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1 Algebraic Structure and Syzygies

2 Normal Form Revisited

The homological equation D, F(z)Lix — LiF(x) = 0 (where D, is the dif-

ferential operator with respect to x) fully characterizes the normal form
Fy

F(x) = : . Thus, the homological operator

is an essential ingredient in computation of normal forms.
The equation

is a first order PDE that can be solved using the method of characteristics. In
particular, we can obtain n — 1 functionally independent first integrals such
that any solution f(z) can be written in terms of these n — 1 first integrals.
However, our goal is a bit different. We seek f(x) that is polynomial in x.

The fact that we only consider f(x) that is polynomial, also justifies
a few technicalities in the employ of method of characteristic system. In
computation of normal form, often time, the operator H, becomes singular
at certain x. For instance, suppose H, = xlaim, the operator becomes
singular when 1 = 0. This singular set (i.e. the set of x such that H, = 0)
is of measure zero. In fact, the complement of this singular set is dense.
Since f is a polynomial, f is obviously continuous in this complement set. If
we obtain a representation for polynomial solutions f(x) on the complement
of this singular set, we can extend it to the singular set.



The question we wish to explore is, how do we represent f(z) in terms
of a set of functionally independent first integrals of equation (2)7 Can
we always obtain a polynomial representation for f in terms of these first
integrals? In general, the answer to the latter question is negative. In fact,
as suggested in ([4]), in general, f is rational in the new variables defined
by those chosen first integrals.

Example 1.
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The 8 independent first integrals can be chosen to be u; = x1,us = m% —
2x123, U3 = :13% + 333%384 — 3x1x9x3. Then, [ can be expressed as

P(Ul, Uz, u3)

where P is polynomial in its variable.
Consider

ui f(r) = P(u1,ug,u3).

When u; — 0, we must have P(0,uz,us) = 0. If ug, us remain functionally
independent, then P(0,us,u3) = 0 for all possible uz,us implies u; is a
factor of P. Hence, f can be written as

fla) = Pl tes)

Uy

Doing this inductively will prove that f is actually polynomial in all uq, uo, ug.

However, in this case, us = m%, Uz = m% when w1 = x1 — 0. In other
words, ug, ug are not functionally independent. In fact, u% — u§ = 0. Hence,
we cannot conclude that uy is a factor of P from the equation P(0,ug,us) =
0. It is possible that u3 — u% 1s a factor for P instead. Therefore, we shall
continue to regard f as rational in u’s.



We shall refer to the new variables defined by first integrals of equation
(2) as characteristic variables. The rationality of f in terms of the character-
istic variables, is a common phenomenon for sufficiently high codimension
normal forms. Because reversibility reduces the effective codimension, this
phenomenon arises even for codimension 2 cases.

Let U = {uj,ug, -+ ,u,—1} be the set of characteristic variables. In
many cases where f is rational in u’s, there exists at least a rational function
in a subset of U of the form

Ps(ui17ui27"' 7uik)

, (3)

R T R
where {ug; } C {u;;} C U, such that us is polynomial in x and Ps vanishes as
some of the ug; — 0, and the numerator and denominator have no common
factor. We say that the set {u;,,--- ,u; } is rationally dependent. Note
that ug solves equation (2). The inclusion of us into the set of characteristic
variables would allow f to be expressed as a polynomial in terms of this
new set of variables. The inclusion of ug introduces a syzygy in the set of
characteristic variables. In general, there may be more than one such wug
and therefore more than one syzygy.

Definition 1. A syzygy of a set of linearly independent variables {wy,wa, -+ ,wy}

1 a polynomial relation among the variables such that no w; can be written
as a polynomial in the rest of the variables.

Example 2. For the case of 4 zeros, we have

2 3
uz —u
Ug = % = —3:13%:13% + 833133% + 633%334 — 18z 1x02324 + 9:1:%:132
uq
This can be observed from the functional relation between us and us when
up — 0, as discussed in example (1).
One can easily check that ug solves equation (2). Hence, a syzygy in this
case would be

u%us —u% +u§ =0.

The existence of syzygies implies that the polynomial representation for
f in terms of the characteristic variables cannot be unique. To obtain a
minimal representation for f, we need to mod out the ideal generated by
the syzygies. Suppose the syzygies are in the form

'LL? :u?_lplj(uil)uigv'“ )uik) +u?_2p2j(ui17ui2)”' 7uik) + - +Pg;(ui17ui2)"'
]#ZlVZ:LQ) )ka (4)

7uik)a



where {uj,u;,, -+ ,u;, } = UUJ{us}, {us} is the set of rational functions of
u € U as in equation (3) that yields the syzygies. Each P’ is polynomial in
its variables. Then the “modding out” process is simply a division algorithm.
In other words

fx) = (u]a _U?_lplj(uil"" ’uik) _U?_2P2j(ui17"' ’uik) - _Pg(uil"" 7ulk))
Q(ui17”' 7u’ik) +U?_1R1(’U,Z’1,"' 7u’ik) +U?_2R2(Uil,"' 7uik) + -
+R0(ui17"' 7uik)

:uq_lRa—l(uila e 7uik) + (D

5 j 2Ro¢—2(ui17"' 7uik) + - +R0(ui17”' 7uik)

()

where Q, Ry, -+ , Ro—1 are polynomials in their variables and Rg, -+ , Ro—1
are the remainder terms. The first term drops out because of the syzygy.

Example 3. Consider example (2) again. The syzygy is
u% = u%us + ug

We shall first show that f is indeed a polynomial in uy, us, us, us. By grouping
the even and odd parts of us, we reexpress f from example (1) as

:P1(u1, ug, ud) + usPa(u1, ug, u3)
uf

f(z)

Py (uy, ug, us) + uz Pa(u, ug, us)

ut
by replacing ug by u%us - u%’ given by the syzygy. To show that this division
yields a polynomial for f in terms of u’s, we use argument similar to that
outlined in example (1). First, we write

uff(z) = Pr(u1,uz,us) + uzPa(ur, ug, us). (6)
When uqp — 0, us = a:%,u;z, = x%,us = —3:13%:13% + 633‘%334. Note that uy and

ug remain functionally independent, while ug = (\/u_2)3 Equation (6) now
reads . )
P (O,ZLQ,US) + (\/U_2)3P2(0,U2,U5) =0.

This implies ]51(0,u2,u8) = 0 and ]52(O,u2,u5) = 0. Since ug,us remain
functionally independent, P;(0,us,us) =0, 7= 1,2 implies uy is an explicit
factor for P;. Hence, we can write

Py (u1, ug, us) + uzPo(uy, ug, us)

f(l’) = a—1

Uy




Applying this argument inductively proves f as a polynomial in uy,us, us
and at most linear in us.

Now, suppose we know that f is polynomial in uq, ug, us, us, we can divide
it by the expression in u given by the syzygqy:

f(ZL') :POly('LLl,’LLQ,Ug,US)
:(U’% - 'LL%’U,S - ug)Q(ul,qu,u?,,us) + u3R1(u17u27u8) + RO(ul7u27us)

where Q, Ry, R1 are polynomials in their variables, Ry, R are the remainder
terms. Since the syzygy gives u% - u%us - u% = 0, the first term drops out.

Hence,
f(x) = uzR1(u1, uz, us) + Ro(ur, u2, us)

which is exactly the same form we obtain via direct computation in the pre-
vious paragraph.

When there are more than one syzygy, there is an ambiguity of ordering
in the division algorithm. For this, we need to turn to Groebner bases.
Groebner bases are a general purpose method for multivariate polynomial
computations. First, we need to specify a total order < on monomials

xtwy? - xdn € klxy, xg, -, x,] where k is the polynomial ring generated
by x1,--- ,x, over the field k. < is a monomial order if for any mq, mg, ms,
1 <X mq and my; <X my = my - m3 =X ms - mg. For example, we can choose an

ordering on k[x1,zo,z3] such that 1 < z1 < 22 < -+ < 1y < Tow] < Tow? <
ce XT3 < X371 < T3TT <

There are several useful standard monomial orderings.

Definition 2. (Lezicographic Order)

Let o = (o, 0, -+ ) and B = (81,82, ,Bn) € (Z")' . a =100 B if, in
the vector difference ao— 8 € Z", the left-most nonzero entry is positive. We
say T =1ep T if @ jeq B

Example 4. Suppose o = (1,2,0) and § = (0,3,4). Then, o >c; B since
a—p=(1,-1,-4).

Definition 3. (Graded Lex Order)
Let a, 8 € (Z")*. Then, a =griex B if

n n
la| = Zai > |6 = Zﬂi, or |a|=|p| and a >, B.
i=1 i=1

Example 5.



1. Suppose a = (1,2,3) and 3 = (3,2,0). Then, o > grier 3 since |(1,2,3)] =
6> (3,2,0)] = 5.

2. Suppose o = (1,2,4) and = (1,1,5). Then, o = griex B since [(1,2,4)] =
7=|(1,1,5)]| =7 but o — B =(0,1,—1), i.e. @ ez 3.

Definition 4. (Graded Reverse Lex Order)
Let o, € (Z")t. Then a > grevlex3 if

n n
ol = i > 1Bl =D_ B, or |a| =18
=1 =1

and in o — 3 € Z", the right-most nonzero entry is negative.
Example 6.

1. Suppose a = (2,5,1) and = (2,3,2). Then, & =greviea B since |a] =
8> |6 =T1.

2. Suppose a = (1,5,2) and B = (4,1,3). Then, |a] =8 = |3] = 8 and
a— [ =(-3,4,—1). Hence, & > grepiex P-

Fixing an monomial order < on k[xy, 22, -+ ,x,], we denote the largest
monomial of a polynomial f € k[xy,z2, - ,zy,] by init(f) — the initial
monomial of f. For an ideal I C k[xi,z9, - ,x,], the innitial ideal is

the ideal generated by the initial monomials of all polynomials in I, i.e.
init(I) =< {init(f)|f € I} > . An ideal generated by monomials, e.g.
init(I) is call a monomial ideal. The monomials m ¢ init(I) are said to be
standard.

Definition 5. A finite set G := {g1,92, - ,gs} of an ideal I is a Groebner
basis for I if init(I) =< {init(g1),init(g2), - ,init(gs)} > . Moreover, G
is called reduced if init(g;) dose not divide any monomial occuring in g; for
J# i

Many mathematical softwares, e.g. MAPLE, Mathematica have in-built
function to compute Groebner basis. Such programs take a finite set S C
C[x] and output a reduced Groebner basis G for the ideal < & > using
Buchberger’s algorithm introduced in his 1965 Ph.D. thesis, written at the
University of Innsbruck (Tyrol, Austria) under the supervision of Wolfgang
Groebner [1, 3].

Groebner basis has many applications aside from dealing with the “or-
dering problem” in division algorithm. Nonetheless, we shall present a sim-
ple example to demonstrate the its application in multivariable division, i.e.



to rewrite every polynomial modulo < & > as a C-linear combination of
standard monomials.

Example 7. First, we specify an ordering — a lexicographic ordering induced
byx <y. That is, 1 < x < 2% < -+ <y < yx < yx> < --- . Suppose we
want to divide the polynomial P = y* + 4% by S = {y?> + 2% — 1,3zy — 1},
The Groebner basis for S is G = {y + 323 — 3x,92* — 922 + 1}. Dividing
P by S is equivalent to dividing P by G, except G allows division by its
elements in arbitrary order while yielding a unique residue. Note that the
standard monomials for G is x3,x9,x,1. Moding P by G leaves the residue
2723 + 922 — 242 — 8 which is precisely C-linear combination of the standard
monomaals.

In the cases where syzygies are in the form given by (4), then f can be
expressed in terms of u’s algebraicly and integrally. Unfortunately, syzygies
do not always emerge in such desirable form. It is therefore not obvious how
a division algorithm can be employed in these cases. To account for this
difficulty, we use ideas from classical invariant theory to obtain an alternate
derivation for normal forms.

In the next section (3), we reinterpret the above ideas in an algebraic
language. In the section (4), we provide a summary of ideas from classical
invariant theory. We then explain a connection of these ideas with the
computation of normal forms in section (5). And lastly, in section (6) we
show an alternate derivation of normal forms using the ideas from invariant
theory.

3 Ring of Polynomial Invariants and Syzygy Ideals

The set of S = {u = P(z)|Hyu = 0, P is a polynomial in its variables}
forms a ring. That is to say if ui,us € S, so are uy +uo and uj - ue. The fact
that S is a ring follows immediately from linearity of H, and product rule of
differential operators. Since u is an invariant for equation (2) by definition,
we shall refer to S as a ring of polynomial invariants.

Let klui,ug,---], u; €S Vi, be the polynomial ring generated by the
uw’s over field k. k can be R,C,Q, Z etc. depending on context. Clearly, S C
Eluy, ug,---]. It is also obvious that k[uj,usg, -] C S since every polynomial
in up,ug,--- is a polynomial in z and solves equation (2). Hence, S =
Pluy,ug,---].

The first question is, does k[u1, ug, - - - | have a finite basis? This question
can be answered positively using Hilbert’s Finite Basis theorem [6, 2]. We



shall investigate this question in the section (5). Suppose @y, Ug, - - Uy, iS
a finite basis, i.e. no ; can be written as a polynomial in the rest of the
@j, j # 1, and this set generates the ring k[ui,us, - --]. Dropping the tildes,
let k[ug,- -+ ,um] be the ring of polynomial generated by uy,--- ,uy, over k.
Then, there is a natural ring homomorphism ¢ : k[ug, ua, -+, up] — S given
by the substitution of u’s in terms of x’s. Hence, every polynomial solution
to equation (2) is uniquely representable in k[uy, ua, -+, upm]/{ker(¢)}.

ker(¢) = {Poly(ui,ug,- -+ ,um)|¢(Poly(us,---um)) = 0}. Hence, ev-
ery element in ker(¢) yields a syzygy. Also, for any p € ker(¢) and ¢ €
klui,ug, -+, um], clearly ¢(pg) = 0 since ¢(pq) = ¢(p)¢(q) and ¢(p) = 0.
Hence, ker(¢) forms an ideal. We shall refer to it as the syzygy ideal.

The question we are trying to answer is therefore rephrased into finding
the general representation for klui,ug,- -, unm|/{ker(¢)}.

4 Classical Invariant Theory

Before we use the ideas from classical invariant theory to investigate the
representation of k[uy,ua, -+ ,up]/{ker(¢)}, we shall first equip ourselves
with the basic theory of algebraic invariants. We shall present a summary
of ideas that are relevent to us. For a more complete exposition, one shall
refer to [6, 11].

In this section, the notation used is local to discussion of Classical In-
variant Theory. It is not carried from, or over to, problems of reversible
normal forms or elliptical instability.

Definition 6. An m-ary, n form is a homogeneous polynomial of order n
in m variables. We denote such a form by F™ (1,2, , Tm).

Of particular interest to us is the binary n form

F=rFm (x1,22) = apxl + <711> alx?_lmg + <Z> agm’f_%% +-Fapxs. (7)

We shall henceforth focus our discussion on binary forms.
A linear transformation

/ !
1 =012 + 12T

! !
To =021 + 22T

produces a transformed binary n form F'(z], z5). Note that the transformed
form has the same order as the original form.



An immediate task is to describe common property for all these forms
that are “equivalent” under linear transformations. This leads us to examine
tnvariants and covariants of the form F.

Definition 7. Let § = aj1a09 — aq2a01 be the determinant of the linear
transformation. An invariant of the base form F is a polynomial I defined
by

I(CL6,CL’17~~~ 7a;1):5p1-(a07a17"' 7an) (8)

where p € Z, ag,--- ,a, are the coefficients of F and af,--- ,al, are the

coefficients of F'.
Definition 8. A covariant of the base form F is a polynomial C defined by

Clag,al, - ,al;a),ah) = 6PClag, a1, , an; T1,22) (9)

’n

where § is the determinant of the linear transformation, p € Z, ag, a1, -+ ,ay
and x1,To are respectively the coefficients and the wvariables of F, and,
ag,ay, -+, ay, and 'y, xh are respectively the coefficients and variables of F'.

The power of the coefficients ag, a1, - ,a, is called the degree of the
invariant while the power of the variables x1, x5 is the order of the invariant
or covariant. Thus, invariants are also covariants of order 0. Invariants
and covariants together form the invariant system and their characterizing
property is called the invariant property.

4.1 Invariant Property

To obtain the invariant property, we need to understand the behavior of
invariants and covariants under linear transformation. First, it can be shown
that every linear transformation of binary forms can be composed of the
following three types of linear transformations:

1 =kKTY,

xo =A7h. (10)
T =) + pas,

To =T%. (11)
T =7

Ty =vz) + 7 (12)

Applying the first type of transformation (10) to the binary form (7),
the coefficients are tranformed into

I n—1iy1%
a; = a;K" A



The transformation determinant here is § = s A.

An invariant of form (7) Z(ag,a1, - ,an) = Y Zygyw,aglay -« -ai®
becomes

/ / Iy vy U v nvo+(n—Lvi+-+n—i)v;+vn—
I(ao’al)' o 7an) - E (Zuolllml/naooall o 'ann’{( o n ( is n-1)

)\(u1+~“+iui+"'+nun))
=krP NP Z Zygvr -0y ayt - apt
since this should equals 0*Z(ag, a1, - ,an)
This yields the identities
nvy+ (n—Lvy+--+n—i)v;+- vy =p
Vit w4+ nv, =p
Adding these, we obtain
n(vg+uv1+ -+ vy =2p.

We define the degree as g = vg+v1+- - -+ v, and weight v1 4215+ - - +nuy,.
Then, we have

vi+2vp 4+ =p
ng =2p
We summarize the result above in the following theorem:

Theorem 1. Fvery invariant of a binary form is homogeneous in the coef-
ficients, and each term has degree

_2p
_TL

g

where p is the exponent of the transformation determinant §, by which T
changes under substitution of the transformed coefficients ag,--- ,al,. Also,
all terms are isobaric, i.e. have the same weight, that equals p.

We can use the exact same idea to deduce analogous property for co-
variants. Note, however, that there is no loss of generality to assume
that covariants are homogeneous in variables x1,xo. If the covariants are
not homogeneous in x1,x2, the defining property C(ag,--- ,an;z},xh) =

0PC(ag, -+ ,an;x1,x2) still has to hold for each homogeneous part.
The analogous property for covariant is summarized below:

10



Theorem 2. Suppose covariant of a binary form is
n
C=Cox" + <1>Olm’1”_1x2 + - 4 Crayt.

Then all terms of Cy,--- ,C,, have the same degree g and weights p,p +
1,--- ,p+ m respectively. The weight of Cy is the weight of the covariant
and it determines the power of transformation determinant § by which the
covariant changes under the transformation. The order of covariant is

m = ng — 2p.

Applying the second type of linear transformation (11) to a binary form
(7) changes the coefficients by

/ i i 2 i
a; = a; + <1>,uai_1+ <2>u Qj—9 + -+ pap.

The transformation determinant is § = 1.
An invariant has to satisfy the equation Z(ay,--- ,al) = Z(ag,--- ,an)
for all u. Differentiating both sides with respect to u, we obtain

9Z(a') day | 9Z(a’) day N 0Z(d') da,,

Oay  dp ody  dp dal, dy
But, we also have Cgﬁ =ia,_,. The above differential equation becomes
IZ(a’) dZ(a") 0Z(a) ,
.0 . . . —0.
day, - da %+ dal, Hn—1

However, Z(a') depends on d’ in exactly the same way as Z(a) deepens on
a. We can therefore remove the “primes” in the above differential equation
and arrive at the following theorem:

Theorem 3. An invariant of a binary form satisfies the differential equation

0z 0z 0T
D7 :=ay—+2a1—+--- n—1=—=0. 1
ag 8&1 + 2a1 aa2 + + na 18(1” 0 ( 3)

A similar analysis for covariant yields the following

Theorem 4. FEvery covariant C of a binary form satisfies the differential
equation

oC
That is to say DC; = iC;_1. In particular, the source of the covariant satis-
fies
DCy=0 (15)

11



The third type of transformation (12) with determinant § = 1 when
applied to a binary form (7), transforms the coefficients into

, n—1 n—t 9 i
a; = a; + 1 i1V + g |%it+2V +ootapy

An invariant 7 has to satisfy the equation Z(ag, - - ,al,) = Z(ag, - ,an)
for all v. Hence, differentiating both sides with respect to v gives

0I(d)daf, =~ OZ(d’)da) 0Z(a') da;,
Oay  dv dd} dv da!, dv
We also know that ‘fgf = (n—i)aj, ;. The above differential equation becomes
IZ(a’) IZ(a’) OZ(a’)

Again, Z(a’) depends on d’ in the same way as Z(a) depends on a. We can
remove the primes from the above differential equation:

Theorem 5. Every invariant of a binary form satisfies the differential equa-

tion

0Z(a)
Oy,

0Z(a") 0Z(d’)
+ (n — 1)a) o + -+ a, Dl

AT := na)

Similar analysis for covariants gives the following

Theorem 6. Every covariant of a binary form satisfies the differential equa-
tion %

AC =x1—. 17

! 8%2 ( )

For invariants, each of the theorems 1, 3 and 5, has a converse. The

three converses together form sufficient conditions that characterize invari-

ants for a binary form. However, one might ask whether these conditions

are necessary. In fact, the converse of theorem 5 follows from the converses

of theorems 1 and 3. Hence, the necessary and sufficient conditions to char-

acterize invariants are as follows

Theorem 7. Every homogeneous isobaric function I of the coefficients
ag,a1, -+ ,a, of degree g and weight p, where ng = 2p, is an invariant
for a binary form if T satisfies the differential equation DZ = 0.

12



In other words, the condition AZ = 0 is redundant if the conditions in
the above theorem (7) hold.

We ask the same question for covariants. Analogously, theorems 2, 4 and
6 have converses that form sufficient conditions to characterize covariants
for binary form. The corresponding necessary conditions are summarized
below:

Theorem 8. The function
m _ m _
C= C’Om{”—i— <1>Clxgn 11‘2 + <2>021’71n 2.%% —l-"'—i-le’gL
is a covariant of a binary form if and only if Cy is a homogeneous isobaric

function in the coefficients a, of degree g and weight p, such that m = ng—2p,
and satisfies the differential equation

DCy = 0.
Also, C1,Cy,- -+ ,Cy, are derived from Cy via the formula
1

C; = Ay,

mm—1)(m—2)---(m—i+1)

4.2 Simultaneous Invariants and Covariants.

Consider a system of simultaneous binary forms of orders n,m, - - -.
n n n—1 n
F1 =apxy + 1 a1ry "To+ -+ apTy

Fo =boa™ + <”f

)blaz’fq’_lxg R
(18)
We apply the same linear transformation to both of them

/ /

1 =012 + 12T

/ /

To =021 + Q22T
where the determinant is § = aq1a99 — a12a01. This transformation yiels a
corresponding system of simultaneous transformed forms. We ask the same

question: what kind of functionchanges only by some power of § under the
transformation? We define simultaneous invariant and covariant as

13



Definition 9. A simultaneous invariant of the system of forms (18) is a

homogeneous polynomial T of the coefficients a,b,--- that satisfies the con-

dition

I(CL{],CLII,"' ,CL;,L;b/, ,17 7b;na) = 5PI(CL0,CL1,"' 7an;b07b17"'bm;'”)
(19)

where p is the weight of the invariant.

Definition 10. A simultaneous covariant of the forms (18) is a polyno-
mial C homogeneous in coefficients a,b,--- and homogeneous in variables x,
satisfying the condition

/ / ! .1/ / /. o / _ . . .
C(a07a17"' 7an7b sy Uy 7bma”' ,x1,$2) —5pC(CL07CL]_7"° 7anab07bl7”'bm7"' ,517171’2)

(20)
where p is the weight of the covariant.

By decomposing linear transformation into the three basic type of linear
transformations (10), (11) and (12, and applying each transformation to the
system of forms (18), we can arrive at the invariant property as before.

Define

0 0 0
Da —aoa—m+2a18—a2+~~+nan_1£
0 0 0
Dy =bo— + 261+ -+ + by
b =00y, TGy, T MOmo1g

D =D, +Dj+ -

0 0 0
Aa —na18—%+(n—1)a28—m++anaa_m
0 0 0

We summarize the neccessary and sufficient conditions

Theorem 9. Suppose Cy is a homogeneous polynomial in coefficients a; of
base form JF1 of degree n, coefficients b; of base form Fo of degree m, etc.;
1s 1sobaric in all coefficient sequences, of total weight p; and satisfies

DC, = 0.

14



Then, there is a unique covariant with source Cy, i.e.

1
M!
This simultaneous covariant of forms Fi,Fa,--- is of degree v in a;, of de-
gree s in b;,---, is homogeneous, and has weight p and order M = nr +
ms+--- — 2p.

When M = 0, these conditions are sufficient and necessary for a simultane-
ous tnvariant.

1 1
C = CoxM + ﬁAOOW Loy + EAQC():L‘{M 25 b+ =AMyl

Covariants and invariants are very intimately connected. In fact, the
following theorem discusses this connection:

Theorem 10. A covariant of a system of forms that is homogeneous in
1, To and of weight p and order M can be transformed into a simultaneous
invariant of weight p+ M of those base forms together with the linear form
box1 + bixo, if T1 is replaced by —by and xo by by.

To see this, consider the linear transformation again:

! /
r1 =112 + 12T,

/ /
To =012 + Q22T 9;
Inverting these variables gives

/
0T =01 — (1272,

5%’2 = — 9121 + 01122. (21)
The linear form is then transformed into

0 + bizh =bozy + biwe
=bo(117] + 10h) + by (o1 + aoorh)
=(bpa1 + brany)x] + (boara + byags ) s
= by =bpa11 + brasn,
b =bpaa + biaos.

Solving for by, b1, we get

—by ==(—a11b} + a12by)

SO e

bo = (—Oéglbll + Oé22b6) (22)
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Hence, modulo factor }, equations (21) and (22) show that @1,z can be
expressed in terms of 2/, 2/, in the same way as —by, by can be expressed in
terms of —bl, bj.

Now, for a covariant C,

C(--- 2, 25) =0PC(- - 21, 22).

Substituting —by for x1, by for xo, —%1 for ) and %0 for xf, we get

/ /

)
1
s Cl s =0bp) =7C(- - s ~by, bo)
C( ;— ,17b6) :5p+MC( ;_bl7b0)

since C is homogeneous in the variables with order M.
This is consistent with the differential operators D and A. C is a covariant

with coefficients a and variables x1, zo implies D,C = 95238_51' Substituting

1 by —by and zy by by, we have DoC + by = 0 = DC = 0, which is a
defining property for invariant. The idea for A is similar.

Hence, when the number of base forms are not specified, we only need
to consider invariants.

4.3 Generating Invariants and Covariants
We shall discuss two general methods of generating invariants and covariants
— the p-th transvection and the € process.

4.3.1 The p-th Transvection

Let f be a base form of order n and g be another base form of order m,
n > m. There there is one and only one simultaneous covariant of f and ¢
that is homogeneous and linear in the coefficients of both forms, with weight
p < m, ie.

(f _ - 1V, (P ntm=2p
G =C=| > _(=D'aibpi( ) | 2¥ +oo, p<m.  (23)
i=0

This is the p-th transvection of f over g.
Note that the p-th transvection of g over f can differ from that of f over
g at most by a sign.
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Example 8. The first transvection of f over g
(fy9)1 = (apb1 — albo)x’f+m_2 4.

is called the functional determinant or Jacobian covariant of the two forms.
It can be written as

of  Of
ox ox

d9  0g
o1 0o

up to a constant factor.

The transvection process is a fundamental process to construct covari-
ants. For a system of base forms, if we form all possible transvections and
transvections of transvections and base forms, and continues in this fashion,
then we obtain all existing covariants [5].

More importantly, we have the following result:

Theorem 11. FEvery simultaneous covariant C of base forms f and g of
orders n and m respectively, m < n, can be expressed as

C = POly(f’fz,--- 7fn797817827"' 78m)

N (24)

where N € Z7T.

_ Lf, P ifiis even, B
fi= { (}i—laf)l if i is odd. and  si=(f,9):

4.3.2 The ) Process

The € process is due to Cayley. Aside from generating covariants, it is an
important ingredient in the proof of Hilbert’s Finite Basis Theorem which
we shall discuss next.

Given a system of binary forms

fl :aoaff + <TL

1>a1x’f_1:r2 + ot apTy

m
Fo =box" + < . >b1m’ln_1a:2 + o 4 by’

17



A linear transformation with determinant § = o199 — ajoain]

/ /
r1 =012 + 12T

! !
To =021 + 22T

yields a system of transformed forms
' m n\ v m—1_1 ! n
fl =ayTq + 1 alxl Ty + -+ a, Ty

m
#y =t (7o e+t

Definition 11. We define the 2 operator to be

o) o)
0 0
Oél 1 0512

0 s
- 8041180422 B 80&128&21

0=

Oag1 Oz

The following theorem describes the €2 process:

Theorem 12. Let f(a',,---) be any polynomial functin of the transformed
coefficients ', V', --- . If the operator Q is applied p times to 67 f(a', ¥, )
until QP (67 f(a',V',--+)) does nto contain ai1,al2, a9y, e anymore, then

we obtain an tnvariant
I(a, b,-- .) = QP (5‘Yf(a’,b', ... ))

of weight p — .

This theorem has the following converse:

Theorem 13. For every invariant I, there exists a function f such that,

for suitable v and p, the equation
Z(a,b,---) = QP (5“ff(a’,b', .. ))

holds.

In fact, f = C'-Z with the constant C' = ﬁ and QPP = (p+ 1)p! # 0.

18



4.4 Hilbert’s Finite Basis Theorem
First, we shall quote Hilbert’s Finite Basis Theorem for ideals:

Theorem 14. Let f1, fo, -+ be an infinite sequence of forms in n vari-
ables 1,22, -+ ,xn. Then there exist m € N such that every from f in the
sequence can be expressed as

f:A1f1+A2f2+“‘+Amfma

where Ay, As, -+, A, are suitable forms of the same n variables. In other
words, every homogeneous polynomial ideal has a finite basis.

There is a finite basis theorem for ring of invariants that follows from
Hilber’t theorem and the ) process.
We start with a binary form of order n

n
F(x1,x2) = apzl + <1>a1xqf_la:2 + - FapTy.

The invariants are forms in the n+ 1 variables ag, a1, - - - , a,. For a given de-
greee, the number of invariants is finite. Hence, we can order the invariants,
e e e . -1 -1 ) )
e.g. the ordering in division algorithms: ag;ag al,ag ag, - ,a0g — 1an;ag a%,ag ajas, - -

Suppose, the sequence of invariants is
Z.171'272.37 o

By Hilbert’s Finite Basis Theorem (14), there exists m € N such that any
invariant ¢ in the sequence can be written as

1=A1t; + Agio+ -+ Api,

where Aq,--- A, are forms in the a. Now, under any linear transformation,
we have

i(a') = Ai(d’) -i1(a’) + Aax(d) -ig(a’) + - + A (a) i (a)) (26)

where o’ are the transformed coefficients of the binary form. Since 4,141,142, ,im
are invariants with weights v,v1,72, -+, ¥m, equation (26) becomes

§Vi(a) = A1(d’) - 61 (a) + Ag(a’) - 8%ig(a) + -+ - + A (a’) - i (a). (27)
Applying the operator 2 v times to both sides, we arrive at

(@76 = i () (57 AL (@) + -+ im(@)QT (S A (). (29)
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Since ij(a’) = 6%1i;(a), 877 contains aqi, a2, a1, a2 to the same degree as
ij(a’). Hence, Aj(a’)-0% contains the a’s to the same degree as i;(a’)A;(a’),
which in turn is the same degree ’s appear in i(a’), i.e. . Hence, applying
Q v times will exactly eliminate the a’s. Theorem (12) implies that each
Q7 (07 Aj(a’)) is an invariant.

i(a) =TIi(a) - i1(a) + Za(a) - i2(a) + - - - + I (a)im(a). (29)

Since i1(a),i2(a), -+ ,im(a) are of degree at least one, 71,75, - ,Z,, must
be lower degree than i(a). We repeat this whole process for each Z; as we did
for i(a) until the degree of the invariants Z is smaler than that of i,,. Hence,
these Z € {iy, -+ ,im}. This proves that every invariant is a polynomial
function of the invariants 41,2, - - - , i;,. We summarize this result as follows:

Theorem 15. The invariant ring, i.e. the linear span of all invariants
that are homogeneous polynomials, for every binary form has a finite basis.
In particular, every invariant of the form is a polynomial function of the
mvariants in the basts.

This theorem can be extended to system of base forms.

Theorem 16. For any system of binary forms subject to linear transfor-
mation of x1,x2, the invariant ring has a finite basis. In particular, every
simultaneous invariant can be written as a polynomial function of the in-
variants in the basis.

This also implies the existence of finite basis for covariants since covari-
ants are equivalent to simultaneous invariants of the same system of base
forms plus a linear form.

4.5 Hilbert Series
Definition 12. A ring R over a field k is (multi)graded if R can be written

as a direct sum
R= P Ry
ge(zZt)n

where each Rg is a k-vector space and
Rgl 'Rg2 - Rg1+g2-

The elements of Rg are called homogeneous of (multi)degree g. [10, 8]
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Example 9. The multi-graded ring of interest to us is the ring of poly-

nomials kla,b,--- , W], a = ag,a1, -+ ,an,, b = bo, b1, -+ ,bpy, -+, W =
wo, Wi, -+ ,Wp,. The multidegree consists of degrees of the homogeneous
polynomials in a,b,--- ,w and the weight of the isobaric polynomials. That
18, if

_ Qg a1 Qny 0
f_OaO al ...anl ...wo ...wnk’

then

degree(f) ::g: (a0+a1++anl’ )’YO _‘_f}/l_i__‘_r)/nk)
weight (f) :=p = (o + 202 + 3az + - +n1ay,) + -+ (71 + 272 + - + Ny, )-

Hence, kla,b,--- ,w] is a graded (g,p) ring.
We introduce the Hilbert series (or Poincare series) for graded rings:

Definition 13. The Hilbert series is

HR,z)= Y Y > (dim(Rg)z{" -z (30)

9,=0gr—1=0 91=0

where z = (21,22, -+ ,2) and dim(Rg) is the number of linearly inde-
pendent invariants of degree g; in the coefficients of the i-th form, for all
i=1,2,-- k.

Let’s first consider a useful and simple example of Hilbert series. We
shall state it as a lemma.

Lemma 1. Suppose ui,us, -+ , Uy, are algebraically independent elements of
polynomial ring k[X], that are homogeneous of degrees g1,82,- - ,&m respec-
tively. Then, the Hilbert series of the graded subring R := kluy,ug, - , Up,]
18

1
(1 —2z81)(1 —2z82)---(1—2z8m)

H(R,z) =) dim(Rg)z® = (31)
g

Proof. Since u; are algebraically independent, the set
{Uiluéz u;',;bn |2.1,Z.2’--. 7’L.m € N, szgj = g}
J

is a basis for the vector space Rg.
Let

Ag = {(i17i27"' 7ZWL) € Nm| ZZ]gj = g}
J
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Then, dim(Rg) = dim(Ag).
Consider the expansion

1 - 1181 - 1282 — Im&m
(]_—zgl)(l_ng)...(l_zgm):<ZZ g)(ZZ g)"'(ZZ g)

11=0 12=0 im=0

SIS

g (i1, im)EAg

= Z dim(Ag)z®
g

O

To find the Hilbert series, we will need to know dim(Rg) for any set of
degree g. But first, let V&P denote all homogeneous polynomials in a, b, - - -
of weight p and degrees g1 in a, g2 in b, --- Hence, if Z is an invariant with
T eVeP thenn-g=mn1g91 +nogo+---+npgr = 2p and DZ = 0. Note that

D:Ver - yerl
and
dim(Rg) =dim (ker (D (Vg%)))
—dim (ng%) _ dim (Image (D (Vg¥)))

We shall first prove the following proposition that we will need later.
The version for polynomials of one variable is described in [6].

Proposition 1.
Image(D(V&?)) = y&»r—1 (32)

if2p=n-g.

Proof. Image(D(V&P?)) C V&P~1 is obvious. Also, A : V&r~l — V8&p,
Hence, Image(D o A(V&P)) C Image(D(V&P)) C V&r—1,

Now, suppose dim(V&P~!) — dim(Image(D o A(V&P))) > 0. That is
dim(ker(DoA(V&P))) > 0. Hence, there exists £ # 0, K € ker(DoA(V&P)),
ie D(AK) =0.

Consider I € N such that D'C = 0 but D!~ # 0. There is such a [
since D reduces the weight of IC by 1 per application and the weight has to
exhaust when D is applied enough time. Also [ > 0 since K = 0 otherwise.
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Note that D and A has a commutator relation
DA -~ AD* =k(n-g—2p+k —1)D*! (33)
when acting on a polynomial of degree g and weight p. Hence,
(D'A - ADYK =i(n-g—-2p+1+1)D"IK

The left hand side of the equation is 0 since DAK = 0 and D! = 0. On
the right hand side, D71 # 0 and [ # 0 as discussed above. Also, by

assumption n - g = 2p. This implies [ = —1 which is a contradiction.
Hence, dim(V8&P~1)—dim(Image(DoA(V&P))) = 0 = V&P~! = Image(Do
A(V8&P)) = Image(D(V&P)) = Ver—1, O

This proposition gives
dim(Rg) = dim (vgv%) — dim (ng%—l) (34)

To compute dim(Rg), we need to be able to find dim(V#&?). Although
invariants always satisfy n - g = 2p, it will be useful to first treat p as
independent and impose the condition later. Hence, we need to consider the
weight p as an extra grading and derive the bi-graded Hilbert series, graded
both by weight and degree. We shall start with one binary form.

Proposition 2. Let F = apz} + (?)aff‘lmg +---+apxy be a binary of order
n. If Cyp = dim(V9P), then

1 "g
— — = Og,ngt?g_ptg.
(1 — 2t (1 — 27 M) (1 — 277 242) - (1 — 2t3) %:Z;)
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Proof. This is just a calculation. Consider expanding the series

1
1— 2t}

=1+ 217 + 226" + -

o0
= g 200
vo=0

1
1—2t" "y

=1+ 27ty + 222

o
— Z z”ltgn_l)yltgl

v1=0

24

(e}

- Vn g (vn)
1—2t% N Z Z7

vn=0

n
— Vo1 Aun o (n=1)v1+Avn 1 vy +2us - dnvy,
= z 2] ty

] J
]:O 1 - Ztl t ) Vo,V

= Z Cg,ngt?g_pgg

g.p

O

Remark 1. The formula in the proposition above can be translated as a
hilbert series since

) ey

g4ng—p p
]t] ZCvPZt

J=0 ztl
2 \?
:ZCg,p(thf)g <_>
131
9.p
lo
=H (k:[ao,al,'u, nl, 21, >
ty
which is a bi-graded Hilbert series over the polynomial ring klag,- - ,ay],

graded by degree (represented by variable zt}) and weight (represented by
variable %)

We shall extend proposition (2) to system of many forms. Note that the
coefficients of the forms are independent. Hence, the power series associated
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to each form, i.e. as in proposition (2), can be multiplied in very much the
same way as in the proof of proposition (2). We describe the extension as
follows:

Proposition 3. Given a system of k base forms Fi,--- ,Fp with order
ny,ng,: -, Nk,
P(z,t1,t2) ZZC ngtng "t HH —J4J
pr—" =1 j=0 1—zzt ty
where z = (21,22, , 2k), 2i 1S the dummy variable corresponds to the i-th

form, and, g = (g1,92," - , 9k ),gi 1S the degree of coefficients of i-th form.
Now, we are in position to calculate dim(Rg).
Proposition 4. Recall that
dim(Rg) = Cgp — Cg p—1

with p = L.
Then, dim(Ryg) is the coefficient of z8(t1t2)P™! in the power series gen-

erated by
tity — 13

k T 1
ITiz: H?:o( — zity" Jt])

(35)

Proof. Recall

P(z,ty,ty) = ZZC pPEt BT

g p=0

Then, the generating function (35) is

ng
(trta — 3) Pz, tr,ta) = ) Z Cgp?S 8 PTHE _N "N " Cg a8t 8P

g p=0 g p=0

In the second sum, we make a change of variable p’ = p + 1 and then
dropping the prime. Also, note that Cg;, 1 = 0 when p = 0. Then, we
rewrite the expression as

(tth _t2) z t17t2 ZZ g0 gp 1)thrll.g_p+1t22)+1.
g p=0

Setting n - g = 2p yields the result. O
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This proposition suggests the following algorithm for computing the
Hilbert series for the invariant ring:

Theorem 17. (Algorithm for Computing Hilbert Series)
1. Compute (tito — t3)P(z,t1,12).

2. Let t1to — 1. The remaining dependence in t1 and to in every term
cannot be of equal power in t1 and to.

3. Sett1 — 0 and to — 0. This extracts the terms constant in t1 and to.
This is the Hilbert series H(R,z).
4.6 Noether Normalization

Much of this material can be found in [9].
First, we need to establish some elementary algebraic ideas.

Definition 14. Let A be a ring. An A-module is an abelian group M with
a multiplication map A x M — M, i.e. (a,m) — am such that for any
a,be A, m,ne M,

a(m+n) =am + an

(a+b)ym =am + bm

(abym =a(bm)
1lam=m

A subset N C M is a submodule if am +bn € N for all a,b € A, m,n €

N. A homomorphism ¢ : M — N is an A-linear map on A-modules if
p(am + bn) = ap(m) + bop(n) for a,b € A, m,n € M.

Note that A module over a field k is a vector space over k.

Definition 15. A module M is said to be finitely generated if there exists
mi,ma,- -+ ,my € M such that M =< mq,msa,--- ,m, > . Furthermore, if
mi,ma, -+ ,my form a basis for M, then, M is a free module.

Example 10. Let M C Clz,y] consisting of polynomials of the form
P =2 pi(z,y) + (vy) pa(,y) + v° pa(,y).

Then, M is a Clx,y] module generated by 3, xy,y3. M is also the ideal
generated by 2, xy,y>. This set of generators is also an irreducible Groebner
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basis for the ideal. Howewver, it is not a linear vector space basis for M
since P has no unique decomposition. For example, P = x3y3. We can have
(p1,p2,p3) to be (y3,0,0) or (0,2%y%,0) or (0,0,23) etc. Hence, M is not a
free module.

Definition 16. A subring A C k[x1,x9, -+ ,x,] is finitely generated if there

exists uy, ug, -+ , Uy € A such that A = k[uy,ug, -+, up].

Note that the set wq,us,--- ,uy, need not be algebraically independent.
Definition 17. A set uj,ug, - ,um, u; = ui(X), is algebraically indepen-
dent if the map

k[yl7y27 e ym] - k[ul7u27 e 7um]
with y; — w; an isomorphism. k[yi,y2, -+ ,ym] is the ring of polynomial of
m variables.
This means a polynomial P(uj,usg, - ,up) is identically zero if and only

if P is a zero polynomial. In other words, there is no syzygy among the u’s.
Now, we shall describe the Noether normalization — the fundamental
property of all finitely generated algebras.

Lemma 2. (Noether normalization)
Let A = kluy,ug, -+ ,un] be a finitely generated algebra (subring). Then,
there exists a finite, algebraically independent set 61,05,--- ,0, € A such
that A is a finitely generated module over B = k[fy,- - ,0].

That is to say, there exists n1,m2, -+ ,ns € A such that every P € A can
be written as a linear combination:

P =pi(01,02,- ,0k)m + p2(61,62,- - ,0c)m2 + - ps(01, -+, 0)7s.

The maximum number of algebraically independent members of A is the
Krull dimension of A.

The Noether normalization admits the special case — Cohen-Macaulay
rings.

Definition 18. A is Cohen-Macaulay if the elements ni,m9,- - ,ns form a
basis for A over B = k[01,02,--- ,0k], where 01,04, 0} are algebraically
independent. That is, every P € A can be written uniquely as a linear
combination

P =" mipi(61,02,- -, 0p).
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This implies that if A is Cohen-Macaulay, then Y 7 n;p; =0 = p; =
0Vi=1,2,--- ,s. Hence, A is a free module over B. In other words, 7; are
linearly independent over 0;.

If A is an invariant ring, 01,65, - - , 0 are called the primary invariants
and 11,79, -+ , s are the secondary invariants. Hence, we have the following
corollary:

Corollary 1. (Hironaka Decomposition)
The invariant ring A can be written as

A=mk[01, -, 0k] @ k(01 ,0k] © - D nsk[br, -+, Ok]. (36)
This is called a Hironaka decomposition of A.
We have an immediate extension of lemma 1 for Cohen-Macaulay rings
Corollary 2. A Cohen-Macaulay ring
A =mk[01,-- ,0k] ®neklf1,--- 0k B Dnsk[z—1,--- 6k

where the primary invariants 6; are homogeneous of degree g; and the sec-
ondary invariants 1n; are homogeneous of degree g;-, has a Hilbert series

/ / /
781 —|—Zg2—|—"'—|—ng

(1—Zgl)(1—zg2)...(1_zgm) (37)

H(R,z) =) dim(Rg)z® =
g

The following theorem sums it up:

Theorem 18. (Hochster & Roberts [7]) The invariant ring for binary forms
are Cohen-Macaulay and admit a Hironaka decomposition.

4.7 Computing Hilbert Series for Simultaneous Invariants

In this section, we demonstrate a convenient way to find Hilbert series for a
system of forms, using complex integration.
Suppose we are given a system of binary forms

n -1
Fi =apx]t + ( ) >a1x§” o+ -+ ap, Tyt

n2

Fo =box}? + < 1

>b1x’f2_lajg + o by zy?

n _
Fip =wozy* + ( 1k> W g 4 4wy, ah (38)
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The Hilbert series for the ring of simultaneous invariants R, is given by

H(R,z) =)  dim(Rg)z®
g

= (H éth 1 ) /A{tite — 1}/ {t1 — 0,t3 — 0}

- : ——
i=1 H?:o(l — 2ty )

where the last equation condense the algorithm in Theorem (17). “/.” de-
notes “subject to the condition of” followed by the conditions given in the
set notation {-}.

We first prove the following convergence result

Lemma 3. The series ) dim(Rg)z® converges if max; |z;| < 1.

Proof. Recall that V&P is the set of polynomials with degree g and weight
p; whereas Rg is the set of polynomial invariants with degree g, i.e. the
condition n - g = 2p is satisfied. Clearly,

dim(Rg) < dim(VEP) <) " dim(VEP).
p

However, Ug ,V8P = k[a,b,--- ,w] wherea = aj,ag, - ,an,; b =by1,ba,- -~

wi, - - - Wy, are all independent since they are coefficients of the given forms
as in (38). Each of the a; or b; etc. has degree 1. By lemma (1), we have

Z Z dim(V&?)z8 = !
g p

k :
[T, (1 = z)mtt
which converges if max; |z;| < 1.
Hence, by comparison test, the Hilbert series }, dim(Rg)z® converges
also when max; |z;| < 1. O

The next lemma shows how we can compute Hilbert series by complex
integration:

Lemma 4. If max; |z;| < 1, then,
titg — 3
T —
| H?I:O(l — 2ty t)
1—72 dr

=f
2w )T T (L — 22y T

H(R,z) = < ) /Atite — 1}/ {t1 — 0,t3 — 0}

(39)
where the integral is taken over the unit circle.
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Proof. For max; |z;| < 1, lemma (3) implies we have a formal expansion
tito — 3 3
— = Y P, 5(2)t{ts.
E — Z a3 1t2
| H?lzo(l — aty' 'ty a0

By algorithm in theorem (17), we need to pick out terms that are equal
power in t; and t5. By moding out factors of ¢ito from these terms, we will
get the Hilbert series. That is, we need

H(R,z) = Paalz).

Let t1 = %, ts = 7 with |7| = 1, in the formal expansion above. When
max; || < 1, we have the convergent series
1— 72

: — Pa,ﬁ(z)Tﬁ_a.
Hf:l H;'”:o(1 — g azﬁj

Integrating with respect to d{ over the unit circle, we get

2
i § Ty . = 3 Peele) = HOLS)
2 [ L — ) 7 o

O

Hence, we can calculate the multigraded Hilbert series H (R, z) using the
residue theorem.
Consider the integrand

1— 72

Tl [T7(1 — zr2i—m)
n;—1

(- T T

n;—1

Hf:l (H][:é ] (T — ) H:l:[nl_ﬂ] (1- Zszj_nl))

(40)

P(z,7) =

The poles that lies inside the unit circle are therefore given by

n;+1 2mi
5 yr,n w=edTn,

From this, we arrive at the following useful formulation

ny 2j—nl )
-7
H(R,z) = Res | _ .

=1 . +1 =1
=] ¢

1
— SHmm — .5 =
Tl?jvq _zl wg’ l - 1727“' 7k7 ] B [
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4.8 An Extended Example

Here, we shall present an example of using the Hilbert series to compute

a Hironaka decomposition of an invariant ring. This example can also be

found in [6, 11], where it is treated in a similar but slightly different manner.
Consider the system of forms

F :aox‘i’ + 3a1x%x2 + 3a2x1x§ + aga:%

l :bol’l + ble (42)

Let R be the invariant ring generated by the simultaneous invariants
of this system of forms. By theorem 18, R is Cohen-Macaulay and has a
Hironaka decomposition. In other words, there exists a set of algebraically
independent primary invariants 61,65, --- ,0; and a set of secondary invari-
ants 7y, ,ns that are linearly independent from the primary ones, such
that any f € R can be written as

f=mPi(01, - ,0k) +mPa(b1,--- ,0k) + -+ nsPs(b1,- - ,0k).

To find out what k, s are, we shall compute the Hilbert series. By equa-
tion (40), we have in this case,

1—72

r(1-%)(1-2) -2 -2 (1-£) (1 -¢r)

Hence, the only poles in the unit circle is 7 = (,7 = z and 7 = 25w for

P(Z7C7T) =

j=123and w= e’ describes the 3-root of unity.
Setting 21 = z,29 = ( in equation (41), we can compute the Hilbert
series.

3
H(R,z,{) =Res(P,7 = z) + Res(P,7 = () + ZRGS(P,T = z%wj)
j=1
1+ 23¢3
(1= 2¢3)(1 = 24)(1 = 2°¢?)
=1+ 23+ 22+ 33+ +

implying the fundamental invariants consist of the invariant 1 and three
other: one that is of degree 1 in a and 3 in b, one of degree 2 both in a and
b, one of degree 3 both in a and b, one of degree 4 in a and 0 in b. Also,

1 1
(1= 2¢3)(1 = 2%)(1 = 2°¢?) (1= 2¢?)(1 = 2%)(1 = 22¢?)
=142+ 2"+ 2C+ )+ 2+ 23+ 2+ 223+ )

H(R,z,() = +23¢
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implying there are two secondary invariants: the invariant 1 and another of
degree 3 in both a and b and three primary invariants, one of degree 1 in
a and 3 in b, one of degree 4 in a and one of degree 2 in both a and b. In
other words, k= 3,s = 1.

It remains to generate invariants of the desired degree. We can exploit
the method of transvections to generate covariants since all covariants can
be generated by the method of transvections. We then then transform these
covariants into simultaneous invariants.

The form F itself is a covariant. By theorem 10), we can form an invari-
ant of degree 1 in a and degree 2 in b:

f = agh? — 3agb?by + 3agbi by — b3 (43)

Using transvections, i.e. formula (23), we can form the other covariants,
and therefore invariants:

fo = (F,F)g =(apaz — a?)x? + (azag — a1az)x129 + (a1a3 — a3)z3
H =(apay — a3)b? — (azag — arag)biby + (aras — a3)b3
by theorem (10)
D = —4(fo, f2)2 =a3a2 — 6agaiazaz — 3a3a3 + dagas + 4adas
note that this is also the discriminant for the cubic form.
2(fo, Fn :(a%ag — 3agayag + 2a3)x3 + (3agaiaz — 6agas + 3a2as)rizy—
(3apazas — 6a%a3 + 3a1a§)m1m§ — (aoag — 3ajasag + 2a§’)x§
j =(adaz — 3apaias + 2a3)b3 — (3aparas — 6aga3 + 3a2az)b3by

— (3apasas — 6a%az + 3a1a3)bi b + (aga3 — 3aiasas + 2a3)by

Hence, f,D,H are our candidates for primary invariants and j,1 our
secondary invariant. However, the set of primary invariants have to be
algebraically independent and the set of secondary invariants have to be
linearly independent over the primary ones. We shall check the independence
properties of f, H, D, j using Groebner basis with the aid of slack variables.

Consider the set {f — a1, H — a3, D — a3, j — as}. The Groebner basis
for this set contains only one element that is entirely in terms of the a’s.
That is a?az — 4a3 — a2. Setting afaz — 4a3 — a? = 0 gives the algebraic
relationship between f, H,D,j, i.e. the syzygy f2D — 4H? = j2. The o’s
is called the slack variables. This is an example of another useful applica-
tion of Groebner basis [11]. This single syzygy gives the only relationship
among f, H, D, j and the expression of the syzygy suggests that f, D, H are
algebraically independent and jandl are linearly independent over f, D, H.
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Hence, {f, D, H} is a working set of primary invariants while j, 1 are per-
fectly good choices as the secondary invariant. Then, every P € R can be
written uniquely in terms for the Hironaka decomposition

P = Py(f,H,D) +jP,(f,H,D)

where Py, P; are polynomials in their variables. We can also double check
that the ring generated by f, H, D, j in the form of this decomposition, call
it R, is the ring R, since R’ C R and they have the same Hilbert series, i.e.
dim(Rg ;) = dim(Ry ) for all g, p.

5 Connection with Normal Form Computation

We shall consider normal forms for bifurcation problems. Hence, we assume
that a center manifold reduction has been employed and we can restrict our
attention to dynamics on center manifolds. That is to say, the linearized
operator should have eigenvalues with zero real parts. Hence, we consider
only matrices whose eigenvalues are either zero or purely imaginary.

5.1 Zero Eigenvalues with Multiplicities

We consider matrices with zero eigenvalues of geometric multiplicity & and

algebraic multiplicities ny + 1,n9 + 1,--- ;ng + 1. That is the matrix is
0 1
0 1
(n1+1)><(n1+1)
Ly =
0 1
1
(nk+1)x(nk+1)

The normal form F' is characterized by the homological equation
HyF = (Lyx) - DxF = LyF

where

1 1 1 2 2 k k
x= (a0, 22 o, oo,
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and

F = ( SN2 OIS O IR I o OR 7]:52))_
That is,
m_9 . a0
{( 1 (%gl) 2 axél) 1 amgl)ﬂ
Fél) 0
P o
(k) k) O b FY(LP Fagl—)1
k . i
(wl PRCRE I R >} ol |
Ty 3 Oz, "1y e 0
0
: :k
Jas fol
(44)
Suppose we make a change of variables
D = g, z) = & 40 = &2 1 _
(@) _p @0 o) b @ _ by
1’1 — b07332 - ﬁ)x3 - E,- .. 7$n2+1 - (n2)'a
(k) _ (k) W1 (k) W2 k) Wy
fL'1 —w07332 _T’:Lé _57 ’xnk—i-l — (nkI;'
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0 0 0
He=|a{) =5 +a) 5+ +al)—5— |+ +
Oz, Oz 1
(k)_0 (k) 9 #_ 0
z +2y —y T2y
< l amgk) i am:(%k) ' mg?ﬂ
=la 9 + 2a 9 + -+ nia 9 +- 1t
N 08a1 1 9as ! nl_l@am
w 9 + 2w 9 + -+ ngw 9
0 9w, L 9w, k "k_lf‘)wnk
=D, + Dy, + -+ + Dy,
=D
corresponds to a system of k binary forms of order ni,no,--- ,ni respec-
tively, i.e.
o ni n ni—1 n1
F1 =apy;t + <1>aly1 Y2+ -+ any Yy
o no n2 no—1 no
Fa =boy;” + ( 1 >bly1 Y2+ -+ by

ng _
Fi =woyt* + ( ) >w1y’fk Yo 4 - 4wy, ik

In our previous method of computing normal form in chapter 7?7, the
fundamental task was to find a solution ¢ to the scalar differential equation
Hyq = 0 where ¢ is polynomial in x. Now, we see that the problem of
finding such a ¢ is equivalent to finding a simultaneous covariant C to the
above system of forms, such that the source Cj satisfies DCy = 0.

Let R be the graded ring that consists of all polynomials in a,b,--- ,w
that satisfy the differential equation D f = 0 for f € R. Note that R contains
all sources of covariants in a, b, - -- , w since if Cy is the source of a covariant
in a,b,--- ,w, then Cj satisfies DCy = 0.

We wish to find a unique representation for R. To do this, we need to
be able to use the notions of invariants and covariants interchangably. This
can be done since covariants can be thought of as simultaneous invariants if
one is willing to include an extra linear form into the system of forms. We
shall first address these general basic issues.
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Let Rg ), be the graded subring consists of homogeneous and isobaric
polynomials of degree g and weight p. Note that R = Gag,p Rg . It is enough
to consider Ry, since any f € R can be written as a linear combination of
homogenous and isobaric functions, i.e. f = Zg’p fe,p Where fg, € Rg,.
Then, Df = 0 implies D fg ,, = 0.

By theorem (9), if Cy € Ry ) satisfying DCp = 0 and n-g — 2p = m,
then there is a unique covariant C with source Cj i.e.

1 ~ 1 ~ 1
C = Coyi" + 1;ACo" Ly + EAQCoy’T’ 254t — Aoy

Also, by theorem (10), this covariant can be made into a simultaneous in-
variant by adding a linear form vy; — uys to the system of forms and then
replacing y; by v and yo by v. We summarize this as a proposition:

Proposition 5. If Cy € Rg;, Co # 0 satisfying DCyp =0 and n-g —2p =
m > 0, then there is an invariant

1 1
T = Cou™ + ACou™ v + EAQCOu"”_Qv2 + -t WAmCOUmy (45)

that satisfies

D;7 = <D—’U£>I:0
ou

and n' - g’ — 2p" = 0 where n’ = (n,1), ¢ = (g,deg in (u,v)) and p' =
p + deg(u) if we assign weight 0 to v and weight 1 to u.

Remark 2. We can recover Cy from I by settingu =1 and v =0 in Z.

Let R be the ring of invariants with D;Z = (D — va%) Z=0forZ € Rj.
Then there is an isomorphism
Ty

—

R Ry

-
Ty

such that
1 1
T (Co) =Cou™ + ACoyu™ v + 5A200um_2112 4ot —'Amcovm
! m!

with m =n-g — 2p;
T,(Z) =Ty(Z(a,b, - ,w,u,v)) =Z(a,b,--- ,w,1,0).

By theorem 18, Ry is Cohen-Macaulay and has a Hironaka decomposi-
tion. This means, there exist algebraically independent primary invariants
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01,05, - ,0, and secondary invariants ny,79, -+ ,ns that are linearly inde-
pendent over the primary invariants, such that every f € Ry is uniquely
represented by

f=mPi(0r,--,0p) +mPa(0r, -, 0p) + P01, ,0r).

The existence of such a finite set of primary and secondary invariants implies
R has a finite basis.
Since R is Cohen-Macaulay, the Hilbert series takes the form, as in 37

Zglll + Zgg + e _|_ Zgg
(1 — Zgl)(l — Zéz) Ce (1 — Zgr)

H(R,z) = dim(Rg)z® =
g

The Hilbert series suggests that the r primary invariants are homogeneous
in degree g1,89,- - , &, respectively; and the s secondary invariants are of

degree glllv g,2/7 U )gg'
Remark 3. The Hilbert series for the system of forms Fi, Fa, -+ , Fg,l can
be calculated using equation 41.

Hence, it suffices to find r algebraically independent invariants of degrees
€1, ,8r. These will be our primary invariants. Then, we need to find s
invariants of degrees gf,--- ,g” that are linearly independent of our set of
primary invariants. These will be the secondary invariants. We will then
obtain the desired decomposition.

We generate invariants from covariants that are in turn generated by
taking transvections. We start with the forms Fi,--- ,F that are them-
selves covariants. Using the appropriate p-transvections, we can generate all
other relevent covariants. We then apply T’ to all these covariants to obtain
the corresponding invariants of desired degrees gi,---,8,.,87, - ,8g", ie.
01,02, 0r M1,y ns.

01,--- ,0, are candidates for primary invariants. For these 0; to be pri-
mary invariants, they need to be an algebraically independent set. Similarly,
M1, -+ ,Ns are potential secondary invariants. For them to be secondary in-
variants, they have to be linearly independent over the primary invariants.
To verify the independence property of our candidates, we use Groebner
basis with the aid of slack variables as in example 4.8 to identify all possible

relations among the ; and n; forall ¢ =1,--- ,r, j=1,--- 5.
Once we obtain a set of r algebraically independent invariants 64, --- , 0,
and a set of s invariants 7,,--- ,ns that are linearly independent over the

0’s, then R; is representable as

f:771P1(91,“‘ 70T)+772P2(91>"' 70T)+"'778P8(917"' 707“)7
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for all f € Ry.
If we now make the substitution u = 1,v =0, ag = mgl), ap = mgl), as =
2!x£(’>1)7 TG = i!xz('—ll—)h Ty Ony = (nl)'xgzl)—i-l’ bo = x§2)7 by = (n2)'x£u)+l’ T Wy, =

(nk)!acgz) 41, then any f satisfying Hy f = 0 can be represented uniquely by

fx) =m(ax),b(x),---, w(x))P1(61(a(x),- -, w(x)), -, Or(a(x), -, w(x)))
+772(a(><)7~~ ( NP(01(ax), -, w(x)),--- 0 (a(x), -, w(x)))
+-onsalx), - wx)) Po(fr(ax), -+, w(x)), -+, 0r(a(x), -+, w(x))).

Example 11. Consider the case of 4 zero eigenvalues, i.e.

0 1
0 1
Ly = )
0
The homological operator is
0 0
H.=r1— + 29— + 13—

O Oz

This corresponds to the operator D for the binary form

8%4

F = aoyy + a1y + agy1y; + asys-
We shall introduce the linear binary form
l = boxq + b1

so that we can consider covariants in terms of simultaneous invariants. Note
that this is the exact same system of forms we considered in detail in section
4.8. Hence, we know that every invariant can be written uniquely as

7= PO(t7H7D) +.7P1(t7H7D)
where
t = agh? — 3agb3by + 3agbi b3 — b
H = (aoag — a%)b% — (agao — alag)blbo + (a1a3 — a%)bg
D = aga% — 6agayasas — 3a3a3 + dagas + 4adas
j= (a(z)ag — 3agpaias + Qa?)b:{’ — (3apaas — 6a0a% + 3a%a2)b%b0

— (3apagas — 6a%az + 3a1a3)bib3 + (aga3 — 3ajagaz + 2a3)by
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Substituting by = 1,by = 0,a9 = 1,01 = X2, as = 2x3,a3 = 6x4, we have

t= I
H =2x123 — m%
D =36x32% — 72 — 122222 3 3
=36z ] T1X9L3T4 Tyx3 + 32z 123 + 247574
= 4(9m%xi — 18x1 290314 — 33;39;% + 83:13;% + 6mgm4)
] = 6m%m4 — 6x120223 + ng’
= 2(x§ + 3x%x4 — 3x1x973)
In the notation of the old technique, t = u1, H = —u3, D = 4ug,j = 2ug4.

This confirms the calculation that Fy = ¢o(uy,us,ug) + ugdr(u1,us, ug)
where ¢g, 1 are polynomaials in their variables.

This is not the whole story. In this section, we will attempt to address
the vector differential equation, i.e. the homological equation:

HyF = LF.
First, note that each block Fo(i), Fl(i), e ,FTE? satisfies similar homolog-
ical equation, i.e. ‘
N
F2i) FO(Z)
Hx . - .

Hence, we shall work with one such block and drops the ¢ dependence. Let

Gj = Gj(a7b7"’ 7W) = Fj (xgl)(ao)f” 7‘%5111)4-1(@711)7 T 71’553—',—1(1‘}“16)) .

Then,
HyF = LjF = DG = LjG.
Consider
Go Go 0
G G Go
D| . |=Ly| . | = )
Gn Gn Gn—l
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This means

DGy =0
DG, =Gy
DG, =G,

D"G,, =Gy

Hence, to characterize Gy, we not only need Gy € ker(D), we need
Gy € ker(D) N Image(D) N Image(D?) N - - - N Image(D").

However, Image(D") C Image(D""!) C --- C Image(D). Hence, it’s enough
to seek Gy € ker(D) N Image(D").
Conversely, if ¢ € ker(D) N Image(D™), then

D¢ =0 and 34 such that D"y = ¢.

Now, define
Go ¢
Gl Dn—lw
G2 _ Dn—2¢
Gr (4
Then,
DGy =Dy = 0

DG, =D (D" ') = D" = ¢ = Gy
D?G, =D (D" %)) = D™y = Gy

D"G, =D™ = Gy
hence solving the equation
DG = LjG.

Proposition 6. If Cy € Rg, where Rg ) is the multi-graded subring of
homogeneous polynomial of degree g and weight p, Cy # 0 andn - g—2p = m,
then

m >0, Cy € Image(D™) and Cy & Image(D™1).
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Proof. First, note that for a homogeneous function A, of degree g and weight
p, the operators D and A have another commutator, similar to but different
from that in equation (33):

(DAY —AFDYA=k(n-g—2p—k+1)A* 1A (46)
If DA =0, we have
D(AFA) =k(n-g—2p—k+1)AF1A

Applying the operator D inductively to both sides of the equation ¢ times
yields

DY(A*A) =k(k —1)(k—2)---(k—q+1)n-g—2p—k+1)(n-g—2p—k+2)---

(n-g—2p—k+q)A* 74 (47)

for 1 <g<k.
Note that similar calculation using equation (33) yields a similar identity

AYD*A) =k(k —1)(k—2)---(k—q+1)(n-g—2p+k—1)(n-g—2p+k—2)---

(n-g—2p+k—qD" 4 (48)

for 1 <g<k.
To show m > 0, consider the sequence

COa ACOa A26’07 e 7Ak_1007 AkC’O

such that A*=1Cy # 0 but A*Cy = 0. Such a k exists because the operator
A increases the weight by 1 (but preserves degree) in each application. For a
polynomial of fixed degree with a fixed number of variables, there is a finite
maximum for the weight. Hence, the weight has to saturate after sufficient
applications of A. From previous paragaraph

(DM - AkD) Co =k(n-g — 2p — k + 1)AR1¢
0 =k(m +1—k)A*1Cy.

Since Cy # 0, k # 0. Also, A¥~1Cj # 0. Hence, we must have m —k+1 = 0.
However, m > 0 since k > 1 (because otherwise Cy = 0).
Next, we will show that Cy € Image(D™). From equation (47), we have

D™(A™Cy) = (m!)?Cy.
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Since (m!)? # 0, we necessarily have Cyp € Image(D™). Note that Cy €
Image(D¥) for all k < m by the same argument.

Finally, we shall show that Cy ¢ Image(D™*1) by contradiction. Assume
there is an A such that Cy = D™T1A. A has degree g and weight p’ =
p—m—1.Hence, n-g—2p ' =n-g—2p—-2m—-2=m—-2m—2=—m—2.

Let k > 0 be such that B = A*¥A 0 but AB = 0. Then, B has degree
g since the operators D and A both preserve degree. Also, B has weight
P’ =p+ (m+ 1)+ k. Hence,

n-g—2p=n-g—-2p—2k+1+m)=-m—2k—2.

Now, by equation (48),

AR By m+/~c+2) (mg=29"+m+2+k-1)

=(

m-g—2p"+m+2+k-2)---(n-g—2p")B
(m+/~€+2) (—k—1)(-k—2)---(—m —2k—2)B
—( mrkt2 (M Ak +2)!

m+k+2)!(—1) =

B # 0, since B # 0

This implies D™T**2B £ 0. However, this cannot be true because
Dm+k+2B =D (Dm—H (DkB)>

—D(Dm“(k'(n'g—2p’—k+1)(n~g—2p’—k+2)~'(n'g—2p')f1))
=D (D™ (Kl(-m—2—k+1)(-m—2—k+2)-- (—m —2)A))

B El(m +k+1)! .
_(_1)k—(m I D (D"™!4)
B El(m 4k + 1)!

=(— 1)"?—(m O DCy =0

Hence, Cy ¢ Image(D™*!). In fact, similar argument can be used to show
that Cy ¢ Image(DF) for all k > m + 1. O
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Note that
ker(D) N Image(D¥) =R N Image(D*)

= @ Rg,, N Image(D¥)
g.p

_{Rg,p ifk<n-g—2p

{0} ifk>n-g—2p.

= @ Rgp

g:p|n-g—2p>k

The isomorphisms Ty and T}, gives a one-to-one correspondence between
elements of ker(D) N Image(D*) and elements of R; with m > k where

m=mn-g — 2p is the degree of (u,v) in Z € Ry, (45).

5.2 Purely Imaginary Eigenvalues with Multiplicities

For matrices with purely imaginary eigenvalues +iw with algebraic multi-
plicity n, the 2n x 2n matrix can be written as a sum of its semisimple and

nilpotent parts:

+iw 1
+iw 1
I — +iw .
—Ww 1
—w 1
—iw
where
+iw
L, = “+w '
—iw
—tw
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and

6

Lo

An Alternate Derivation for Normal Forms
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