′n; b′0, b
′
1, · · · , b′m; · · · ;x′1, x′2) = δpC(a0, a1, · · · , an; b0, b1, · · · bm; · · · ;x1, x2)

(20)
where p is the weight of the covariant.

By decomposing linear transformation into the three basic type of linear
transformations (10), (11) and (12, and applying each transformation to the
system of forms (18), we can arrive at the invariant property as before.

Define

Da =a0
∂

∂a1
+ 2a1

∂

∂a2
+ · · ·+ nan−1

∂

∂an

Db =b0
∂

∂b1
+ 2b1

∂

∂b2
+ · · ·+mbm−1

∂

∂bm
...

D =Da + Db + · · ·

∆a =na1
∂

∂a0
+ (n− 1)a2

∂

∂a1
+ · · ·+ an

∂

∂an−1

∆b =mb1
∂

∂b0
+ (m− 1)b2

∂

∂b1
+ · · · + bm

∂

∂bm−1

...

∆ =∆a + ∆b + · · ·

We summarize the neccessary and sufficient conditions

Theorem 9. Suppose C0 is a homogeneous polynomial in coefficients ai of
base form F1 of degree n, coefficients bi of base form F2 of degree m, etc.;
is isobaric in all coefficient sequences, of total weight p; and satisfies

DC0 = 0.

14



Then, there is a unique covariant with source C0, i.e.

C = C0x
M
1 +

1

1!
∆C0x

M−1
1 x2 +

1

2!
∆2C0x

M−2
1 x2

2 + · · · + 1

M !
∆MC0x

M
2 .

This simultaneous covariant of forms F1,F2, · · · is of degree r in ai, of de-
gree s in bi, · · · , is homogeneous, and has weight p and order M = nr +
ms+ · · · − 2p.
When M = 0, these conditions are sufficient and necessary for a simultane-
ous invariant.

Covariants and invariants are very intimately connected. In fact, the
following theorem discusses this connection:

Theorem 10. A covariant of a system of forms that is homogeneous in
x1, x2 and of weight p and order M can be transformed into a simultaneous
invariant of weight p+M of those base forms together with the linear form
b0x1 + b1x2, if x1 is replaced by −b1 and x2 by b0.

To see this, consider the linear transformation again:

x1 =α11x
′
1 + α12x

′
2,

x2 =α21x
′
1 + α22x

′
2;

Inverting these variables gives

δx′1 =α22x1 − α12x2,

δx′2 =− α21x1 + α11x2. (21)

The linear form is then transformed into

b′0x
′
1 + b′1x

′
2 =b0x1 + b1x2

=b0(α11x
′
1 + α12x

′
2) + b1(α21x

′
1 + α22x

′
2)

=(b0α11 + b1α21)x
′
1 + (b0α12 + b1α22)x

′
2

⇒ b′0 =b0α11 + b1α21,

b′1 =b0α12 + b1α22.

Solving for b0, b1, we get

−b1 =
1

δ
(−α11b

′
1 + α12b

′
0)

b0 =
1

δ
(−α21b

′
1 + α22b

′
0) (22)
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Hence, modulo factor 1
δ
, equations (21) and (22) show that x1, x2 can be

expressed in terms of x′1, x
′
2 in the same way as −b1, b0 can be expressed in

terms of −b′1, b′0.
Now, for a covariant C,

C(· · · ;x′1, x′2) = δpC(· · · ;x1, x2).

Substituting −b1 for x1, b0 for x2, − b′
1

δ
for x′1 and

b′
0

δ
for x′2, we get

C
(

· · · ;−b
′
1

δ
,
b′0
δ

)

=δpC(· · · ;−b1, b0),

1

δM
C(· · · ;−b′1b′0) =δpC(· · · ;−b1, b0)

C(· · · ;−b′1, b′0) =δp+MC(· · · ;−b1, b0)

since C is homogeneous in the variables with order M .
This is consistent with the differential operators D and ∆. C is a covariant

with coefficients a and variables x1, x2 implies DaC = x2
∂C
∂x1

. Substituting

x1 by −b1 and x2 by b0, we have DaC + b0
∂C
∂b1

= 0 ⇒ DC = 0, which is a
defining property for invariant. The idea for ∆ is similar.

Hence, when the number of base forms are not specified, we only need
to consider invariants.

4.3 Generating Invariants and Covariants

We shall discuss two general methods of generating invariants and covariants
– the p-th transvection and the Ω process.

4.3.1 The p-th Transvection

Let f be a base form of order n and g be another base form of order m,
n ≥ m. There there is one and only one simultaneous covariant of f and g
that is homogeneous and linear in the coefficients of both forms, with weight
p ≤ m, i.e.

(f, g)p = C =

(

p
∑

i=0

(−1)iaibp−i

(

p

i

)

)

xn+m−2p
1 + · · · , p ≤ m. (23)

This is the p-th transvection of f over g.
Note that the p-th transvection of g over f can differ from that of f over

g at most by a sign.
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Example 8. The first transvection of f over g

(f, g)1 = (a0b1 − a1b0)x
n+m−2
1 + · · ·

is called the functional determinant or Jacobian covariant of the two forms.
It can be written as

∣

∣

∣

∣

∣

∂f
∂x1

∂f
∂x2

∂g
∂x1

∂g
∂x2

∣

∣

∣

∣

∣

up to a constant factor.

The transvection process is a fundamental process to construct covari-
ants. For a system of base forms, if we form all possible transvections and
transvections of transvections and base forms, and continues in this fashion,
then we obtain all existing covariants [5].

More importantly, we have the following result:

Theorem 11. Every simultaneous covariant C of base forms f and g of
orders n and m respectively, m ≤ n, can be expressed as

C =
Poly(f, f2, · · · , fn, g, s1, s2, · · · , sm)

fN
(24)

where N ∈ Z+.

fi =

{

1
2(f, f)i if i is even,

(fi−1, f)1 if i is odd.
and si = (f, g)i.

4.3.2 The Ω Process

The Ω process is due to Cayley. Aside from generating covariants, it is an
important ingredient in the proof of Hilbert’s Finite Basis Theorem which
we shall discuss next.

Given a system of binary forms

F1 =a0x
n
1 +

(

n

1

)

a1x
n−1
1 x2 + · · ·+ anx

n
2

F2 =b0x
m
1 +

(

m

1

)

b1x
m−1
1 x2 + · · ·+ bmx

m
2

...
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A linear transformation with determinant δ = α11α22 − α12α21

x1 =α11x
′
1 + α12x

′
2

x2 =α21x
′
1 + α22x

′
2

yields a system of transformed forms

F ′
1 =a′0x

′n
1 +

(

n

1

)

a′1x
′n−1
1 x′2 + · · · + a′nx

′n
2

F ′
2 =b′0x

′m
1 +

(

m

1

)

b′1x
′m−1
1 x′2 + · · ·+ b′mx

′m
2

...

Definition 11. We define the Ω operator to be

Ω =

∣

∣

∣

∣

∣

∂
∂α11

∂
∂α12

∂
∂α21

∂
∂α22

∣

∣

∣

∣

∣

=
∂2

∂α11∂α22
− ∂2

∂α12∂α21
(25)

The following theorem describes the Ω process:

Theorem 12. Let f(a′, b′, · · · ) be any polynomial functin of the transformed
coefficients a′, b′, · · · . If the operator Ω is applied p times to δγf(a′, b′, · · · )
until Ωp (δγf(a′, b′, · · · )) does nto contain α11, α12, α21, α22 anymore, then
we obtain an invariant

I(a, b, · · · ) = Ωp
(

δγf(a′, b′, · · · )
)

of weight p− γ.

This theorem has the following converse:

Theorem 13. For every invariant I, there exists a function f such that,
for suitable γ and p, the equation

I(a, b, · · · ) = Ωp
(

δγf(a′, b′, · · · )
)

holds.

In fact, f = C · I with the constant C = 1
Ωpδp and Ωpδp = (p+ 1)p! 6= 0.
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4.4 Hilbert’s Finite Basis Theorem

First, we shall quote Hilbert’s Finite Basis Theorem for ideals:

Theorem 14. Let f1, f2, · · · be an infinite sequence of forms in n vari-
ables x1, x2, · · · , xn. Then there exist m ∈ N such that every from f in the
sequence can be expressed as

f = A1f1 +A2f2 + · · ·+Amfm,

where A1, A2, · · · , Am are suitable forms of the same n variables. In other
words, every homogeneous polynomial ideal has a finite basis.

There is a finite basis theorem for ring of invariants that follows from
Hilber’t theorem and the Ω process.

We start with a binary form of order n

F(x1, x2) = a0x
n
1 +

(

n

1

)

a1x
n−1
1 x2 + · · ·+ anx

n
2 .

The invariants are forms in the n+1 variables a0, a1, · · · , an. For a given de-
greee, the number of invariants is finite. Hence, we can order the invariants,
e.g. the ordering in division algorithms: ag

0; a
g−1
0 a1, a

g−1
0 a2, · · · , a0g − 1an; ag−2

0 a2
1, a

g−2
0 a1a2, · · · .

Suppose, the sequence of invariants is

i1, i2, i3, · · ·

By Hilbert’s Finite Basis Theorem (14), there exists m ∈ N such that any
invariant i in the sequence can be written as

i = A1i1 +A2i2 + · · ·+Amim

where A1, · · ·Am are forms in the a. Now, under any linear transformation,
we have

i(a′) = A1(a
′) · i1(a′) +A2(a

′) · i2(a′) + · · ·+Am(a′) · im(a′) (26)

where a′ are the transformed coefficients of the binary form. Since i, i1, i2, · · · , im
are invariants with weights γ, γ1, γ2, · · · , γm, equation (26) becomes

δγi(a) = A1(a
′) · δγ1 i1(a) +A2(a

′) · δγ2 i2(a) + · · ·+Am(a′) · δγm im(a). (27)

Applying the operator Ω γ times to both sides, we arrive at

i(a)Ωγδγ = i1(a)Ω
γ
(

δγ1A1(a
′)
)

+ · · · + im(a)Ωγ
(

δγmAm(a′)
)

. (28)
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Since ij(a
′) = δγj ij(a), δ

γj contains α11, α12, α21, α22 to the same degree as
ij(a

′). Hence, Aj(a
′) ·δγj contains the α’s to the same degree as ij(a

′)Aj(a
′),

which in turn is the same degree α’s appear in i(a′), i.e. γ. Hence, applying
Ω γ times will exactly eliminate the α’s. Theorem (12) implies that each
Ωγ (δγjAj(a

′)) is an invariant.

i(a) = I1(a) · i1(a) + I2(a) · i2(a) + · · · + Im(a)im(a). (29)

Since i1(a), i2(a), · · · , im(a) are of degree at least one, I1,I2, · · · ,Im must
be lower degree than i(a). We repeat this whole process for each Ij as we did
for i(a) until the degree of the invariants I is smaler than that of im. Hence,
these I ∈ {i1, · · · , im}. This proves that every invariant is a polynomial
function of the invariants i1, i2, · · · , im. We summarize this result as follows:

Theorem 15. The invariant ring, i.e. the linear span of all invariants
that are homogeneous polynomials, for every binary form has a finite basis.
In particular, every invariant of the form is a polynomial function of the
invariants in the basis.

This theorem can be extended to system of base forms.

Theorem 16. For any system of binary forms subject to linear transfor-
mation of x1, x2, the invariant ring has a finite basis. In particular, every
simultaneous invariant can be written as a polynomial function of the in-
variants in the basis.

This also implies the existence of finite basis for covariants since covari-
ants are equivalent to simultaneous invariants of the same system of base
forms plus a linear form.

4.5 Hilbert Series

Definition 12. A ring R over a field k is (multi)graded if R can be written
as a direct sum

R =
⊕

g∈(Z+)n

Rg

where each Rg is a k-vector space and

Rg1
·Rg2

⊂ Rg1+g2
.

The elements of Rg are called homogeneous of (multi)degree g. [10, 8]
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Example 9. The multi-graded ring of interest to us is the ring of poly-
nomials k[a,b, · · · ,w], a = a0, a1, · · · , an1

, b = b0, b1, · · · , bn2
, · · · , w =

w0, w1, · · · , wnk
. The multidegree consists of degrees of the homogeneous

polynomials in a,b, · · · ,w and the weight of the isobaric polynomials. That
is, if

f = Caα0

0 aα1

1 · · · a
αn1
n1
· · ·wγ0

0 · · ·w
γnk
nk

,

then

degree(f) :=g = (α0 + α1 + · · ·+ αn1
, · · · , γ0 + γ1 + · · ·+ γnk

)

weight(f) :=p = (α1 + 2α2 + 3α3 + · · · + n1αn1
) + · · ·+ (γ1 + 2γ2 + · · ·+ nkγnk

).

Hence, k[a,b, · · · ,w] is a graded (g, p) ring.

We introduce the Hilbert series (or Poincare series) for graded rings:

Definition 13. The Hilbert series is

H(R, z) =

∞
∑

gk=0

∞
∑

gk−1=0

· · ·
∞
∑

g1=0

(

dim(Rg)zg1

1 · · · z
gk

k

)

(30)

where z = (z1, z2, · · · , zk) and dim(Rg) is the number of linearly inde-
pendent invariants of degree gi in the coefficients of the i-th form, for all
i = 1, 2, · · · , k.

Let’s first consider a useful and simple example of Hilbert series. We
shall state it as a lemma.

Lemma 1. Suppose u1, u2, · · · , um are algebraically independent elements of
polynomial ring k[x], that are homogeneous of degrees g1,g2, · · · ,gm respec-
tively. Then, the Hilbert series of the graded subring R := k[u1, u2, · · · , um]
is

H(R, z) =
∑

g

dim(Rg)zg =
1

(1− zg1)(1 − zg2) · · · (1− zgm)
(31)

Proof. Since uj are algebraically independent, the set

{ui1
1 u

i2
2 · · · uim

m | i1, i2, · · · , im ∈ N,
∑

j

ijgj = g}

is a basis for the vector space Rg.
Let

Ag := {(i1, i2, · · · , im) ∈ Nm |
∑

j

ijgj = g}
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Then, dim(Rg) = dim(Ag).
Consider the expansion

1

(1− zg1)(1− zg2) · · · (1− zgm)
=

(

∞
∑

i1=0

zi1g1

)(

∞
∑

i2=0

zi2g2

)

· · ·
(

∞
∑

im=0

zimgm

)

=
∑

g

∑

(i1,··· ,im)∈Ag

zg

=
∑

g

dim(Ag)zg

To find the Hilbert series, we will need to know dim(Rg) for any set of
degree g. But first, let V g,p denote all homogeneous polynomials in a,b, · · ·
of weight p and degrees g1 in a, g2 in b, · · · Hence, if I is an invariant with
I ∈ V g,p, then n · g = n1g1 +n2g2 + · · ·+nkgk = 2p and DI = 0. Note that

D : V g,p → V g,p−1

and

dim(Rg) =dim
(

ker
(

D
(

V g,
n·g

2

)))

=dim
(

V g,
n·g

2

)

− dim
(

Image
(

D
(

V g,
n·g

2

)))

We shall first prove the following proposition that we will need later.
The version for polynomials of one variable is described in [6].

Proposition 1.

Image(D(V g,p)) = V g,p−1 (32)

if 2p = n · g.

Proof. Image(D(V g,p)) ⊆ V g,p−1 is obvious. Also, ∆ : V g,p−1 → V g,p.
Hence, Image(D ◦∆(V g,p)) ⊆ Image(D(V g,p)) ⊆ V g,p−1.

Now, suppose dim(V g,p−1) − dim(Image(D ◦ ∆(V g,p))) > 0. That is
dim(ker(D◦∆(V g,p))) > 0. Hence, there exists K 6= 0, K ∈ ker(D◦∆(V g,p)),
i.e D(∆K) = 0.

Consider l ∈ N such that DlK = 0 but Dl−1K 6= 0. There is such a l
since D reduces the weight of K by 1 per application and the weight has to
exhaust when D is applied enough time. Also l > 0 since K = 0 otherwise.
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Note that D and ∆ has a commutator relation

Dk∆−∆Dk = k(n · g − 2p+ k − 1)Dk−1 (33)

when acting on a polynomial of degree g and weight p. Hence,

(Dl∆−∆Dl)K = l(n · g − 2p+ l + 1)Dl−1K

The left hand side of the equation is 0 since D∆K = 0 and DlK = 0. On
the right hand side, Dl−1K 6= 0 and l 6= 0 as discussed above. Also, by
assumption n · g = 2p. This implies l = −1 which is a contradiction.

Hence, dim(V g,p−1)−dim(Image(D◦∆(V g,p))) = 0 ⇒ V g,p−1 = Image(D◦
∆(V g,p)) ⇒ Image(D(V g,p)) = V g,p−1.

This proposition gives

dim(Rg) = dim
(

V g,n·g

2

)

− dim
(

V g,n·g

2
−1
)

(34)

To compute dim(Rg), we need to be able to find dim(V g,p). Although
invariants always satisfy n · g = 2p, it will be useful to first treat p as
independent and impose the condition later. Hence, we need to consider the
weight p as an extra grading and derive the bi-graded Hilbert series, graded
both by weight and degree. We shall start with one binary form.

Proposition 2. Let F = a0x
n
1 +
(

n
1

)

xn−1
1 x2 + · · ·+anx

n
2 be a binary of order

n. If Cg,p = dim(V g,p), then

1

(1− ztn1 )(1− ztn−1
1 t2)(1− ztn−2

1 t22) · · · (1− ztn2 )
=
∑

g

ng
∑

p=0

Cg,pz
gtng−p

1 tp2.
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Proof. This is just a calculation. Consider expanding the series

1

1− ztn1
=1 + ztn1 + z2t2n

1 + · · ·

=
∞
∑

ν0=0

zν0tnν0

1

1

1− ztn−1
1 t2

=1 + ztn−1
1 t2 + z2t

2(n−1)
1 t22 + · · ·

=
∞
∑

ν1=0

zν1t
(n−1)ν1

1 tν1

2

...

1

1− ztn2
=

∞
∑

νn=0

zνnt
n(νn)
2

⇒
n
∏

j=0

1

(1− ztn−j
1 tj2)

=
∑

ν0,ν1,···

zν0+ν1+···+νnt
nν0+(n−1)ν1+···+νn−1

1 tν1+2ν2+···+nνn

2

=
∑

g,p

Cg,pz
gtng−p

1 gp
2

Remark 1. The formula in the proposition above can be translated as a
hilbert series since

n
∏

j=0

1

(1− ztn−j
1 tj2)

=
∑

g,p

Cg,pz
gtng−p

1 gp
2

=
∑

g,p

Cg,p(zt
n
1 )g
(

t2
t1

)p

=H

(

k[a0, a1, · · · , an], ztn1 ,
t2
t1

)

which is a bi-graded Hilbert series over the polynomial ring k[a0, · · · , an],
graded by degree (represented by variable ztn1 ) and weight (represented by
variable t2

t1
).

We shall extend proposition (2) to system of many forms. Note that the
coefficients of the forms are independent. Hence, the power series associated
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to each form, i.e. as in proposition (2), can be multiplied in very much the
same way as in the proof of proposition (2). We describe the extension as
follows:

Proposition 3. Given a system of k base forms F1, · · · ,Fk with order
n1, n2, · · · , nk,

P (z, t1, t2) =
∑

g

n·g
∑

p=0

Cg,pz
gtn·g−p

1 tp2 =

k
∏

i=1

ni
∏

j=0

1

1− zitni−j
1 tj2

where z = (z1, z2, · · · , zk), zi is the dummy variable corresponds to the i-th
form, and, g = (g1, g2, · · · , gk),gi is the degree of coefficients of i-th form.

Now, we are in position to calculate dim(Rg).

Proposition 4. Recall that

dim(Rg) = Cg,p − Cg,p−1

with p = n·g
2 .

Then, dim(Rg) is the coefficient of zg(t1t2)
p+1 in the power series gen-

erated by
t1t2 − t22

∏k
i=1

∏ni

j=0(1− zit
ni−j
1 tj2)

. (35)

Proof. Recall

P (z, t1, t2) =
∑

g

n·g
∑

p=0

Cg,pz
gtn·g−p

1 tp2.

Then, the generating function (35) is

(t1t2 − t22)P (z, t1, t2) =
∑

g

n·g
∑

p=0

Cg,pz
gtn·g−p+1

1 tp+1
2 −

∑

g

n·g
∑

p=0

Cg,pz
gtn·g−p

1 tp+2
2

In the second sum, we make a change of variable p′ = p + 1 and then
dropping the prime. Also, note that Cg,p−1 = 0 when p = 0. Then, we
rewrite the expression as

(t1t2 − t22)P (z, t1, t2) =
∑

g

n·g
∑

p=0

(Cg,p − Cg,p−1)z
gtn·g−p+1

1 tp+1
2 .

Setting n · g = 2p yields the result.
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This proposition suggests the following algorithm for computing the
Hilbert series for the invariant ring:

Theorem 17. (Algorithm for Computing Hilbert Series)

1. Compute (t1t2 − t22)P (z, t1, t2).

2. Let t1t2 → 1. The remaining dependence in t1 and t2 in every term
cannot be of equal power in t1 and t2.

3. Set t1 → 0 and t2 → 0. This extracts the terms constant in t1 and t2.
This is the Hilbert series H(R, z).

4.6 Noether Normalization

Much of this material can be found in [9].
First, we need to establish some elementary algebraic ideas.

Definition 14. Let A be a ring. An A-module is an abelian group M with
a multiplication map A ×M → M , i.e. (a,m) → am such that for any
a, b ∈ A, m,n ∈M ,

a(m+ n) =am+ an

(a+ b)m =am+ bm

(ab)m =a(bm)

1Am =m

A subset N ⊂ M is a submodule if am + bn ∈ N for all a, b ∈ A, m,n ∈
N. A homomorphism φ : M → N is an A-linear map on A-modules if
φ(am+ bn) = aφ(m) + bφ(n) for a, b ∈ A, m,n ∈M.

Note that A module over a field k is a vector space over k.

Definition 15. A module M is said to be finitely generated if there exists
m1,m2, · · · ,mr ∈ M such that M =< m1,m2, · · · ,mr > . Furthermore, if
m1,m2, · · · ,mr form a basis for M , then, M is a free module.

Example 10. Let M ⊂ C[x, y] consisting of polynomials of the form

P = x3 p1(x, y) + (xy) p2(x, y) + y3 p3(x, y).

Then, M is a C[x, y] module generated by x3, xy, y3. M is also the ideal
generated by x3, xy, y3. This set of generators is also an irreducible Groebner
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basis for the ideal. However, it is not a linear vector space basis for M
since P has no unique decomposition. For example, P = x3y3. We can have
(p1, p2, p3) to be (y3, 0, 0) or (0, x2y2, 0) or (0, 0, x3) etc. Hence, M is not a
free module.

Definition 16. A subring A ⊂ k[x1, x2, · · · , xn] is finitely generated if there
exists u1, u2, · · · , um ∈ A such that A = k[u1, u2, · · · , um].

Note that the set u1, u2, · · · , um need not be algebraically independent.

Definition 17. A set u1, u2, · · · , um, ui = ui(x), is algebraically indepen-
dent if the map

k[y1, y2, · · · ym]→ k[u1, u2, · · · , um]

with yi → ui an isomorphism. k[y1, y2, · · · , ym] is the ring of polynomial of
m variables.

This means a polynomial P (u1, u2, · · · , um) is identically zero if and only
if P is a zero polynomial. In other words, there is no syzygy among the u’s.

Now, we shall describe the Noether normalization – the fundamental
property of all finitely generated algebras.

Lemma 2. (Noether normalization)
Let A = k[u1, u2, · · · , um] be a finitely generated algebra (subring). Then,
there exists a finite, algebraically independent set θ1, θ2, · · · , θk ∈ A such
that A is a finitely generated module over B = k[θ1, · · · , θk].

That is to say, there exists η1, η2, · · · , ηs ∈ A such that every P ∈ A can
be written as a linear combination:

P = p1(θ1, θ2, · · · , θk)η1 + p2(θ1, θ2, · · · , θk)η2 + · · · ps(θ1, · · · , θk)ηs.

The maximum number of algebraically independent members of A is the
Krull dimension of A.

The Noether normalization admits the special case – Cohen-Macaulay
rings.

Definition 18. A is Cohen-Macaulay if the elements η1, η2, · · · , ηs form a
basis for A over B = k[θ1, θ2, · · · , θk], where θ1, θ2, · · · , θk are algebraically
independent. That is, every P ∈ A can be written uniquely as a linear
combination

P =
∑

ηipi(θ1, θ2, · · · , θk).
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This implies that if A is Cohen-Macaulay, then
∑s

i=1 ηipi = 0 ⇒ pi =
0∀i = 1, 2, · · · , s. Hence, A is a free module over B. In other words, ηi are
linearly independent over θj.

If A is an invariant ring, θ1, θ2, · · · , θk are called the primary invariants
and η1, η2, · · · , ηs are the secondary invariants. Hence, we have the following
corollary:

Corollary 1. (Hironaka Decomposition)
The invariant ring A can be written as

A = η1k[θ1, · · · , θk]⊕ η2k[θ1, · · · , θk]⊕ · · · ⊕ ηsk[θ1, · · · , θk]. (36)

This is called a Hironaka decomposition of A.

We have an immediate extension of lemma 1 for Cohen-Macaulay rings

Corollary 2. A Cohen-Macaulay ring

A = η1k[θ1, · · · , θk]⊕ η2k[θ1, · · · , θk]⊕ · · · ⊕ ηsk[z − 1, · · · , θk]

where the primary invariants θi are homogeneous of degree gi and the sec-
ondary invariants ηj are homogeneous of degree g′

j , has a Hilbert series

H(R, z) =
∑

g

dim(Rg)zg =
zg′

1 + zg′

2 + · · ·+ zg′

k

(1− zg1)(1 − zg2) · · · (1− zgm)
(37)

The following theorem sums it up:

Theorem 18. (Hochster & Roberts [7]) The invariant ring for binary forms
are Cohen-Macaulay and admit a Hironaka decomposition.

4.7 Computing Hilbert Series for Simultaneous Invariants

In this section, we demonstrate a convenient way to find Hilbert series for a
system of forms, using complex integration.

Suppose we are given a system of binary forms

F1 =a0x
n1

1 +

(

n1

1

)

a1x
n1−1
1 x2 + · · ·+ an1

xn1

2

F2 =b0x
n2

1 +

(

n2

1

)

b1x
n2−1
1 x2 + · · ·+ bn2

xn2

2

...

Fk =w0x
nk

1 +

(

nk

1

)

w1x
nk−1
1 x2 + · · · + wnk

xnk

2 (38)

28



The Hilbert series for the ring of simultaneous invariants R, is given by

H(R, z) =
∑

g

dim(Rg)zg

=

(

t1t2 − t22
∏k

i=1

∏ni

j=0(1− zit
ni−j
1 tj2)

)

/.{t1t2 → 1}/.{t1 → 0, t2 → 0}

where the last equation condense the algorithm in Theorem (17). “/.” de-
notes “subject to the condition of” followed by the conditions given in the
set notation {·}.

We first prove the following convergence result

Lemma 3. The series
∑

dim(Rg)zg converges if maxi |zi| < 1.

Proof. Recall that V g,p is the set of polynomials with degree g and weight
p; whereas Rg is the set of polynomial invariants with degree g, i.e. the
condition n · g = 2p is satisfied. Clearly,

dim(Rg) ≤ dim(V g,p) ≤
∑

p

dim(V g,p).

However, ∪g,pV
g,p = k[a,b, · · · ,w] where a = a1, a2, · · · , an1

;b = b1, b2, · · · , bn2
; · · · ;w =

w1, · · ·wnk
are all independent since they are coefficients of the given forms

as in (38). Each of the ai or bi etc. has degree 1. By lemma (1), we have

∑

g

∑

p

dim(V g,p)zg =
1

∏k
i=1(1− zi)ni+1

which converges if maxi |zi| < 1.
Hence, by comparison test, the Hilbert series

∑

g dim(Rg)zg converges
also when maxi |zi| < 1.

The next lemma shows how we can compute Hilbert series by complex
integration:

Lemma 4. If maxi |zi| < 1, then,

H(R, z) =

(

t1t2 − t22
∏k

l=1

∏nl

j=0(1− zlt
nl−j
1 tj2)

)

/.{t1t2 → 1}/.{t1 → 0, t2 → 0}

=
1

2πi

∮

1− τ2

∏k
l=1

∏nl

j=0(1− zlτ2j−nl)

dτ

τ
. (39)

where the integral is taken over the unit circle.
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Proof. For maxi |zi| < 1, lemma (3) implies we have a formal expansion

t1t2 − t22
∏k

l=1

∏nl

j=0(1− zlt
nl−j
1 tj2)

=
∑

α,β

Pα,β(z)tα1 t
β
2 .

By algorithm in theorem (17), we need to pick out terms that are equal
power in t1 and t2. By moding out factors of t1t2 from these terms, we will
get the Hilbert series. That is, we need

H(R, z) =
∑

α

Pα,α(z).

Let t1 = 1
τ
, t2 = τ with |τ | = 1, in the formal expansion above. When

maxi |zi| < 1, we have the convergent series

1− τ2

∏k
l=1

∏nl

j=0(1− zlτ2j−nl)
=
∑

α,β

Pα,β(z)τβ−α.

Integrating with respect to dτ
τ

over the unit circle, we get

1

2πi

∮

1− τ2

∏k
l=1

∏nl

j=0(1− zlτ2j−nl)

dτ

τ
=
∑

α

Pα,α(z) = H(R, z).

Hence, we can calculate the multigraded Hilbert series H(R, z) using the
residue theorem.

Consider the integrand

P (z, τ) =
1− τ2

τ
∏k

l=1

∏nl

j=0(1− zlτ2j−nl)
(40)

=
(1− τ2)τ−1

∏k
l=1

∏

h

nl−1

2

i

j=0 τnl−2j

∏k
l=1

(

∏

h

nl−1

2

i

j=0 (τnl−2j − zl)
∏nl

j=
h

nl+1

2

i(1− zlτ2j−nl)

)

The poles that lies inside the unit circle are therefore given by

τl,j,q = z
1

2j−nl

l ωq, l = 1, 2, · · · , k; j =

[

nl + 1

2

]

, · · · , nl; ω = e
2πi

2j−nl .

From this, we arrive at the following useful formulation

H(R, z) =

k
∑

l=1

nl
∑

j=
h

nl+1

2

i

2j−nl
∑

q=1

Res

(

1− τ2

τ
∏k

l=1

∏nl

j=0(1− zlτ2j−nl)
, τl,j,q

)

(41)
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4.8 An Extended Example

Here, we shall present an example of using the Hilbert series to compute
a Hironaka decomposition of an invariant ring. This example can also be
found in [6, 11], where it is treated in a similar but slightly different manner.

Consider the system of forms

F =a0x
3
1 + 3a1x

2
1x2 + 3a2x1x

2
2 + a3x

3
2

l =b0x1 + b1x2 (42)

Let R be the invariant ring generated by the simultaneous invariants
of this system of forms. By theorem 18, R is Cohen-Macaulay and has a
Hironaka decomposition. In other words, there exists a set of algebraically
independent primary invariants θ1, θ2, · · · , θk and a set of secondary invari-
ants η1, · · · , ηs that are linearly independent from the primary ones, such
that any f ∈ R can be written as

f = η1P1(θ1, · · · , θk) + η2P2(θ1, · · · , θk) + · · ·+ ηsPs(θ1, · · · , θk).

To find out what k, s are, we shall compute the Hilbert series. By equa-
tion (40), we have in this case,

P (z, ζ, τ) =
1− τ2

τ
(

1− z
τ3

) (

1− z
τ

)

(1− zτ)(1− zτ3)
(

1− ζ
τ

)

(1− ζτ)
.

Hence, the only poles in the unit circle is τ = ζ, τ = z and τ = z
1

3ωj for

j = 1, 2, 3 and ω = e
2πi
3 describes the 3-root of unity.

Setting z1 = z, z2 = ζ in equation (41), we can compute the Hilbert
series.

H(R, z, ζ) =Res(P, τ = z) + Res(P, τ = ζ) +
3
∑

j=1

Res(P, τ = z
1

3ωj)

=
1 + z3ζ3

(1− zζ3)(1 − z4)(1 − z2ζ2)

=1 + zζ3 + z2ζ2 + z3ζ3 + z4 + · · ·
implying the fundamental invariants consist of the invariant 1 and three
other: one that is of degree 1 in a and 3 in b, one of degree 2 both in a and
b, one of degree 3 both in a and b, one of degree 4 in a and 0 in b. Also,

H(R, z, ζ) =
1

(1 − zζ3)(1− z4)(1− z2ζ2)
+ z3ζ3 1

(1− zζ3)(1− z4)(1− z2ζ2)

=(1 + zζ3 + z4 + z2ζ2 + · · · ) + z3ζ3(1 + zζ3 + z4 + z2ζ2 + · · · )
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implying there are two secondary invariants: the invariant 1 and another of
degree 3 in both a and b and three primary invariants, one of degree 1 in
a and 3 in b, one of degree 4 in a and one of degree 2 in both a and b. In
other words, k = 3, s = 1.

It remains to generate invariants of the desired degree. We can exploit
the method of transvections to generate covariants since all covariants can
be generated by the method of transvections. We then then transform these
covariants into simultaneous invariants.

The form F itself is a covariant. By theorem 10), we can form an invari-
ant of degree 1 in a and degree 2 in b:

f = a0b
3
1 − 3a0b

2
1b0 + 3a0b1b

2
0 − b30. (43)

Using transvections, i.e. formula (23), we can form the other covariants,
and therefore invariants:

f2 = (F ,F)2 =(a0a2 − a2
1)x

2
1 + (a3a0 − a1a2)x1x2 + (a1a3 − a2

2)x
2
2

H =(a0a2 − a2
1)b

2
1 − (a3a0 − a1a2)b1b0 + (a1a3 − a2

2)b
2
0

by theorem (10)

D = −4(f2, f2)2 =a2
3a

2
0 − 6a0a1a2a3 − 3a2

1a
2
2 + 4a0a

3
2 + 4a3

1a3

note that this is also the discriminant for the cubic form.

2(f2,F)1 =(a2
0a3 − 3a0a1a2 + 2a3

1)x
3
1 + (3a0a1a3 − 6a0a

2
2 + 3a2

1a2)x
2
1x2−

(3a0a2a3 − 6a2
1a3 + 3a1a

2
2)x1x

2
2 − (a0a

2
3 − 3a1a2a3 + 2a3

2)x
3
2

j =(a2
0a3 − 3a0a1a2 + 2a3

1)b
3
1 − (3a0a1a3 − 6a0a

2
2 + 3a2

1a2)b
2
1b0

− (3a0a2a3 − 6a2
1a3 + 3a1a

2
2)b1b

2
0 + (a0a

2
3 − 3a1a2a3 + 2a3

2)b
3
0

Hence, f,D,H are our candidates for primary invariants and j, 1 our
secondary invariant. However, the set of primary invariants have to be
algebraically independent and the set of secondary invariants have to be
linearly independent over the primary ones. We shall check the independence
properties of f,H,D, j using Groebner basis with the aid of slack variables.

Consider the set {f − α1,H − α2,D − α3, j − α4}. The Groebner basis
for this set contains only one element that is entirely in terms of the α’s.
That is α2

1α3 − 4α3
2 − α2

4. Setting α2
1α3 − 4α3

2 − α2
4 = 0 gives the algebraic

relationship between f,H,D, j, i.e. the syzygy f2D − 4H3 = j2. The α’s
is called the slack variables. This is an example of another useful applica-
tion of Groebner basis [11]. This single syzygy gives the only relationship
among f,H,D, j and the expression of the syzygy suggests that f,D,H are
algebraically independent and jand1 are linearly independent over f,D,H.
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Hence, {f,D,H} is a working set of primary invariants while j, 1 are per-
fectly good choices as the secondary invariant. Then, every P ∈ R can be
written uniquely in terms for the Hironaka decomposition

P = P0(f,H,D) + jP1(f,H,D)

where P0, P1 are polynomials in their variables. We can also double check
that the ring generated by f,H,D, j in the form of this decomposition, call
it R′, is the ring R, since R′ ⊆ R and they have the same Hilbert series, i.e.
dim(Rg,p) = dim(R′

g,p) for all g, p.

5 Connection with Normal Form Computation

We shall consider normal forms for bifurcation problems. Hence, we assume
that a center manifold reduction has been employed and we can restrict our
attention to dynamics on center manifolds. That is to say, the linearized
operator should have eigenvalues with zero real parts. Hence, we consider
only matrices whose eigenvalues are either zero or purely imaginary.

5.1 Zero Eigenvalues with Multiplicities

We consider matrices with zero eigenvalues of geometric multiplicity k and
algebraic multiplicities n1 + 1, n2 + 1, · · · , nk + 1. That is the matrix is

L0 =















































0 1
0 1

. . .
. . .

0











(n1+1)×(n1+1)

. . .










0 1
0 1

. . .
. . .

0











(nk+1)×(nk+1)





































.

The normal form F is characterized by the homological equation

HxF = (L∗
0x) ·DxF = L∗

0F

where

x =
(

x
(1)
1 , x

(1)
2 , · · · , x(1)

n1+1, x
(2)
1 , · · · , x(2)

n2+1, · · · , x
(k)
1 , · · · , x(k)

nk+1

)
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and

F =
(

F
(1)
0 , F

(1)
1 , · · · , F (1)

n1
, F

(2)
0 , · · · , F (2)

n2
, · · · , F (k)

0 , · · · , F (k)
nk

)

.

That is,

{(

x
(1)
1

∂

∂x
(1)
2

+ x
(1)
2

∂

∂x
(1)
3

+ · · ·+ x(1)
n1

∂

∂x
(1)
n1+1

)

+ · · ·+

(

x
(k)
1

∂

∂x
(k)
2

+ x
(k)
2

∂

∂x
(k)
3

+ · · ·+ x(k)
nk

∂

∂x
(k)
nk+1

)}







































F
(1)
0

F
(1)
1
...

F
(1)
n1

...

F
(k)
0

F
(k)
1
...

F
(k)
nk







































=





































0

F
(1)
0
...

F
(1)
n−1
...
0

F
(k)
0
...

F
(k)
nk





































(44)

Suppose we make a change of variables

x
(1)
1 = a0, x

(1)
2 =

a1

1!
, x

(1)
3 =

a2

2!
, · · · , x(1)

n1+1 =
an1

(n1)!
;

x
(2)
1 = b0, x

(2)
2 =

b1
1!
, x

(2)
3 =

b2
2!
, · · · , x(2)

n2+1 =
bn2

(n2)!
;

...

x
(k)
1 = w0, x

(k)
2 =

w1

1!
, x

(k)
3 =

w2

2!
, · · · , x(k)

nk+1 =
wnk

(nk)!
.
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Then,

Hx =

(

x
(1)
1

∂

∂x
(1)
2

+ x
(1)
2

∂

∂x
(1)
3

+ · · ·+ x(1)
n1

∂

∂x
(1)
n1+1

)

+ · · ·+
(

x
(k)
1

∂

∂x
(k)
2

+ x
(k)
2

∂

∂x
(k)
3

+ · · ·+ x(k)
nk

∂

∂x
(k)
nk+1

)

=

(

a0
∂

∂a1
+ 2a1

∂

∂a2
+ · · ·+ n1an1−1

∂

∂an1

)

+ · · ·+
(

w0
∂

∂w1
+ 2w1

∂

∂w2
+ · · ·+ nkwnk−1

∂

∂wnk

)

=Da + Db + · · · + Dw

=D

corresponds to a system of k binary forms of order n1, n2, · · · , nk respec-
tively, i.e.

F1 =a0y
n1

1 +

(

n1

1

)

a1y
n1−1
1 y2 + · · · + an1

yn1

2

F2 =b0y
n2

1 +

(

n2

1

)

b1y
n2−1
1 y2 + · · · + bn2

yn2

2

...

Fk =w0y
nk

1 +

(

nk

1

)

w1y
nk−1
1 y2 + · · ·+ wnk

ynk

2

In our previous method of computing normal form in chapter ??, the
fundamental task was to find a solution q to the scalar differential equation
Hxq = 0 where q is polynomial in x. Now, we see that the problem of
finding such a q is equivalent to finding a simultaneous covariant C to the
above system of forms, such that the source C0 satisfies DC0 = 0.

Let R be the graded ring that consists of all polynomials in a,b, · · · ,w
that satisfy the differential equation Df = 0 for f ∈ R. Note that R contains
all sources of covariants in a,b, · · · ,w since if C0 is the source of a covariant
in a,b, · · · ,w, then C0 satisfies DC0 = 0.

We wish to find a unique representation for R. To do this, we need to
be able to use the notions of invariants and covariants interchangably. This
can be done since covariants can be thought of as simultaneous invariants if
one is willing to include an extra linear form into the system of forms. We
shall first address these general basic issues.
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Let Rg,p be the graded subring consists of homogeneous and isobaric
polynomials of degree g and weight p. Note that R =

⊕

g,pRg,p. It is enough
to consider Rg,p since any f ∈ R can be written as a linear combination of
homogenous and isobaric functions, i.e. f =

∑

g,p fg,p where fg,p ∈ Rg,p.
Then, Df = 0 implies Dfg,p = 0.

By theorem (9), if C0 ∈ Rg,p satisfying DC0 = 0 and n · g − 2p = m,
then there is a unique covariant C with source C0 i.e.

C = C0y
m
1 +

1

1!
∆C0y

m−1
1 y2 +

1

2!
∆2C0y

m−2
1 y2

2 + · · · + 1

m!
∆mC0y

m
2 .

Also, by theorem (10), this covariant can be made into a simultaneous in-
variant by adding a linear form vy1 − uy2 to the system of forms and then
replacing y1 by u and y2 by v. We summarize this as a proposition:

Proposition 5. If C0 ∈ Rg,p, C0 6= 0 satisfying DC0 = 0 and n · g − 2p =
m ≥ 0, then there is an invariant

I = C0u
m + ∆C0u

m−1v +
1

2!
∆2C0u

m−2v2 + · · ·+ 1

m!
∆mC0v

m, (45)

that satisfies

DII =

(

D− v ∂
∂u

)

I = 0

and n′ · g′ − 2p′ = 0 where n′ = (n, 1), g′ = (g,deg in (u, v)) and p′ =
p+ deg(u) if we assign weight 0 to v and weight 1 to u.

Remark 2. We can recover C0 from I by setting u = 1 and v = 0 in I.

Let RI be the ring of invariants with DII =
(

D− v ∂
∂u

)

I = 0 for I ∈ RI .
Then there is an isomorphism

R

Tf−→
←−
Tb

RI

such that

Tf (C0) =C0u
m + ∆C0u

m−1v +
1

2!
∆2C0u

m−2v2 + · · · + 1

m!
∆mC0v

m

with m = n · g − 2p;

Tb(I) =Tb(I(a,b, · · · ,w, u, v)) = I(a,b, · · · ,w, 1, 0).

By theorem 18, RI is Cohen-Macaulay and has a Hironaka decomposi-
tion. This means, there exist algebraically independent primary invariants
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θ1, θ2, · · · , θr and secondary invariants η1, η2, · · · , ηs that are linearly inde-
pendent over the primary invariants, such that every f ∈ RI is uniquely
represented by

f = η1P1(θ1, · · · , θr) + η2P2(θ1, · · · , θr) + · · · ηsPs(θ1, · · · , θr).

The existence of such a finite set of primary and secondary invariants implies
R has a finite basis.

Since RI is Cohen-Macaulay, the Hilbert series takes the form, as in 37

H(R, z) =
∑

g

dim(Rg)zg =
zg′′

1 + zg′′

2 + · · ·+ zg′′

s

(1− zĝ1)(1− zĝ2) · · · (1− zĝr)

The Hilbert series suggests that the r primary invariants are homogeneous
in degree ĝ1, ĝ2, · · · , ĝr respectively; and the s secondary invariants are of
degree g′′

1 ,g
′′
2 , · · · ,g′′

s .

Remark 3. The Hilbert series for the system of forms F1,F2, · · · ,Fk, l can
be calculated using equation 41.

Hence, it suffices to find r algebraically independent invariants of degrees
ĝ1, · · · , ĝr. These will be our primary invariants. Then, we need to find s
invariants of degrees g′′

1 , · · · ,g′′
s that are linearly independent of our set of

primary invariants. These will be the secondary invariants. We will then
obtain the desired decomposition.

We generate invariants from covariants that are in turn generated by
taking transvections. We start with the forms F1, · · · ,Fk that are them-
selves covariants. Using the appropriate p-transvections, we can generate all
other relevent covariants. We then apply Tf to all these covariants to obtain
the corresponding invariants of desired degrees ĝ1, · · · , ĝr,g

′′
1 , · · · ,g′′

s , i.e.
θ1, θ2, · · · , θr, η1, · · · , ηs.

θ1, · · · , θr are candidates for primary invariants. For these θi to be pri-
mary invariants, they need to be an algebraically independent set. Similarly,
η1, · · · , ηs are potential secondary invariants. For them to be secondary in-
variants, they have to be linearly independent over the primary invariants.
To verify the independence property of our candidates, we use Groebner
basis with the aid of slack variables as in example 4.8 to identify all possible
relations among the θi and ηj for all i = 1, · · · , r, j = 1, · · · , s.

Once we obtain a set of r algebraically independent invariants θ1, · · · , θr

and a set of s invariants η1, · · · , ηs that are linearly independent over the
θ’s, then RI is representable as

f = η1P1(θ1, · · · , θr) + η2P2(θ1, · · · , θr) + · · · ηsPs(θ1, · · · , θr),
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for all f ∈ RI .

If we now make the substitution u = 1, v = 0, a0 = x
(1)
1 , a1 = x

(1)
2 , a2 =

2!x
(1)
3 , · · · , ai = i!x

(1)
i+1, · · · , an1

= (n1)!x
(1)
n1+1, b0 = x

(2)
1 , · · · , bn2

= (n2)!x
(2)
n2+1, · · ·wnk

=

(nk)!x
(k)
nk+1, then any f satisfying Hxf = 0 can be represented uniquely by

f(x) =η1(a(x),b(x), · · · ,w(x))P1(θ1(a(x), · · · ,w(x)), · · · , θr(a(x), · · · ,w(x)))

+ η2(a(x), · · · ,w(x))P2(θ1(a(x), · · · ,w(x)), · · · , θr(a(x), · · · ,w(x)))

+ · · · ηs(a(x), · · · ,w(x))Ps(θ1(a(x), · · · ,w(x)), · · · , θr(a(x), · · · ,w(x))).

Example 11. Consider the case of 4 zero eigenvalues, i.e.

L0 =











0 1
0 1

. . .
. . .

0











.

The homological operator is

Hx = x1
∂

∂x2
+ x2

∂

∂x3
+ x3

∂

∂x4
.

This corresponds to the operator D for the binary form

F = a0y
3
1 + a1y

2
1y2 + a2y1y

2
2 + a3y

2
2.

We shall introduce the linear binary form

l = b0x1 + b1x2

so that we can consider covariants in terms of simultaneous invariants. Note
that this is the exact same system of forms we considered in detail in section
4.8. Hence, we know that every invariant can be written uniquely as

I = P0(t,H,D) + jP1(t,H,D)

where

t = a0b
3
1 − 3a0b

2
1b0 + 3a0b1b

2
0 − b30

H = (a0a2 − a2
1)b

2
1 − (a3a0 − a1a2)b1b0 + (a1a3 − a2

2)b
2
0

D = a2
3a

2
0 − 6a0a1a2a3 − 3a2

1a
2
2 + 4a0a

3
2 + 4a3

1a3

j = (a2
0a3 − 3a0a1a2 + 2a3

1)b
3
1 − (3a0a1a3 − 6a0a

2
2 + 3a2

1a2)b
2
1b0

− (3a0a2a3 − 6a2
1a3 + 3a1a

2
2)b1b

2
0 + (a0a

2
3 − 3a1a2a3 + 2a3

2)b
3
0
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Substituting b1 = 1, b0 = 0, a0 = x1, a1 = x2, a2 = 2x3, a3 = 6x4, we have

t =x1

H = 2x1x3 − x2
2

D = 36x2
4x

2
1 − 72x1x2x3x4 − 12x2

2x
2
3 + 32x1x

3
3 + 24x3

2x4

= 4(9x2
1x

2
4 − 18x1x2x3x4 − 3x2

2x
2
3 + 8x1x

3
3 + 6x3

2x4)

j = 6x2
1x4 − 6x1x2x3 + 2x3

2

= 2(x3
2 + 3x2

1x4 − 3x1x2x3)

In the notation of the old technique, t = u1,H = −u3,D = 4u6, j = 2u4.
This confirms the calculation that F0 = φ0(u1, u3, u6) + u4φ1(u1, u3, u6)
where φ0, φ1 are polynomials in their variables.

This is not the whole story. In this section, we will attempt to address
the vector differential equation, i.e. the homological equation:

HxF = L∗
0F.

First, note that each block F
(i)
0 , F

(i)
1 , · · · , F (i)

ni satisfies similar homolog-
ical equation, i.e.

Hx













F
(i)
0

F
(i)
2
...

F
(i)
ni













=













0

F
(i)
0
...

F
(i)
ni−1













Hence, we shall work with one such block and drops the i dependence. Let

Gj = Gj(a,b, · · · ,w) = Fj

(

x
(1)
1 (a0), · · · , x(1)

n1+1(an1
), · · · , x(k)

nk+1(wnk
)
)

.

Then,
HxF = L∗

0F ⇒ DG = L∗
0G.

Consider

D











G0

G1
...
Gn











= L∗
0











G0

G1
...
Gn











=











0
G0
...

Gn−1










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This means

DG0 =0

DG1 =G0

D2G2 =G0

...

DnGn =G0

Hence, to characterize G0, we not only need G0 ∈ ker(D), we need

G0 ∈ ker(D) ∩ Image(D) ∩ Image(D2) ∩ · · · ∩ Image(Dn).

However, Image(Dn) ⊂ Image(Dn−1) ⊂ · · · ⊂ Image(D). Hence, it’s enough
to seek G0 ∈ ker(D) ∩ Image(Dn).

Conversely, if φ ∈ ker(D) ∩ Image(Dn), then

Dφ = 0 and ∃ψ such that Dnψ = φ.

Now, define














G0

G1

G2
...
Gn















=















φ
Dn−1ψ
Dn−2ψ

...
ψ















.

Then,

DG0 =Dψ = 0

DG1 =D
(

Dn−1ψ
)

= Dnψ = φ = G0

D2G2 =D
(

Dn−2ψ
)

= Dnψ = G0

...

DnGn =Dnψ = G0

hence solving the equation
DG = L∗

0G.

Proposition 6. If C0 ∈ Rg,p where Rg,p is the multi-graded subring of
homogeneous polynomial of degree g and weight p, C0 6= 0 and n · g−2p = m,
then

m ≥ 0, C0 ∈ Image(Dm) and C0 6∈ Image(Dm+1).
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Proof. First, note that for a homogeneous functionA, of degree g and weight
p, the operators D and ∆ have another commutator, similar to but different
from that in equation (33):

(D∆k −∆kD)A = k(n · g− 2p − k + 1)∆k−1A (46)

If DA = 0, we have

D(∆kA) = k(n · g − 2p− k + 1)∆k−1A.

Applying the operator D inductively to both sides of the equation q times
yields

Dq(∆kA) =k(k − 1)(k − 2) · · · (k − q + 1)(n · g − 2p− k + 1)(n · g− 2p − k + 2) · · ·
(n · g − 2p − k + q)∆k−qA (47)

for 1 ≤ q ≤ k.
Note that similar calculation using equation (33) yields a similar identity

∆q(DkA) =k(k − 1)(k − 2) · · · (k − q + 1)(n · g − 2p+ k − 1)(n · g− 2p + k − 2) · · ·
(n · g − 2p + k − q)Dk−qA (48)

for 1 ≤ q ≤ k.
To show m ≥ 0, consider the sequence

C0,∆C0,∆
2C0, · · · ,∆k−1C0,∆

kC0

such that ∆k−1C0 6= 0 but ∆kC0 = 0. Such a k exists because the operator
∆ increases the weight by 1 (but preserves degree) in each application. For a
polynomial of fixed degree with a fixed number of variables, there is a finite
maximum for the weight. Hence, the weight has to saturate after sufficient
applications of ∆. From previous paragaraph

(

D∆k −∆kD
)

C0 =k(n · g − 2p − k + 1)∆k−1C0

0 =k(m+ 1− k)∆k−1C0.

Since C0 6= 0, k 6= 0. Also, ∆k−1C0 6= 0. Hence, we must have m−k+1 = 0.
However, m ≥ 0 since k ≥ 1 (because otherwise C0 = 0).

Next, we will show that C0 ∈ Image(Dm). From equation (47), we have

Dm(∆mC0) = (m!)2C0.

41



Since (m!)2 6= 0, we necessarily have C0 ∈ Image(Dm). Note that C0 ∈
Image(Dk) for all k ≤ m by the same argument.

Finally, we shall show that C0 6∈ Image(Dm+1) by contradiction. Assume
there is an A such that C0 = Dm+1A. A has degree g and weight p′ =
p−m− 1. Hence, n · g− 2p′ = n · g− 2p− 2m− 2 = m− 2m− 2 = −m− 2.

Let k ≥ 0 be such that B = ∆kA 6= 0 but ∆B = 0. Then, B has degree
g since the operators D and ∆ both preserve degree. Also, B has weight
p′′ = p+ (m+ 1) + k. Hence,

n · g − 2p′ = n · g − 2p− 2(k + 1 +m) = −m− 2k − 2.

Now, by equation (48),

∆m+k+2(Dm+k+2B) =(m+ k + 2)! · (n · g − 2p′′ +m+ 2 + k − 1)

(n · g − 2p′′ +m+ 2 + k − 2) · · · (n · g − 2p′′)B

=(m+ k + 2)!(−k − 1)(−k − 2) · · · (−m− 2k − 2)B

=(m+ k + 2)!(−1)m+k+2 (m+ k + 2)!

k!
B 6= 0, since B 6= 0

This implies Dm+k+2B 6= 0. However, this cannot be true because

Dm+k+2B =D
(

Dm+1(DkB)
)

=D
(

Dm+1(Dk(∆kA))
)

=D
(

Dm+1
(

k!(n · g − 2p′ − k + 1)(n · g − 2p′ − k + 2) · · · (n · g − 2p′)A
))

=D
(

Dm+1 (k!(−m− 2− k + 1)(−m− 2− k + 2) · · · (−m− 2)A)
)

=(−1)k
k!(m+ k + 1)!

(m+ 1)!
D
(

Dm+1A
)

=(−1)k
k!(m+ k + 1)!

(m+ 1)!
DC0 = 0

Hence, C0 6∈ Image(Dm+1). In fact, similar argument can be used to show
that C0 6∈ Image(Dk) for all k ≥ m+ 1.
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Note that

ker(D) ∩ Image(Dk) =R ∩ Image(Dk)

=
⊕

g,p

Rg,p ∩ Image(Dk)

=

{

Rg,p if k ≤ n · g− 2p

{0} if k > n · g− 2p.

=
⊕

g,p |n·g−2p≥k

Rg,p

The isomorphisms Tf and Tb gives a one-to-one correspondence between
elements of ker(D) ∩ Image(Dk) and elements of RI with m ≥ k where
m = n · g − 2p is the degree of (u, v) in I ∈ RI , (45).

5.2 Purely Imaginary Eigenvalues with Multiplicities

For matrices with purely imaginary eigenvalues ±iω with algebraic multi-
plicity n, the 2n× 2n matrix can be written as a sum of its semisimple and
nilpotent parts:

L =





























+iω 1
+iω 1

. . .
. . .

+iω
−iω 1

−iω 1
. . .

. . .

−iω





























= Lω + L0

where

Lω =





















+iω
. . .

. . .

+iω
−iω

. . .
. . .

−iω




















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and

L0 =











0 1
0 1

. . .
. . .

0











.

6 An Alternate Derivation for Normal Forms
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